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PEEFACE. 



The present volume contains all thAt Professor Boole 
Wrote for the purpose of enlarging his Ti^atis6 on Differential 
Equations. Had he lived to publish the second edition he 
would doubtless have incorporated his more recent investi- 
gations with the original work, and it is therefore necessary 
to explain why another plan has been adopted. 

In some cases Professor Boole had indicated that certain 
portions of the original work were to be omitted and their 
places supplied from the manuscripts; but on examination 
it appeared that in subsequent passages of the work there 
were references and allusions to the portions .thus marked to 
be omitted which would not apply to the substituted matter. 
Thus in attempting to carry out the directions it would 
have been necessary to accept the responsibility of making 
many alterations, and consequently to incur the risk of fail- 
ing in the attempt to improve the original form. 

Moreover the Treatise had been for some time out of 
print, and the long delay which must have been caused by 
the labour of reconstruction would have produced serious 
inconvenience to students at Cambridge and elsewhere. Pro- 
fessor Boole himself was always especially anxious to consult 
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the advantage of students, and those who had the charge 
of his manuscripts were naturally inclined to adopt a course 
of which they believed he would himself have approved. 

The design of reconstructing the Treatise was therefore 
abandoned; and it was resolved that the original volume 
should be reprinted, and that the manuscripts should be 
collected and published separately. This plan has the ob- 
vious recommendation of enabling those who are already- 
familiar with the original work to turn their attention 
readily to the new investigations. It will be seen that 
many of the Chapters of the present volume may be re- 
garded as independent essays or memoirs which lose nothing 
by being separated from the other volume; and indeed no 
indications had been left by Professor Boole of the place 
which such Chapters were to occupy in the enlarged edition. 

I have printed all the unpublished matter relating to 
Differential Equations which I found among Professor Boole's 
papers. In a few cases it will be seen that an investigation 
is incomplete; such investigations have however been in- 
cluded in the volume, because I was unwilling that anything 
should be lost which so great a mathematicia^ had written 
on a subject he had long and carefully studied. 

I trust that no serious error will be found in the volume, 
and that any faults which may be detected will be excused 
on account of the nature and difficulty of the task that had 
to be performed. Many of the manuscripts had not been 
finally revised ; some of them were very obscure and had 
to be carefully and laboriously copied for the press. In 
general the equations were not numbered, and thus only 
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blanks occurred in place of references; this circumstance 
often caused great trouble and perplexity: I hope however 
that a satisfactory result has been finally attained. 

I may state for the benefit of those who are conversant 
with the first edition of the original work that the theo- 
rem which in the present volume is cited as contained in 
Chap. n. Art. 1 will be found in Chap. IV. Art. 2 of 
the first edition : the change was made by the direction of 
Professor Boole's interleaved copy. It was judged conve- 
nient to number the Chapters in the present volume in con- 
tinuation of those in the original work. 

All additions of my own are enclosed within square 
brackets. The sheets have been read by the Eev. J. Sephton, 
Fellow of St John's College, as well as by myself, and the 
volume is much indebted to his care and accuracy. Obvious 
mistakes in the manuscripts were of course corrected; thus, 
for example, the table at the end of the volume was calcu- 
lated by Mr Sephton, because the table in the manuscript 
was rendered erroneous by the use of a wrong sign in a 
formula. 
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CHAPTER XIX. 



ADDITIONS TO CHAPTER II. 



1. [In Chapter ii. Art. 9, two methods are given for 
solving the differential equation 

{ax + by + c)dx-^ {ax + Vy + c) dy = 0.] 

But there exists another transformation by which the equa- 
tion may be reduced to, (because it may be constructed from), 
an equation in which the variables are separated. 

'I, Assume as this equation 

{Ay'^C)dx'-V {Ax'+ C')dy' = (1) 

and let a?' = a? + ^»iy, y =x-\- m^. 

It will be seen that in these equations united we have as 
many constants as in the original equation. Now on substi- 
tuting in the assumed equation the values of d and y', and 
comparing with the equation given, we deduce a system of 
relations equivalent to the following, viz.: 

The quantities m^ , m^ are roots of the quadratic 

am' — (J + a') m -h J' = 0. 

The quantities -4, A^ (7, C are determined by the system 
of equations 

Am^ + Am^ = a , Cm^ + C'm^ = c, 

B. D. E. II. 1 
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from which we find 



^ aWj — d 


Wj — Wj 


A. — 9 


XL = J 



Now' (1) gives on dividing by [A'x* 4- C) [Ay + (7) and 
integrating 

~ log (^ V + C) + i log (^y' + C) = const., 

or (^ V + C) ^' (^y + a)^ = const., 

which on substitution and reduction gives 

1 
{(am, - a!) {x + m^y) + cm, - c>^>.-<»' ^ ^^^^^ 

{(aWj — a ) {x + m^y) + cm^ — c'}«^V-«' 

2. Under certain circumstances the general solutions of 
diflferential equations of the first order fail. This happens in 
the above example if m^ = w,, the solution then reducing to 

1 = const. 

The theory of the deduction of the true limiting form of 
the solution in such cases requires a distinct statement. 

Let the supposed general solution be represented by 

G being the arbitrary constant and u a function of a?, y, and 
constants which are not arbitrary. Suppose too that virhen 
one of these constants k assumes a particular value /c, the 
function u reduces to a constant v. Then we have 

u — V C — v 

Now the second member being a function of an arbitrary 
constant is equivalent to an arbitrary constant and may be 
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replaced by C, The first member is a vanishing fraction, the 

limiting value of which is (;7v), the brackets being used to 

denote that after the differentiation h is to be made equal to k. 
Hence the solution becomes 



Q - "■ 



In applying this theory to the reduction of the general 
solution (2) in the case in which m^=^m^, it must be 
observed that the numerator of the first member is the same 
function of m , x, y, as the denominator is of m^, x, y ; or 
attending solely to their functional character with respect to 
7n^, m^, we may affirm that the numerator is the same function 
of m^ as the denominator is of m^, Representing these func- 
.tions by ^(»wj, <f>{m^ respectively, we have 

But wi,, m, being roots of a quadratic equation may be 
represented in the form 

m^^m + ky m^=m^ky 
the roots becoming equal when k = 0. Hence 

(f) [m — k) ' 

Therefore since 

d<p (m + k) ^ d<t> (m + k) d<p {m — k) __ d<f> {in — k) 

dk dm ' dk dm ' 

we have 

du '^("'-^) dk -'^("^ + ^) dk 

1—2 
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therefore 



{die) Wj^ «^W 






(7 
Thus the solution becomes on putting for 7- , 

d 1 

3. [The next Article seems to have been intended to ap- 
pear in the enlarged form of Chap, ii.; but 1 cannot discover 
what precise position it would have occupied. I conjecture 
that *' the above demonstration'' refers to Chap. II. Arts. 2, 3 ; 
and I have accordingly supplied a reference to equation (3) of 
Chap. II. 

I had myself drawn Professor Boole's attention to Chap. 11. 
Arts. 2, 3. The geometrical process of Chap. ll. Art. 3, ap- 
pears to have been first given by D'Alembert in his Opus- 
cules^ Vol. IV. p. 255. D'Alembert calls it a demonstration ; it 
seems to me only an illustration, at least in the brief form of 
the text: and that such was Cauchy's opinion may perhaps 
be inferred from the elaborate investigation given by Moigno, 
'to which Professor Boole refers in Art. 5 of the present 
Chapter. 

I had also drawn Professor Boole's attention to the state- 
ment at the end of Chap. il. Art. 12, that only one arbitrary 
constant was involved. Accordingly Article 5 of the present 
Chapter developes this statement, and Article 4 seems intended 
to bear on the same subject.] 

4. In the above demonstration the relation between y and 
X is regarded as one of pure magnitude, and the interpreta- 
tion ot the diflferential equation becomes a limiting case of 
that of the equation oi finite differences (Eq. (3), Chap. 11.). 
But if we represent x and y by the rectangular co-ordinates 
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of a moving point on a plane the differential equation may be 
interpreted directly. For supposing it reduced to the form 

we see that the direction of motion is constantly assigned as 
a function of the co-ordinates of position, Tfie entire motion 
is therefore determinate as soon as the initial point is fixed. 
The result of the motion is a line or curve wholly continuous 
or subject to irregularities according to the nature of the func- 
tion /(a?, y). That the arbitrariness of origin is geometri- 
cally equivalent to the appearance of a single arbitrary con- 
stant in the relation connecting x and y may be shewn thus. 

Let • y = ^(«<»»ye»^) 

be the relation between x and y indicated by the supposed 
motion, x^, y^ being the initial point of departure. Then this 
point being on the line of motion, a?^, y^ are particular values 
of X and y^ so that we have from the above equation 

which establishes a relation between x^ and y^, and shews 
that there exists virtually but one arbitrary constant. 

5. It is proved in Art. 3, Chap, ii., that the constants 
^o> y©' i^^itisil values of the variables a?, y in the solution of 
the differential equation of the first order, are necessarily 
equivalent to one arbitrary constant. I shall shew from the 
form of the above solution that this a priori condition is 
actually satisfied. 

Developing the expression for y [see Eq. (30) of Chap, ii.] 
in ascending powers of a;, we have 

y = A + Aa' + ^ + i^ + &c., (32) 



H-r 

of 



in which A, = S- ^'frj '^"\^"" "^'l , 

"" 1.2... (/i-r) ' 

the summation extending from n = r to n = oo . Forming 
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lience tlie differential coefficients of A^ with respect to x^ and 
y^^ and reducing by (28), we shall find 





dx^ 


fJi K^t, 


'-' dy. 


— V, 


whence 


in particular 










dA, 
dx^ 


+A K, 


< 


= 0. 



Eliminate between these equations ^(a:,^, yj, and we have 

dA^ dA^ dA^ dA^ __ 

Therefore, by Prop. I., A^ is a function o{ A^^ so that tl»e 
solution reduced to the form (32) contains but the single 
arbitrary constant A^. 

It remains to notice that the solution must be applied 
only under the conditions of convergency, i.e. under the con- 
dition that the ratio of the w*^ to the (n — 1)*^ term tends to a 
limit less than unity as n tends to infinity. For a discus- 
sion of the failing cases of this test see ' Finite Differences,' 
Chap. V. Generally it is desirable, in order to secure rapid 
convergency, to divide the interval x-^x^ into separate equal 
portions, to each of which the general theorem of solution 
may be applied. \{ x — x^ be very small the theorem may- 
be approximately represented by 

y--yo=/(a?o»yo)(-^-«o)- 

On these principles Cauchy has founded remarkable methods 
of solution, which deserve attention from the commentary on 
the limits of error on their application by which they are 
accompanied (Moigno, Vol. ii. pp. 385—434). 
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CHAPTER XX. 



ADDITIONS TO CHAPTER VII. 



1. [This Article relates to Art. 2 of Chap, vii.] 

The sense in which (9) may be said to constitute the 
general solution of the differential equation is this. We 
obtain from it 

giving any particular value to G this will geometrically 
represent a curve consisting of two branches, and giving to 
G every possible value we obtain an infinite system of such 
curves, each consisting of two branches. The aggregate of 
branches thus obtained is evidently the same as tlie aggre- 
gate of curves given by the two primitives (5) and (6), un- 
restricted by any connexion between c^ and c^. In this sense 
then the solution (9) is general, that it includes all the parti- 
cular relations between y and x which are deducible from 
the original primitives (5) and (6). And it is only in this 
sense not general that it groups these relations together in a 
particular manner. 

To the expression of the complete primitive a certain 
variety of form may be given without affecting its generality 
in the sense above affirmed. Thus, if to the solutions of the 
component differential equations we give the forms 

ye"^-Ci = 0, logy + aa?-c,= 0, 

we should have, hj the same procedure, as the expression of 
the complete primitive, 

[y€^ - c) (logy + oa? - c) = 0, 
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an equation which may equally with (9) be regarded as the 
complete primitive of the differential equation given, and 
which in geometry represents the same totality of branches of 
curves as (9), with this difference only, that they are differ- 
ently paired together. 

2. [This Article relates to Art, 3 of Chap, vii.] 

The question will herfe naturally arise, Since if F= c be 
a solution of one of the component differential equations, 
f(^V) = c, in which /(F) denotes any function of F, is also a 
solution, by Chap. iv. Art, 3, why not give to the complete 
primitive the form 

• {/x(T^)-clU(F,)-c} {/,(F.)-c} = 0, 

or the stricter form 

AiK)Aiv;) ./.(F,) = o (F), 

in which /(F,), .^(F^)? •••/n(^n) denote arbitrary functions 
of Fj, Fg,..., F„ respectively — stricter because the presence of 
arbitrary constants and functions in the previous form is a 
superfluous generality? It is replied that though the form 
just given is analytically more general than (15), it is not 
more general than (15) with such freedom as is permitted 
in the interpretation of the arbitrary constants. In a physi- 
cal or geometrical application we should not only be per- 
mitted to assign a particular value to the arbitrary constant 
in (15), so deducing what in reference to its source would 
then be teimed a particular primitive, but to combine the re- 
sults of different determinations of c together, so as to obtain 
every form of solution which is implied either in the func- 
tional equation {F), or in its component primitives 

The same considerations justify us in speaking of (15) as 
the complete primitive, and not as a complete primitive. 
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CHAPTER XXL 



ADDITIONS TO CHAPTER VIII. 



1. [The Singular Solutions of Differential Equations of 
the First Order received great attention from Professor Boole, 
and the Chapter devoted to that subject is one of the most 
valuable and important in his work. He continued his re- 
searches after the publication of his first edition, and intended 
to reconstruct the Chapter with great improvements in the 
second edition. After carefully examining the manuscripts I 
came to the conclusion that it would be very difficult to re- 
write this portion of the work so as to connect the old matter 
with the new ; and thus it seemed best to reprint the original 
Chapter vill. with corrections of obvious misprints, and to 
print the matter intended for the revised form in the present 
volume. The plan gives rise to some repetition ; but this 
seeips unimportant, compared with the advantage of preserv- 
ing in the author's own language all that he left on an in- 
teresting and important point which he had carefully studied. 

2. It may be of service to the student to reproduce the 
substance of some remarks on his Chapter vill. which were 
sent to Professor Boole soon after the publication of his first 
edition ; for there is evidence in his manuscripts that he paid 
great attention to such remarks while engaged in the revision 
of his work, and thus the reason and the meaning of some of 
his additions and changes may be made more obvious. These 
remarks will occupy the next Article. 

$. The two pages beginning with " And these conditions 
are sufficient," and ending with " do not lead to conflicting 
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results,^^ forming part of Arts. 3 and 4 of Chapter Viil., seem 
obscure and difficult. The following may perhaps be substi- 
tuted with advantage. 

The only ways in which 

dy ^ df{x, c) ^^^ dy ^ df{x, c) df{x, c) dc 

dx dx dx dx dc dx i 

I 

can be equivalent when c is variable, are 

(1) when^ = 0, 

(2) when ^^^ =00 ; i 

dx 

in the latter case -i^ = qo, and therefore -r- = 0, and this 

ax ay 

implies that the singular solution is of the form x = constant. 

Thus there can be no singular solutions except such as 

df (x c) \ 

are found from -—j- — ^ = 0, and such as are found from ' 

dc I 

X = constant. 1 

Similarly, if the complete primitive be expressed in the 
form x = F{y, c), there can be no singular solutions except I 

such as are found from -^^ — = 6, and such as are found "' 

dc 

from y = constant. 

In Art. 8 of Chapter viii. we read, ** We may pass over 
the case in which the above equation is satisfied independ- 
ently of c, because the relation obtained would involve sc 

only, while it is a condition accompanying the use of -^ = oo 

that it leads to solutions involving y at least." It is ob- 
jected. Why may we pass over this case? Such a case might 
occur and furnish a solution, and then we' should want to 
know the character of that solution. Take for example 

p = af'y ; here if n is negative, -^ is infinite when x = 0, and 
this is a singular solution. For the general solution is y=c€«+i. 
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and 80 aj = is not a case of it. The words — lohile it is 

a condition,,. at least — seem very diflBcult, for hj supposition 

dt) 
we are now investigating what is furnished by ^ = oo . 

Professor Boole met the objection in substance thus : 

" It will be found that the rules in the book are correct in 
thia case. What is implied in the Chapter, though not stated 

with sufficient clearness, is that if -/- = oo leads to a solution 

ai/ 

which does not involve y in its expression, nothing is to be 
inferred whether it is singular or not. Then the proper test is 

— ^il = cx). 
dx \pj 

In this example we have 

^ — 00 gives a;" = QO ; no inference ; 



dy 

^Q =00 gives a;"^-V = <«. 



Hence a; = 0, provided n is between and — 1, or y = 0. 

Consider these separately : 

First. Let w be between and— 1, and a? = 0. This is 
by the test a singular solution. Substituting it in the com- 
plete primitive we get y = c, which confirms this. 

Second. Let y = 0. This satisfies the differential equa- 

J /I \ 
tion; but from the fact that it comes from ^ f-j = co we 

have no inference ; from the fact that it does not come from 

^ = 00 we have the inference that it is a particular integral; it 

corresponds to c = 0. 
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There remains the case of a; = when n is between — 1 

J /I \ 
and — 00 . As this does not satisfy -y- | - J = oo , we infer that 

it is a particular integral. To prove this we have 

When x = this gives, since 1 + n is negative, 

c = QO or c = — 00 , 

according as y is positive or negative. This is like Ex. 2 of 
Chap. viii. Art. 8." 

The remark made by Professor Boole in the above reply, 

that if -y- = CO leads to a solution which does not involve y 

nothing is to he inferred,.. \q important. It corrects the state- 
ment put too strongly in Chap. viii. Art. 7, " All we can affirm 

is that if -^ = 00 gives a solution at all it will be a singular 

solution." 

From Art. 8 onwards it seems assumed that a solution for 

which -^ = is always to count as a singular solution, even if 

it should coincide with a particular integral. This does not 
seem to have been quite the view of the former part of Chap- 
ter VIII. : see Arts. 5 and 6 of the Chapter. 

In Ex. 3 of Art. 9 we read, " the second is obviously a 
singular solution." This means that since we have a solu- 
tion which makes -^ infinite, we conclude that it is a singular 
solution. 

So in Ex. 5 of Art. 11 we read, " is evidently a singular 
solution," when it seems'better to say, " and is therefore a 
singular solution." 

4. The additional matter relating to Chapter viii. begins 
with another example which was to be placed at the close of 
Art. 3 of that Chapter.] 
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Ex. The differential equation 

has for its complete primitive 

Vay^ + y*— w* — y - c = 0. 
Here j^ - , ^ \, ^- 



X 



^ = -1. 
dc 

TT dy s/x^ + v" — w' e?a; Voj* -t y^ — rn^ 

Hence -/■ = , „ , =:, -7-= ^^ . 

{/c y — V as* -{■ y*— m »c ^^ 

Both -J^ and -j- vanish then if 
dc dc 

This therefore is the singular solution and it satisfies both 
the tests, as both x and y are contained in its expression. 

Of the partial tests 

d^ _ /\ d(}) __ d(f> _ 

dc ^ dx'^ ^ dy ' 

the first is not satisfied, the last two are satisfied. 

The determination of c as a function of x by the solution 

di (or c I * 
of the equation -^ ^ * ' = is equivalent to determining 

what particular primitive Jias contact with the envelope at 
that point of the latter which corresponds to a given value 
of X. 

One important remark yet remains. The elimination of c 
between a primitive y =f (a?, c) and the derived equation 

-^ = 0, does not necessarily lead to a singular solution in the 
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sense above explained. For it is possible that the derived 
equation 

dc 

may neither on the one hand enable us to determine c as a 
function of a;, so leading to a singular solution ; nor, on the 
other hand, as an absolute constant, so leading to a particular 
primitive. Thus the particular primitive 

being given, the condition -f- gives 

whence c is + oo if a? be negative, and -co if a? be positive. 
It is a dependent constant. The resulting solution y = 
does not then represent an envelope of the curves of particu- 
lar primitives, nor strictly one of those curves. It represents 
a curve formed of branches from two of them. It is most 
fitly characterized as a particular primitive marked by a sin- 
gularity in the mode of its derivation from the complete pri- 
mitive. 

All the foregoing observations and conclusions may be 
extended to the case of solutions derived from the condition 
dx ^ 

dc^ ' 

5. We have seen that the equation ;^ = ^ naay be satisfied 

by an absolutely constant value of c, so leading to a particu- 
lar primitive and not a singular solution. In this case 
^^[x + h^ c) as well as '^ (a;, c) would vanish, and the nume- 
rator of (9), instead of being the difierence of a finite and an 
infinite quantity, would be the difference of two infinite and 
equal quantities. [See Chap. viii. Art. 8.] It would not there- 
fore be infinite. Hence we conclude that -^ would not become 

dy ^ 

infinite for a particular primitive in the strict sense of that 
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term, i. e. for a solution derived from the complete primitive 
bj* giving to c an absolutely constant value. 

This is one point of contrast between the conditions 

dc ^ dy 

There is another not less important. As the numerator 
of (9) may become infinite not only when -^ (ic, c) = 0, but 
also when -^ (a?, c) = infinite, we see that a relation between 

y and x which makes -J- infinite will not necessarily satisfy 

the differential equation. On the other hand, it is not a par- 
ticular primitive in the strict sense of that term. 

•_-_ dx 

Exactly in the same way the condition -y- = 0, as relating 

to the complete primitive, leads to the condition 



^^^1=00 



dx \p, 



I) 



} 



as relating to the differential equation, with the same points of 
difference in the respective applications. 

Ex. Let -^^my"" , and suppose m a positive constant 
greater than 1. 

Here ^ = (''^ "" ^) ^" 

which becomes infinite when y = 0. As this involves y and 
satisfies the differential equation it is a singular solution. 

To confirm this conclusion we may refer to the complete 
primitive 

y=(aj-cr, 

which does not give y = for any particular value of c. 

Now let m be a positive constant less than 1. We have 
still ;^ = 00 when y = ; but this value of y no longer satis- 



■ 1 
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fies the differential equation. It is not a solution at all, nor 

would it result from the application of the condition -?-=^0 

to the complete primitive. The distinction of character of 
the two tests is here made manifest. 

6. We may express the most important results of the 
foregoing investigations in the following theorem. 

Theorem. Every solution of a diflFerential equation of the 
first order which is derived from the complete primitive by- 
giving to c a variable value will, if it involv^e y in its expres- 
sion, satisfy the condition 

dp __ ^ 
dy" ' 

and if it involve a?, the relation 

dx \p) 

But relations satisfying these conditions will not neces- 
sarily be solutions of the differential equation. 

In applying this theorem the following points must be 
carefully attended to. 

1st. No conclusion can be drawn from the satisfying of 
the condition -^ = oo when the relation in question does not 
contain y in its expression, nor from the satisfying of 

dx \p) 

when the relation in question does not involve x in its ex- 
pression. For these conditions being respectively derived 

dxi dx 

from -f-=0 and -f-=0 are subject to the same limitations 

in their application. 

2ndly. It may be that ^ ^^ -f (-) assumes for a particu- 
lar relation between x and y the indefinite form - . In this 
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case we must seek by the development of its terms or by 
other known modes its true limiting value or values. Finite 
values will indicate particular primitives, infinite values sin- 
gular solutions, and when such values emerge together out of 
the same relation between the variables, the solution will be 
a particular primitive possessing the geometrical properties of 
a singular solution. Its locus will be a particular curve en- 
veloping other curves of the same family. 

See Examples 2 and 3 of Chap. vili. Art. 11. 
We have seen that the conditions 

^ = 00, 

dy 

indicate in general the existence of a relation between c and 
a; or c and y. And when that relation is such as to enable us 
to determine c as a continuous function of one of the vari- 
ables, the corresponding solution of the differential equation 
is singular, and is geometrically represented by an envelope 
of the curves of primitives. But it may be, as we have seen 
in a particular example, that the relation does not determine c 
as a function oixox y\ but according to the language already 
used, c is a dependent constant, or in some other way different 
from the constant of an ordinary particular primitive. Let 
us examine in particular instances the kind of singularity 
which may hence arise. 

Ex.l. Given ^, = -^^i^^. 

^ • X 

This becomes infinite if cc = ; but this not involving y 
must be rejected. Again, it becomes infinite if y = 0, and 
this proves to be a solution of the differential equation, the 
limiting value of the indeterminate function in the second 
member being (Todhunter's Differential Calculus^ Chap. x.). 
Now the complete primitive is y = €**, discussed in Art. 4. 
The constant c is there shewn to be dependent, the solu- 

B. D. E. II. 2 



18 ADDITIONS TO CHAPTER VIII. [CH. XXI. 

tion y = emerging from the complete primitive "by making 
c =5 — ao if a? be positive, and c = oo if a? be negative. 



Ex. 2. Given 



(IT-^^l + 3^'^^Sy=^' 



Here rry ±y(a^'-4logy)i 



i 



, « d» a; + (ic* — 4 logy)* - 1 

therefore / = ^=^ — ^^^ + — — -r , 

ay 2 (a;'' -4 logy)* 

and this is made infinite by y = and by a:' — 4 logy =0, 
i.e. by 






y = 0, y = € 
Both satisfy the differential equation. 
Now the complete primitive is 



y = €«^. 



We see at once therefore that the second of the above solu- 
tions is singular. The first however is deducible from the 
complete primitive by making c = qo or c = — -oo, irrespec- 
tively of the sign or value of x, provided only that sc he 
jinite ; not so however if x be infinite. The value of c is not 
therefore in the most absolute sense ihdependent of that of x. 
If from the complete primitive we seek the singular solution 

dv 
by the condition -^ = 0, we get the two equations 

€«^=0, a?-2c = 0. 

The second of these determines c as a function of a;, and 
leads to the second of the solutions obtained above. The first, 
though it does not determine c as a function of x, still ex- 
presses a relation between c and x, which is the ground of 
the fulfilment of the condition 

dp ^ 
dy" 
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We may further notice a peculiarity arising from this rela- 
tion. Supposing X finite and the solution y = a particular 
integral, it presents the singularity that it is the only case in 
which two particular integrals agree. We might in any com- 
plete primitive, by changing c into c', get two values of c for 
the same particular integral, but then it would be for every 
particular integral. 

One negative character seems indeed to mark all the cases 
in which a solution involving y in its expression satisfies the 

condition -^ = oo . It is that such solutions do not emerge 

from the complete primitive by the attributing of a single and 

absolutely constant value to c. The relation which makes -^ 

infinite satisfies the differential equation only because it satis- 

fies the condition -jr'^^y ^^^ *^^^ implies a connexion be- 
tween c and X, which is the ground of a real though it may 
be unimportant singularity in the solution itself. 

At this point, then, the question arises, whether the term 
singular solution shall be confined to that class of solutions, 
the loci of which represent the envelopes of curves of primi- 
tives, or shall be extended to all solutions which, satisfying the 

condition -^ = oo , indicate the existence of a relation be- 

tween c and x, and possess an actual singularity arising from 
this source. While the all but universal consent of mathe- 
maticians is in favour of the former course, it is to be remem- 
bered that the question is solely one of definition^ Not such 
is the question how singular solutions of the envelope species, 
or as would more generally be said true singular solutions, 
are to be distinguished from all other solutions. This we 
now propose to consider. The question is not an isolated one. 
It stands in close relation to a series of properties of singular 
solutions which admit of an orderly development. 



2—2 
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Discrimination of singular solutions of the envelope species, 

7. A negative test, which in the great majority of cases 
suffices for the present object, is suggested by the following 
consideration. 

The differential equation determining -^ as a function of 

X and y determines also t4 > Ta > ^ i'^f^y and the know- 
ledge of these enables us to construct in a developed form 
the complete primitive. See Chap. ii. Art. 12. 

The values of -^ , -t4 > ^c. ad infy as derived from the 

differential equation, are the same as those derived from the 
complete primitive. 

But a solution deduced from the condition -^ = oo is only 

constructed so as to yield the same value of -^ as the given 

differential equation does. If it be of the envelope species, 
tlie curve it represents has in general no continuous contact 
with the curve of any particular primitive. It will not there- 
fore generally yield the same values for -, ^ , -7-^ , &c. as 

the differential equation does. It will not therefore generally 
satisfy the differential equations of an order higher than the 
first, which would be derived from the given equation by dif- 
ferentiation. Hence we have the following Proposition. 

PkOPOSITION. If a relation which makes -^ infinite satisfy 

the given differential equation of the first order, hut do not 
satisfy all the higher differential equations obtained from it, 
such solution will be singular and of the envelope species. 
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Ex. 1. By comparison with its complete primitive we saw 
in Art. 5 that -^ = my "* has for a singular solution y = 
■when 7?i is a constant greater than 1. 

We will first suppose m a fractional quantity greater than 
1, and endeavour to deduce the character of the solution with- 
out making use of the complete primitive. 

Prom the solution we have 

^"^' ^ = 0, &c. a(?iV. 
But from the differential equation 

and generally 

Hence, when r is less than m, the substitution of y = gives 

» 

as before. But if r is greater than m^ it gives 

We conclude that the solution is of the envelope species* 

Secondly, suppose m a positive integer greater than 1. 

In this case we find, when r is less than m^ the same series 
of "values as before ; but for r « m we have 

^ = m(m-l)...l, 

and this also shews the solution to be of the envelope species. 
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Ex. 2, The differential equation 

is satisfied by 

Is this a singular solution or a particular integral ? 

From the solution we find 

rfy _ X cPy _ 4 
dx~ y ' ^ y* * 

From the differential equation we shall have 

da^ 2(tf'-xp) ' 

substituting in which the value of ~ , obtained from the 

proposed solution, we find 

d'y^ (x' + fY^ 8 
dx* 2f y^ * 

Now this differing from the value before obtained, we con- 
clude that the solution is singular and of the envelope species. 

And this result is verified by comparing the solution with 
the complete primitive 

(aj-c)' + (y-Vr^y=l, 

As the test above exemplified is merely negative, it is In- 
sufficient. For it is conceivable that an enveloping curve 
should have an infinite order of contact with each of the curves 
which it envelopes, and this is also possible. Any test found- 
ed upon a comparison of the values of differential coefficients, 
any test therefore furnished by the Differential Calculus, would 
be insufficient for the discrimination of such cases. 

Ex. 3. Given ^ = y (log y)'. 
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Here -^ = 00 gives y = 0, and this satisfies the differen- 
tial equation. 
From this solution we find 

1 ^'=^' ^ = 0, &c. a<? en/ 

I 

From the differential equation we have 

2 = yl(logyr + 2(logy)'}, 

which consists of y multiplied by a rational and entire func- 
tion of logy. It is easy to see that all the higher differential 
coefficients of y hence derived will possess the same character* 
And all such vanish with y. 

We can therefore neither affirm nor deny that the proposed 
solution is of the envelope species. 

8. Before demonstrating a general Rule for the discrimi- 
nation of solutions of this character, we shall notice certain of 
their properties which serve to indicate in what direction the 
Rule IS to be sought [See Chap. viii. Art. 14.] 

As the exact dificrential equation differs from the sup- 
posed given differential equation by having acquired a factor 
which the singular solution makes infinite, so the given dif- 
ferential equation may be said to differ from the correspond- 
ing exact one by containing a factor which the singular solu- 
tion makes to vanish. If we knew that factor, we could by 
rejecting it reduce the given differential equation to a form in 
which it would no longer be satisfied by the singular solution. 
Now Poisson has shewn on a particular assumption, which 
does not however affect the principle of the demonstration, 
that this factor can be found when the singular solution is 
known. His demonstration is in substance as follows. 

Let us represent the given singular solution of the dif- 
ferential equation by 

w = 0, 

u being a given function of x and y. Then introducing u and 
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X instead of y and x as variables, the differential equation 
after transformation will assume the form 

Now this equation heing satisfied by tt = and the first 
member vanishing, the second must also. Poisson now 
assumes, and the assumption must be carefully noted, this 
second member to be capable of being developed in ascending 
positive powers of u. Supposing it so developed, the diffe- 
rential equation becomes 

in which -4, J?,... are functions of a?, and a, A*** ascending 
positive indices. 

Hence if w = be a singular solution we have, putting p 

^'' dx^ 

-£^ = Jaw--i + £/3w« + &c. = 00 . 

But this demands that there should be at least one nega- 
tive power of u in the development in the second member. 
Therefore a— 1, the lowest inaex, must be negative. There- 
fore a being already positive must lie between and 1. 

We may give therefore to the transformed differential 
equation the form 

a being a positive fraction, and Q not vanishing with u. 
Hence, diviaing by w", 
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a differential equation which is not satisfied by w = 0, since 
M = gives w^"* = 0, and the first member vanishes while the 
second member does not vanish. In its present form then 
the equation is not satisfied by w = 0. We see also that the 
property of being satisfied by m = has been lost not in 
reality through a transformation, but through the rejection of 
an algebraic factor w* from the transformed equation. It has 
been shewn in the treatment of Clairaut's equation, how in 
the ascent by differentiation to an equation of a higher order 
a somewhat analogous effect is produced, the singular solu- 
tion emerging out of a factor of that higher equation. 

If we inquire what is essential in Poisson's demonstration, 
we shall find it to consist in that the transformed equation is 
of the form 

in which while Q neither vanishes nor becomes infinite when 
u=0, the functions 

both vanish with u. The question whether U is of the form 
tt* as Poisson supposes, or is not, is wholly immaterial. 
This will fully appear from the demonstration of the follow- 
ing theorem, which is in effect Poisson's freed from arbitrary 
assumptions. 

9. Proposition. If u = be a solution of a differential 
equation of the first order between y and a?, and 

du ^. . 

represent the form which that equation assumes when u and x 

are assumed as variables instead of y and x, then iff{x, u) be 

resolved into two factors Q, U, of which Q neither vanishes 

nor becomes infinite when w = 0, while the functions U and 

^du 
-jj both vanish when w = 0, then the differential equation can 

be reduced to a form in which it shall cease to be satisfied by 
w = 0. 



/ 
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In the^ statement of this proposition x is supposed to be 
constant in the integration relative to m. 

The differential equation after the transformation which 
introduces u and x as variables becomes 



Let 






80 that V is in general a function of x and w, the form of 
which is known by integration when that of U is given. 
And again, transform the differential equation by making v 
and x the variables instead of u and x. We have 

(dv\ _ dv dv du 
\dx) dx du dx' 

dv 
in which -y- is the differential coefficient of v with respect to 

X, on the above hypothesis as to the constitution of v as a 

function of x and «, while (-^ j is the differential coefficient 

on the hypothesis that v is reduced to a function of x alone 
by the conversion of u into a function of a?, 

^. dv 1 du ^TT 

the above equation becomes 

'dv\ dv 



\dx) dx 



Now if w = give v = for all values of Xy it will there- 
fore give 

^dv 



©-■ 



and further, 

dv _ d r du ^ 
dx dxjf. IT" ' 
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since we are permitted to make u = before effecting the 
differentiation with respect to a?. Hence the equation re- 
duces to 

And this is not satisfied, since by hypothesis Q does not 
vanish with u. 

-^=0, the transformed differen- 
tial equation will no longer have ^ = for a solution. 

Cor. Assuming Q = l, which does not violate the hypo- 
thesis respecting Q^ and gives 

[7=/ (a:, u\ 
we see that if 

be satisfied by w = 0, and if at the same time w = gives 

the differential equation can be transformed so as to cease to 
admit of the solution t« = 0. 

It is obvious however that it is best to assume Q so as to 
make the subsequent integration for determining v the sim- 
plest possible. 

It is manifest that a solution which can thus be made to 
cease to satisfy the differential equation cannot be a particular 
primitive. For the complete primitive of the transformed 
differential equation which it does not satisfy is convertible 
into the complete primitive of the original differential equa- 
tion which it does satisfy, merely by writing therein for v its 
expression as a function of x and y. It cannot therefore be a 
case of the complete primitive m any sense. It must be 
a singular solution of the envelope species. 

The converse proposition still remains to be proved. 
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10. Proposition. If u^O be a singular solution of the 
envelope species of a differential equation of the first orders and 
if hy assuming u and x as the variables, the differential equor 
tion is reduced to the form 

du -, . 

then will 

du 



J 



become when w = 0. 

Let the complete primitive be represented by 

F{x, u) = (7, 
then, since 

dF(x, u) dFjx, u) du_ 

dx du dx ' 

we have if for brevity we represent F(x, u) by F^ 

dF 
du __ dx ^ 
d^"^ dlT 

du 



M 



dF 



therefore I ttt r = — / -ttt du. 

hf(x, u) dF 

^0 dx 

Now u = being a singular solution, F(x, 0) Is not a con- 
stant ; for If It were, the complete primitive would, on giving 
to G the constant value in question, yield w = as a particu- 
lar primitive. And this would equally be the case whether 
that constant were finite or infinite in value. We see then 

that F{x^ 0) must be a function of a?, and therefore — ^ ' • 

must either be a function of x, or a finite constant differing 
from ; the latter if F{x, 0) be of the form ax + b, the former 
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if it be not of that form. Therefore the value of y-^ — - 

da: 

when 1^ = 0, since in this we are permitted to make w = 

before differentiating with respect to a;, will be a function of 

ic^ or a finite constant differing from 0. 

Kow it is manifest that in general 

f I dF , „rdF 



J dx 





where H is some value intermediate between the greatest and 
least values which -m assumes within the limits of integrar 

dx 
tion. When these limits are, as in the above case, infinitesi- 
mal, we have 

dx 

XX X du 1 r^F , 

Hence I -x-. r = ,vb. ... I -r- du 



r du ^ 1 r'dF 
JoA^>u)^ dF{x,0) l du 

dx J« 



dx 

i-^{F{x,u)-Fix,0)}, 



dx 

But we have seen that \-^ — - does not vanish. Hence 

dx 

its reciprocal, the first factor of the right-hand member of the 

above equation, does not become infinite. Again, 

F{x,ti)''F{x,0) 
vanishing when m = 0, we have 

' ''" =0, 



f 

J 



of {^7 U) 

when u is made infinitesimal as was to be shewn. 
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It win be observed that the previous general expression 
for I j: ; becomes infinite if w =5 is a particular integral. 

For then, F{xy 0) being a constant, — ^ ' ' vanishes, while 

F{x^ u) —F{x, 0) does not vanish so long as u differs by 
however small a quantity from 0. 

These propositions form the ground of the following Eule 
for the discrimination of singular solutions of the envelope 
species from all others. 

11. EuLE. The proposed solution being represented by 
u = 0, let the differential equation, transformed by making u 
and X the variables, be 

g+/(x,«) = 0. 
Determine as a function of x and u the integral 

Jo U' 

in which U is either equal to f{x, w), or to f{x, u) deprived 
of any factor which neither vanishes nor becomes infinite 
when M = 0. If that integral tend to with u the solution is 
singular. 

Ex. 1. Detennine whether y = is a singular solution or 
particular integral of the differential equation 

Here, since w = y, no preliminary transformation is needed. 

"W^e have I = ~" "~ 

which tends to with y. Hence the solution is singular. 
To verify this we observe that the complete primitive is 



r 



f 
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and this cannot be reduced to y = by giving any constant 
value to c. 

We have seen in Art. 7 that the test which is founded upon 
the comparison of differential coeflScients does not suffice to 
characterize the above solution. 

Ex. 2. The equation ~ = ^ ^^^ is satisfied by y = 0. 
Is this solution singular or particular? 

Here also no transformation is required. We have, reject- 
ing the factor — which neither vanishes nor becomes infinite 
when y = 0, 

1 ^ = loff lo^ y - log loff 
ylogy o o^ «3 o 

^^^logO' 

and this being infinite, however small y may be, may properly 
be said to tend to infinity as y tends to 0, The solution is 
therefore particular. 

It will perhaps appear at first sight as if in the above ex- 
ample we ought to write 

when y is made equal to 0. But the course of the demonstra- 
tion shews that the value of the definite integral must be first 
obtained on the hypothesis that u (in this case replaced by y) 
is finite, and then the limiting value which its expression 
approaches to, as u approaches to 0, be sought. And in this 
case, since for all finite values of u however small the integral 
is infinite, its limiting value is infinite. 

The complete primitive in the above case is 

and the nature of the solution y = has already been dis- 
cussed in Art, 4. 
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Eiaiory of tlie Theory of Singular SoltUums. 

12. It is remarkable that while the theory of enveloping 
curves and surfaces was at once founded and developed by 
Leibnitz in 1692—4*, the corresponding theory of the singular 
solutions of differential equations has. been of very slow growth. 
The existence of these solutions was first recognised in 1715 
by Brook Taylor ; it was scarcely more than recognised by 
Clairaut in 1734. Euler, in a special memoir, entitled Expo- 
sition de quelques Paradoxes dans le Calcul Integral, published 
in the Memoirs of the Academy of Berlin for 1756, first made 
them a direct object of investigation ; but the foundations of 
their true theory were only laid in 1768 in his Institutiones 
Calculi Integralis. Laplace, Lagrange, Legendre, Poisson, 
Cauchy, and De Morgan have in various ways developed and 
extended that theory; but there has been so remarkable a 
want of unity and connexion in this long series of researches, 
that important portions of the theory appearing in a too 
isolated form have been neglected, forgotten, and rediscovered. 
I purpose here to give a brief account of what seems most cha- 
racteristic, rather than of what is most original in their several 
researches ; for the germs of nearly all subsequent discoveries 
on the subject are to be found in the great work of Euler. 

Taylor and Clairaut appear to have been led by accident to 
the noticing of singular solutions ; the former while directly 
occupied on the solution of differential equations, the latter 
while discussing a remarkable class of problems relating to 
the connecting properties of different branches of the same 
curve. Taylor gave them the name singular, while Clairaut, 
and Euler too in his memoir, regarded them as a species of 
paradox, not merely from their non-inclusion in the general 
integral, but from the mode of their discovery through a 
process of differentiation. The memoir of Euler, though it 
sheds no light on the real nature of these solutions, contains 

• Acta Entditorum, 1692, p. 168 ; 1694, p. 311. Opeta, Tom. m. pp. 264, 
296. 

Methodiu IncremerUorum, p. 26. 

Mimoitei de VAcad^mU dea SdenccB, 1734, p. 209. 
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an interesting theorem concerning their connexion with the 
form of the differential equation, viz. If this equation can 
be brought to the form 

Vdz=^Z{Pdx+Qdy), 

in which j2? is a function of x and y, and Z of z, then will 

be a singular solution. In his Institutiones Calculi Integralis^ 
Tom. I. p. 393, however, Euler gives a rule which is the 
counterpart of that of Cauchy. [See Chap. viii. Art. 12.] 
He shews that if w = be a particular integral, and if the 
differential equation be reduced to the form 

then I -r-, ^ = QO . 

The limits of Integration are here supplied. The reasoning, 
which is not fully developed, is the following. From the 
transformed equation we have 

7 du 



(f){x, u) ' 



Hence x== C+j 



a? ■ 1 C du 



5_ i^r 

7" ■*" C] 



C ' 6V ^ {x, u) • 

If this be satisfied by a solution involving x and y, and if 
that solution be a particular integral, then on putting for x 
its value in terms of u and integrating, the above equation 
will be satisfied by giving some particular constant value to 
(7. But if the supposed particular integral be «* = 0, then x 
and w being independent, we may perform the integration 
with respect to w as if a; were constant. The resulting equa- 
tion cannot be free from x unless C be infinite, and then it 

B. D. E. II. 3 
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will evidently not be satisfied unless I ,, ^ . be infinite. 

J (f>(Xj U) 

We infer then that this is a necessary condition in order that 
u = may be a particular integral. 

This is Euler's fundamental theorem^ and from this, by 
means of an hypothesis agreeing with that of Poisson con- 
cerning the form of the transformed differential equation, he 
arrives at the condition 

dp 

— ^ = 00 • 

dy 

[In the passage to which Professor Boole refers, Euler 
does not undertake to discuss the nature of any solution, 
but only of a solution of the form x = constant. On his 
page 408 Euler proceeds to discuss the nature of anj/ solu- 
tion. Professor Boole seems to me to attribute too much 
to Euler. For the convenience of those who wish to ex- 
amine the original, I will give the reference to the passages 
in the later editions of Euler's Institutiones Calculi Intearalis : 
Vol. I. pages 343 and 355 of the edition of 1792 ; Vol. I. 
pages 342 and 354 of the edition of 1824.] 

Laplace in the Memoirs of the French Academy for 1772, 
p. 343, established the tests 

dp^^ d^/l\ 

di/ ' dx \p) ~" ' 

and shewed their respective uses. He established also the 
test which consists in the comparison of differential coefficients, 
and he supposes it universal. He adopts the hypothesis of 
his predecessors as to the forms of expansion, but with some 
recognition of its insufficiency. 

Lagrange in the Memoirs of the Academy of Berlin for 
1774, p. 197, and 1779, p. 121, appears first to have developed 
the theory of singular solutions in its two forms of derivation 
from the complete primitive and derivation from the differen- 
tial equation, and to have established the essential connexion 
of these. But supposing the differential equation to be ex- 
pressible in the rational form 

F{x, y, p) = % 
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and empleying the differential coefficients of F[x^y^p) in- 
stead of those of p he was led to sacrifice rigour to symme- 
try. One of his r.esults has often since been adopted as a 
test of singular solutions. It may be thus stated. 

Prop. A singular solution makes the general value of • 
-^ , deduced from the differential equation in its rational and 

integral expression, to assume the form - . 

[The demonstration is given in Chap. viii. Art. 14.] 

This ambiguity of value of -^4 is evidently but an expres- 
sion of the fact that the contact of a curve of the complete 
primitive and that of the singular solution is not in general 
of the second order. 

The result given in equation (5) of Chap. viii. Art. 14 has 
also been adopted as the test of singular solutions. 

The researches of Poisson and Cauchy have already been 
noticed. It is certainly remarkable that the final test to 
which Cauchy's analysis led should be essentially the same as 
that which had been discovered by Euler so long before. 

Professor De Morgan has thrown an important light upon 
the nature of the conditions 

dp ^ dp ^ 

dy" ' dx" ' 

which are fulfilled by all singular solutions in the expression 

of which X and y are both involved. He has shewn tnat any 

relation between x and y which satisfies these conditions will 

d^y 
satisfy the differential equation unless it make -y^, as derived 

from the differential equation, infinite ; that it may satisfy the 

d y 
differential equation even if it make -t4 infinite ; lastly, that 

3—2 
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if it do not satisfy the differential equation, the curve it 
represents is a locus of points of infinite curvature, usually 
cusps, in the curves of complete primitives. 

The proof is as follows : 

Let p = i> (a?, y) 

be the differential equation. Then the proposed conditions 
are 

^<f>i^yy) ^^ ^4> fe y) ^ CO 

dy ' dx * 

therefore "by differentiation, 

J^ d^dy^^ d^^J^ dy^^ 
dxdy dy^ cfaj ' dx^ dxdy dx ' 

whence we have 

rf'^ d% 

dy ^ dxdy ^ dx^ 

dx" d^<l> " d^(l> * 

dy* dx dy 

These are two equivalent expressions for the same value of 
-^ . The question now is, under what circumstances this 

CvX 

value of -p will satisfy the differential equation. 
Now from that equation we have by differentiation 



whence 



dx'' 


d<f> ^ d(f> dy 
dx dy dx^ 


dy^ 
dx' 


d^y d<f> 
dx* dx 

■ d4> • 

dy 
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If then -^ be finite we have, since -^ and -^ are both 
dor ax ay 

infinite, 

d^ 

dy ^ dx 

dx dcj}^ 

dy 

and this by the rule for the evaluation of fractions of the 
form ^ is equivalent to the value in either of its forms before 

obtained for -j-. Hence, any relation which satisfies the 

given conditions and makes -t4 finite, will satisfy the difie- 
rential equation. 

And the same result holds even if ^ be infinite, provided 

that -~i -^ -^ vanish. 
oar dy 

Lastly, as when this result does not hold, the failure is due 

to the infinite value of -t4 > we see that the line in which the 

locus of the proposed relation intersects the curves of primi- 
tives will be a locus of their points of infinite curvature. 

[Transactions of the Cambridge Philosophical Society^ 
Vol. IX. Part II.] 

Legendre's Memoir of 1790 throws but little light upon 
the subject of this Chapter. But it exhibits the theory of 
the singular solutions of differential equations of the higher 
orders, both ordinaiy and partial, in a form of great beauty, 
and will be noticed in the proper places. 
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CHAPTER XXII. 



ADDITIONS TO CHAPTER IX. 



1. By successive application of the second theorem of 
Chap. IX. Art. 13, a linear equation of the n^ order may be 
reduced to one of the {n — r)"^ order, if r distinct integrals of 
what the given equation deprived of its second term would 
be are known. 

The reduction may however be effected immediately by 
the method of the variation of parameters. In this and in 
most general investigations connected with differential equa- 
tions great advantages in point of brevity and of the power of 
expression are gained by the employment of the symbol of 
summation X, and of the language of determinants. I shall 
exemplify this here. 

Suppose the given equation to be 

^+^^^^*"^^»^^ +^.-^ (1), 

and let y^, y^^^^^yr be r particular values of y, satisfying the 
equation 

^^A^^ + A^^ 4-^-0 m 

Thus y = c^y^ + cj/^ ... + c^y^ 

is a solution of the latter equation including these particular 
solutions. We shall represent this by 

3^ = Sc^i (3), 

and regarding the quantities c,, c„...c^, represented here hj 
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Ci as variable parameters, shall seek to determine them so that 
the above value of y may satisfy the equation given. 

These r parameters, enabling us to satisfy r — 1 arbitrary 
conditions, besides satisfying the diflferential equation, we may 
choose these so that 

d^ cPy dr^y 

may be the same inform as if c^, c,, . . . c, were constant. Now 
from (3) 

dx-^^'dx^^^'dx' 
whence 

Tx-^*di' 

provided that the condition 

be satisfied. Difierentiating the first of these equations, we 
find in the same way that 

provided that the condition 

:2 ^* ^< = 

dx dx 

be satisfied. And thus continuing we see that the system of 
r equations 

y-^'-%'^^ &-^9i «• 

will hold true provided that the r — 1 conditions 
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be satisfied. In each of these equations the symbol S is to 
be interpreted by givine to t the successive values 1, 2,... r, 
and taking the sum of the results. 

Differentiating the last of the equations (4), we have 

As we cannot impose the condition that the last term of 
this equation shall vanish, let z represent its unknown value, 
then 

^^ = ^"*di^ + " (^)- 

Now the system of equations (5), together with 

^ d''% dcj _ 
^ dx'-' dx " ^' 

constitute a system of r simple algebraic equations deter- 
mining by solution the r quantities 

dc^ dc^ dc^ 
dx* dx '*** dx 

in terms of their coeflScients and of z, and therefore in terms 
of X and z, since the coefficients are known as functions of 
X. It is evident also that as the second members of all the 
equations but one vanish, and the second member of that is 
z, the values so determined will be of the form 

^.x^. g.^....|-=x^, 

XjyXg,... X^ being known functions of x. Thus the r un- 

dc dc 
known quantities ^-^v-;/^ ^re made to depend upon only 

one unknown quantity, viz. z. It remains then to deter- 
mine z. 

For this purpose we must complete the expression of the 
differential coefficients of y, and substitute in the given dif- 
ferential equation, and then seek to satisfy that equation. 
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Now diflferentiating (6) we have 

^^-^. &< A. -? ^^Vi dc, ^ dz 

dc- 
on substituting for -y-^ the value XiZ as above determined. 

We observe that the coefficient of z is here a known function 
of X. If we differentiate this equation and in the result sub- 

stitute as above for -r^ , we shall have a result of the form 

ax 

L and M being known functions of x. Ultimately then 
we have 






2? 



.«-r 



Thus, while y and the differential coefficients of y up to the 
(r — 1)*** are of the same form as if c,, c^,.,.c^ were constant, 
the succeeding ones differ in containing an additional portion 
consisting of z, and differential coefficients of z multiplied by 
known functions of x. The result of substitution of these 
values in the given differential equation will therefore consist 
also of two classes of terms, viz. terms under the sign of 
summation, which will be the same in form as if c^, Cj,...c^ 
were constant, and terms involving the differential coefficients 
of z up to the (w — r)*^ with multipliers which are known 
functions of x. We shall in fact have 

^'^^^^^^^^'^^^^ "*"^V • 
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Now yi being by hypothesis an integral of (2), the first 
line of the above equation vanishes, and there remains the 
linear equation of the (n — r)^ order 






Supposing z hence determined, we have in general 

c<= \Xizdx^ 
and hence 

y = y^^X^zdx + y^^X^dx +y^jX^dx, 

and as z will have w — r distinct values, each involving an ar- 
bitrary constant, the above equation will furnish w — r distinct 
values of y, each involving an arbitrary constant. It is to be 
observed that no arbitrary constant need be added in the inte- 
gration of the terms Xizdx, for the effect of such addition 
would only be to reproduce the known integrals c^y^. In 
this way, however, the equation would represent the general 
integral of the differential equation given. 

2. Let us examine the form of the result in the particular 
case in which r = w — 1. 

Here we have 

dx"^ " ^' dx"^ 

from 7W = 0tow = 7i— 2, then 

d^'^y _ ^ d^'^V i 
d^'^^'^'d^^'^''' 

d^-'^^'d^^^K-^'d^^j'^di' 



J 
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Accordingly the differential equation for z will be 



Now the equations for detennining 



dc^ dc^ dc^ 



«-i 



cfo ' etc'*" dx 

become on putting XiZ for -p , and writing for brevity y'i for 

^ W'for^' &c 
dx'^* lor ^ , <Kc., 



yr'X, + y,<-^X, . . . + y^n^^^ = 1 • 

Whence, by the theory of determinants, 

y I dM \ dM 

^^^Mdy^"^' •-I- Jf dy^"^^^ ' 

Jf standing for the determinant 



yi» y 



%y 



% 



n-l 



^1 > ya i'^'iff^i 
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Now the determinant is ultimately a function of x ; and 
such indeed that 



^/ (f-'yjN 1 dM 



For 



dM^^dMdy^ ^dMdyl^ ^ dM dyj"^ 
dx dyi dx dyl dx'" dyl*"^ dx 

= ^5^y'+^^'2''-+^d^2^' ^^' 

Now M being homogeneous and of the first degree with 
respect to the quantities y^, y^, y,^, we have 

Hence 2 -r- yl is what M becomes when in its expression 

yi> ya> --yn^i are changed into y/, y/, ... yV^, therefore it is 
what M becomes when two of its rows of elements become 
identical ; therefore it vanishes. In like manner all the other 
sums in (8) vanish excepting the last, for y/**"^V--'yn_i^*^*^ is 
not a row of elements of the determinant M. Thus we have 



dy^'^^" dx • 

Hence 



tx,yn-%\,^yn^l 



dM 



M dyi'^ ^* M dx' 

Thus the equation (7) becomes 

dz f\ dM .\ ^ 

therefore z = j, e"-'"''!* JMeJ"^^" Xdx. 
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Hence, since 

^— v — _L ^^ 

, [1 dM , 

whence ''*'^ J M d^> ^^' 

we have y = t^ij^ ^p5 zdx, 

z being given above. 

In the case of X= 0, we have 

whence 
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1. The theory of singular solutions of differential equations 
of the higher orders has been presented in the most complete 
form which it has yet received by Legendre. {M&moirea de 
r AcadSmie Boyale des Sciences^ 1790, p. 218.) He determines 
first the possible forms of these solutions considered as emerg- 
ing from the complete primitive by the variations of its arbi- 
trary constants, and secondly the theory of their derivation 
from the differential equation itself. I shall follow the same 
order, and shall in the end endeavour to point out in what 
respect Legendre's theory may be regardea as complete, and 
in what respect it is imperfect. 

Suppose the differential equation to be of the n^ order, 
and let it when solved with respect to the highest differential 
coefficient of y be represented by 

yn=<l>{^>!/yyi,y^^'"yn^i) (i), 

in which, for brevity, 

_rfy _^y _d^v 

Let also its complete primitive, solved with respect to y, 
be represented by 

y =/(a?, a„ a,, ... a^ (2), 

a^, a-, ... a« being the arbitrary constants of the solution. If 
we differentiate (2) with respect to a?, regarding a^, a^, ... a^ 
no longer as constants but as functions of a:, so to be deter- 
mined as to leave the expressions for y^, y^, ... y^ as functions 
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of ttj, a^,...a^ the same as before, we shall have, on repre- 
senting the second member of *(2) by/, 



^^ dx da. dx da^ dx da^ dx ' 



Tirhence 



^* dx' 



provided that 



df_da^ dfda^ ^ df da^^^ 

da^ dx da^ dx da^ dx 

Diflferentiating on the same hypothesis the first of these two 
equations, we find in the same way 






provided that 



^ ' ' ' ' dxda^ dx 



dxda^ dx dxda^ dx 



And continuing thus, it results that the system 

_^ __^ _dy 



(3), 



will be satisfied, i.e., that y^ y^^^* Vn "^iH have the same ex- 
pressions when a^, a^, . . . a„ are variable as they have when 
these are constant, provided that the law of their variation be 
determined by the conditions 



df_ day^ df da^ 
da^ dx da^ dx 



df da^ ^\ 
da^ dx 



d^f da. 



d^f da, ^ d^f dxi, ^ 

da, dx dx da^ dx dx da^ dx dx 



= 



cT/ dxi,^ drf da, dj da,^^ 

da, dx""'^ dx da^daf^ dx da^dsiT^ dx 



....(4). 



I 

I 
k I 
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I 

In this system the coefficients of 

da? ' dx' '" dx 

are known functions of a;, a^, a,, . . . a» when the form of y is 
known. 

Eliminating 

da, da^ da^ 



dx* dx ^ **' dx ^ 

we have a relation between a?, a^, <Zj, . . . a„; and this relation, 
with the given complete primitive and the first w — 1 of the 
derived and reduced equations, viz., with 

y-Jy Vi-dx' y^^ da?'"'^^^'' dx""'^' 

will enable us to eliminate a^, a^, .. . a„, and to obtain a rela- 
tion of the form 

^('"'^'l' S'--P)=' (^)' 

This is a differential equation of the (n — 1)*^ order. It dif- 
fers in its origin from the given differential equation, in that 
a new relation between Xy a^, a^^ ., .a^ has been employed in 
place of the n^ equation, derived by differentiation from the 
complete primitive, for the elimination of the constants. 

The differential equation of the (w — 1)**" order thus obtained 
has an integral expressing y in terms of a:, and n — 1 arbi- 
trary constants. This is the most general form of a singular 
solution of the differential equation. 

It is possible that the elimination of (i^^(i^^»'*a^ may 
lead to a resulting differential equation which, instead of 
being of the order n — 1, is of the order w — 2, w — 3, &c. 
The complete integral of such equation would be a singular 
solution of the differential equation. These possible types of 
solutions are distinguished by Legendre according to the 
number of arbitrary constants which they contain. A solu- 
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tion containing w — 1 arbitrary constants is called hy him a 
•lingular solution of the first order; one containing w — 2 ar- 
bitrary constants a singular solution of the second order, and 
80 on. 

Adopting this language we noiight term the complete primi- 
tive a singular solution of the order 0. 

Lastly, any relation between x and y, which satisfies the 
: given differential equation, will constitute a particular case, 
either of the complete primitive or of one of the general 
\ forms of singular solutions above defined. In the case of 
! differential equations of the first order it is seen that no arbi- 
trary constant can appear in the expression of the singular 
I solution. 

Ex. The equation 

^ *<te + 2^diB' W) [dx da^J 
has for its complete primitiTe 

y^-j +JaJ+a* + 5'. (6), 

required its singular solution. 

Proceeding as above, we find on the hypothesis of a and h 
being variable parameters, the same formal expressions for 

:7 , T3 as if those parameters were constant, viz. 



dx' da? 

= 005 + 5 



dy _ -■^ 



(7). 



dx 

provided that the variation of a and h be such as to satisfy 
the conditions 



da ^^ _ A 

dx dx'' 



(8). 



B. D.E. n. 
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Eliminatmg tence -r- and — , we have 

2a- — -2ia?=0. 

And from this, the complete primitire, and the first of the 
derived equations (7) elimmating a and h^ we find 

(l)'+(^«)|-('+'^»-re-'' (»)• 

This is the difierential equation of the first order, by the 
solution of which the most general form of the singular solu- 
tions of the given differential equation will be determined. 

Beducing it to the form 

(16y + 4<c" + aj*)* ' 

and integrating, we find 

(16y + 4a^ + a?*)* -x (1 + sc^* + log {«+ V(l + «?')} + O. 

This then is the general expression for the singular solu- 
tions of the given differential equation. We see that it in- 
volves in its expression one arbitrary constant. 

The differential equation (9) may properly be termed a sin- 
gular first integral of the given differential equation. The 
singular first integral (9) has itself also a singular solution, 
viz. 

y== of a;* : 
4 16 ' 

but this is not a solution of the original differential equation. 
Nor have we any right to expect that it should be so. A 
singular solution of a differential equation of the first order 
does not necessarily satisfy the differential equations of higher 
orders derived from that equation, Chapter xxii. Art. 7. 

2. It remains to establish the theory of the derivation of 
the singular solution from the differential equation without 
the mediation of the complete primitive. 
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Resuming the differential equation in its reduced form (1), 
and representing its second member by <f>, suppose an infini* 
tesimal variation given to the arbitrary constants of its com- 
plete primitive, and let the symbol 8 be used to denote the 
corresponding derived variations of y, y^, . . .y^. Then we 
have 

^' <& dx ' "* do^ da? ^ 

and so on. Hence, substituting and transposing, 
rf% d<l> d^-^Sy # ^-Sy^ 

Let us consider the real nature of this equation. 

If a value of y, suppose y = '^(a?), satisfy the given differ- 
ential equation, that value substituted in the coefBcients 



of the above equation will convert them into functions of Xj 
and the equation itself will become a linear differential equa- 
tion, the solution of which will determine Sy as a function of 
X, If the differential equation (10) be really, as it is appa- 
rently, of the w*** degree, Sy will have n arbitrary constants, 
<3Ei 9 • • • o^n) <^d ^iU 1>6 of the form 

2\, P,, . . . P^ being functions of a. Hence 

y + Sy = ^(a;) + a,P,... + a,P,. 

We see thus 'that the given solution y='^{x) will be a 
particular case of this general integral involving n constants. 
It will therefore be a particular integral of the proposed. 

4—2 
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If, owing to the constitution of its coefficients, the differential 
equation (10) be of the degree n — 1, we shall have 

and y — '^{^) will then be a particular case of a solution 
involving w — 1 arbitrary constants. It will therefore be a 
singular solution of the first order. Even so, if the differen- 
tial equation (10) be of the degree n — 2, y = '^{x) will be a 
singular solution of the second order. And generally, if 
the differential equation be of the r"* degree, y = y^{x) will be 
a singular solution of the order n — r. 

Resuming the equation (10) it is evident that it cannot 
be of the degree n — 1, unless ^2. \^ infinite. For, dividing 

by -7-^, we have 



1 rf%^rf;;:%^ 



in which the first term does not vanish unless ~- be infi- 

nite. This then is the necessary condition for a singular 
solution of the first order. For one of the second order we 
must have in like manner 

dik dS 

and so on. 

» 

It follows hence that to find the singular solutions of a 
differential equation of the n^ order, we ought to differentiate 

the equation, regarding y, -^ , -^ , &c. as varying through 

the variation of the arbitrary constants, to form in this way 
a linear differential equation for Sy, to examine the conditions 
under which this equation reduces to the (n — I)***, or to a lower 
degree, and to examine whether the most general relation be- 



.MWJJ_ 
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tween x and y which satisfies such condition^ satisfies also the 
given differential equation* If so it maj be regarded as a 
singular solution* 

Besuming the last Example, viz. 
and operating mth B we have 



I 



J (lar \ax day)) oar 



h^S-S)}S-%-«. 



'which reduces' to a linear differential equation of the first 
order for determining Sy, provided that we have 

Eliminating -^ firom the given equation by means of this 
there results 

(i)"*(^')i-t'+^»-s=«. ^ 

and we find on differentiating this that it does constitute a 
solution of the given equation. It is therefore a singular 
first integral of that equation. We see thait it agrees with 
the result obtained under the same name in the previous 
Article, and the rest of the solution need not be repeated. 

3. Upon Legendre's theory, and upon its results, the fol- 
lowing ODservations may be made. 

1st. We learn from it that there may exist different 
general forms of the solution of a differential equation of the 
fii^ order, viz. the complete primitive invplving n arbitrary 
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constants, and general forms of singular solutions containing 
fewer than n arbitrary constants. A solution y ^'^ {oc) of 
unknown origin being given, we construct a differential equa- 
tion for determining 8y, and, solving it, form the expression 
for y+Sy, and from the* number of infinitesimal arbitrary 
constants it contains, determine the nature of that general 
value pi y of which the given value is a particular case. 
Now we are not to infer from this that the form oiy-^-hy will 
be the same as the general value of y in question. But we 
may infer that it will be a form to which that general value 
is reducible. And the actual reduction will be effected by- 
expressing the general solution (as is always possible) in a 
form permitting its expansion in ascending powers of the 
arbitrary constants, and in the expansion making these con- 
stants infinitesimal, and rejecting all powers of them above 
the first. In fact, if 

be any general form of solution which, when we assign to 
a^, a^^.^.a^ particular values (e»g» make them vanish) re- 
duces to 

then we shall have 

the brackets denoting that after differentiation we make 
a^, djj, ... a,, vanish. 

This is that limiting form of the solution which Legendre's 
method enables us to construct by the solution of a linear dif- 
ferential equation ; and the ground of the sufficiency of hig 
method consists in this, that the infinitesimal quantities 

which are in fact the arbit^ry constants of that solution, are 
equal in number to the arbitrary constants of the general 
unlimited solution^ the nature of which is thus made known. . 
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2ndly. Legendre's tests for diflferential equations of the 
higher orders are in kind and effect analogous to the tests 

dp ^ rf 1 __ 

dy^ ' dxp" 

for differential equations of the first order. They enable us 
to decide whether a solution possesses singularity, not whether 
it possesses the envelope species of singularity. The comple- 
tion of Legendre's theory would consist in the discovery of 
those farther tests dependent upon integration which corre- 
spond to the test of Euler and Cauchy for differential equa* 
tions of the first order. 
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CHAPTER XXIV. 



ADDITIONS TO CHAPTER XIV. 



' [Art. 1 was intended to follow Chap. xiv. Art. 2.] 

1. As the condition of dependence of functions of two 
variables is of fundamental importance in connexion with the 
theory of ordinary differential equations, so the generalized 
condition of dependence of functions of any numoer of vari- 
ables forms a fundamental part of the theory of partial differ- 
ential equations. This is contained in the following proposi* 
tion. 

-^ Prop. I. If Wp u^,...u^ are functions of a?,, a?,,...a?^, 
but are as such so related that some one of them is expressi- 
ble as a function of the others, or more generally that there 
exists among them some identical equation of the form 

i^(wi,w,,...wj=0, (1), 

so that as functions of aj^, a?,, ...a?^ they are not mutually 
independent, then, adopting the notation of determinants, the 
condition 



du^ du^ 



du^ 
'" dx^ 

^ 

dx^^ dx^' dx^ 



du^ du. 



du. 



dx^^ dx^' dx. 



= 



(2), 



^ IS identically satisfied. Conversely, if the above condition be 
identically satisfied, the functions u^, u^, ...u^ are not mutu- 
ally independent in the sense above explained. 
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First let it be noticed that the Proposition is but a general- 
ization of that of Chap. Ii. Supposing U and u to be two 
fiiiictions of a; and y, the condition of their dependence is 
affirmed to be 

dU dU 
dsc ' dy 

du du 
dx^ dy 

i. e. it is the result of eliminating dxj dy, from the equations 

dU. ^ dUj ^ 

du J du y ^ 



= 0, 



dx 



and therefore it is 



dU du dUdu^ 
dx dy dy dx'^ ^ 

as expressed in Chap. ii. 

We proceed to the general demonstration. 

• Let the first member of (1), considered as a function of 
Wj, «,,... w* be represented for brevity by F; then difieren- 
tiating, we have 



du 



du. 



du. 



1 — t — » 



from which it follows that if du^, du^, ...du^^ are equal to 0, 
then is du^ equal to ; or, since u^j tt,, ... u^ are functions of 



^dx4^^dx +^da?=0 



dx. 



dx. 



dx. 



cKBj * dx^ • dx^ 



(3), 
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tlien is 

^<^ + ^&.... + ^_&.-« (4). 

Thus the last n equations, linear with respect to 

are not independent, arid therefore by the theoiy of linear 
equations the determinant of the system vanishes identicallj. 
Now this is expressed by the condition (2). 

It remains to prove the converse, viz. that if the condition 
(2) be identically satisfied, the functions u^^u^f ...u^ vrill not 
be mutually independent. 

First, the n — 1 fdnctions w^, w,, ... u,^ are either mutually 
independent or not mutually mdependent. 

If not, then the n functions w^, w^, ... u^ are not mutually 
independent, and the Proposition to oe proved is granted. 

If Wj, Wj, ... w^j are mutually independent as functions of 
a?i, aTj, ... x^, they may be made to take the place of n — 1 of 
these quantities, e. g. a?^, a?,, ... x^^ in the expressing of i*., 
i. e. we majr, by means of the expressions for Wj, w,, ... w^^, 
eliminate Kom that of u^ the quantities a?^, a;,, ... x^^, and so 
express i«^ as a function of t^^, t«,, ... u^^ and x„. Suppose 
this done, then the system (3), (4) will be converted into 

du^ = Of du^=iOj du^^ = Of 

du^ 1 du^ 7 du^ y du^ 1 ^ 

Now, the determinant (2) vanishing, the equations of the 
linear system (3), (4) are not independent ; therefore those of 
the transformed system, as written^ above, are not independ- 
ent; therefore the last equation of that system must be a 
consequence of the others which manifestly are independent 
But firom the form of that last equation we see that such can- 
not be the case unless we have 



J 



AET. 2.] ADDITIONS TO CHAPTER XIV. 59 

which implies that te^ is a function of w^, t*,, •.. u^^ merely. 
Hence the functions u^y u^, ... u^ are not independent, as. was 
to be shewn. 

The fijrst member of the equation of condition (2) is com- 
monly called the functional determinant of w^, w^, ... w^ with 
respect to x^y x^^ ... x^^. The proposition may therefore be 
expressed as follows. 

The condition of dependence or independence of any sys- 
tem of functions of as many variables is the vanishing or 
non-vanishing of the functional determinant of the system. 

On account of the great importance of this proposition it is 
desirable to illustrate it by an example. 

Ex. Are the functions 

aj + 2y + «, oj — 2y4-3;5, 2xy - xz + iys - 2&* 
mutually independent or not ? 

The equation of condition is 

1, 2, 1 

1, -2, 3 =0, 

2y — «, 2x-t^f — aj + 4y — 4« 

that is, 

— 4 (-0? + 4y - 4«) + 8 {2tf-z) - 2(2cb + 4«) = 0, 

which is identically satisfied. Hence the functions are de- 
pendent. In fact, representing them by u^ v^ w^ we have 

4w = tt*— t;^. • 

[Art. 2 was intended to follow Chap. XIY. Art. 4.] 
2. As it has been shewn that a primitive 

«=^(«) (1) 

leads to a linear partial differential eqtlation of the form 

Pp + Qs^B , (2), 
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provided that u = a, t? = J, are integrals of the syBtem of ordi- 
nary differential equations 

dx _dy dz ,^v 

P'~Q^B ^^^' 

it is evident that we shall obtain a solution of the partial dif- 
ferential equation (2) by constructing the system of ordinary 
differential equations (3), deducing their general integrals 

and then constructing from these the primitive (1). 

But the question arises, Will this be the most general solu*- 
tion of the partial differential equation given? 

That it will be so, may be shewn by means of the general 
proposition. See Art. 1. 

For let w = represent any solution whatever of the given 
partial differential equation. Differentiating this with respect 
to X and y, we have 

dw dw ^^ dw dw _ 

dx dzf'~^ dy dz^"^ ^ 

« 

substituting the valuea of p and j formed from this in the 
given equation, we have 

p^+Q— + S— = 
dx dy dz ' 

which must be identically satisfied. 

In like dianner, u^a^ v^h being solutions of the same 
equation, we find 

which must be identically satisfied. 



I 
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Eliminating P, Qj B from these three equations, it results 
that the functional determinant ofw, u, v, with respect to x, t/, z^ 
will identically vanish. Hence t(? is a function of u and v, 
and the equatibn i^ = is a' particular case of 

F{u, v) = 0, 

which is thus shewn to be the general integral of the given 
equation. 

We are thus led to the following general Rule. 

KuLE. To integrate the^ equation I)i>+ Qq=^B we must 
form the system of ordinary differential equations 

dx ^dy ^dz 

dediAce their general integrals in the form ^ 

u = a, t; = &, 

and construct the eqtuition 

F{u, v) = 0. 

This will be the general solution sought 

[Art 3 was intended to follow Chap, xiv. Art. 5.] 

3. The above theory may be extended to linear partial dif- 
ferential equations of the nrst order, without regard to the 
number of the variables. 

First, the theory of the genesis of such equations is ex- 
pressed in the following proposition. 

Prop. A primitive equation of the form 

PK,u.,...wO = (1), 

in which t^j, Wa, . . . w„ are any given functions of the vari- 
ables Zy dependent, and x., x^y . x^ inde]>endent, will satisfy 
the linear partial differential equation obtained by eliminating 
dz, dx^y dx^f ... dx^ from 
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expressed as total differential equations witli respect to the 
primitive variables, and the equation 

Of this important proposition I propose to give two distinct 
proofs. 

1st proof. Forming the total differential of the given 
equation we have, on representing its first member by F9 

dF, dF ^ ^dF ^ . 

Now this cannot be true for all forms of the function unless 
we have the separate conditions 

cZttj = 0, rfM, = 0, (iw„ = 0, 

Strictly to prove this, suppose i^, i^, ...JFJ, to be any n 
distinct and independent functions of w., Mj,...w^, and as 
such, distinct and independent forms of F. Then the above 
equation gives 

dF.j ,dF^j dF,j 



dF, , dF, , dF, , 

—du,+ ^^du,...+-^Ju, = 0, 

Now -Fj, F^,...F^ being independent, their ftmctional 
detenninant with respect to t^j, «*„.•.««, does not vanish. 
This again is the condition necessary and sufficient that the 
above system of linear equations may be independent ; and 
this lastly being the case, their only possible solution will be 

du^ = 0, du^ = 0, du^ = Oj 

as was to be shewn. 
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These equations in their developed expression 

s^ • ^^*=«. 

t"^' ^s=*=». 

enable us to determine the ratios of dx^^ dx^^ • . . dx^, dz in 
the form 

dx^^dx^ _dx^_dz .. 

where X^j Xg,,..X«, iZ are functions of the original vari- 
ables. And now, forming the equation 

jPjda?! +^,6?a?j ... '^'Pndx^r- dz^O, 
and eliminating the*differentials, we find 

for the partial differential equation sought. 

2nd proof. Differentiating the given primitive with respect 
to ajj, as contained explicitly in the functions w, , w„ . . . w^, and 
also implicitly in the same through z^ we have, on represent- 
ing the first member of the equation by jp^, 



dF 
du 



\\dxjP^'^)^dilXdx, ^P' dz) - 

dF (du^ du;\ _ 

or 

dF du^ dl^ du^ . dF^ da^ dF^ __^ 
rfwj rfajj cfwj dxj^'" du^ dx^ dz ^* ' 

Since 

du^ dz du, dz '" du, dz dz 



•^ 
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[CH. 



Differentiating thus with respect to the remaining inde* 
pendent variables, we obtain finally the system 



dFdu^dFdu^ dF 
du^ dx^ du^ dx^"* ^ 



du^ \ dF 



du^ dx^ dz 



Pi^O, 



dFdu dFdu^ ,dF^ dF ^ 
du^ dx^ du^ dx^ '" du^ dx^ dz^* ^ 

••••••••••••••••••••••••••••••••••■•••••••••••••••••• 

dF^ du^ d]E[ du^ dF du^ dF 



<2u, dx^ du^ dx, 



du^ dx^ dz 



from which, in combination with the equation 

dF^dM^ dF^du^ dF du^ dF _ 
du^ dz du^ dz *" ^'- ^- '^- "" » 

we can eliminate 

dF dF 

The result will be 

du. du^ 



du^ dz. dz 



dF^ dF 
du^ ' dz * 



du^ 



dbj ' dXj^' fltej 



in 



du^ du^ 

<^' ^.' 

du^ du^ 
di' &'• 






du^ 



dz 



,-1 



= 0, 



or, oonyerting rows into columns. 



du^ du. 

d^' ~^ 



dx;' 



du^ du^ 
dxJ* dz 



du^ du^ du^ du^ 

dx^^ dx^* dx^^ dz 



Piy Pt> 



-Pi 



n9 



-1 



= 0. 
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which is the determinant form of the result affirmed in the 
proposition. 

The second of the above forms of demonstration seems to 
"be preferable to the first, in that it rests only upon the consi- 
deration of the one general form of the function F. I have, 
however, given the two proofs, chiefly in order to illustrate 
an important remark, viz. that, in nearly all general re* 
searches connected with partial differential equations of the 
first order, two modes of procedure, the one involving the 
use of differentials, the other that of differential coefficients, 
may be employed, and that between the forms to which these 
respective modes give rise, a certain law of reciprocity will be 
found to exist. 

The theory of the solution of the partial differential equa- 
tion 

follows immediately from that of its genesis. If we repre- 
sent by 

the integrals of the system of ordinary differential equations 
(2) a solution of the given partial differential equation will 
be represented by (1). That this will be also the most gene- 
ral solution may be shewn by the argument of Art. 1. For 
if K? = represent any solution, then since 

c?u) , dw ^ dw ^ dw ^ 

^,+^'^==^ ^.+^»^=^' 

we find 

^dw ^dw ^dw ,Tfdw_ 

from which, in combination with the corresponding equations, 

^^^;+^»^,-+^"^/^^=^' 

B. D.E. II. 5 
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eliminating X^, X,,... X^^ B we obtain a result which ex- 
presses that the functional determinant of t£7, «.,... t£» with 
respect to the original variables is virtually 0. Whence to is 
a function of Wj, Wj, ... t«,, and the proposed solution is in- 
cluded in the one to which the above method of solution 
leads. 

That method may therefore be stated in the following Knle. 
B.ULE. To integrate the linear partial differential equation 

■y dz y. dz , TT ^^ p 

■^»^+^»^.-+^-^,=^ 

form the system of ordinary differential equations 

dx^ dx^ dx^ dz 

and deduce their general integrals 

u^ — a^j Wj = aj, ...t*»=a«, 
then 

will he the general integral sought. 

[The general observations were intended to follow Chap. 
XIV. Art. 6.] 

General observations. 

4. The relation which exists between a proposed linear 
partial diflferential equation and its auxiliary system of ordi- 
nary differential equations should be carefully studied. While 
it is proper to say as above that the general integral of the 
one requires the knowledge of all the integrals of the other, 
it is also proper to describe that general integral simply as 
the most general form under which an integral of the auxi- 
liary system can appear. If 

are integrals of that system, then 

jP(Wpttj„...W„)=^ 
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is the one general form of an integral of that system, and 
due regard being had to the arbitrariness of F^ this is equi- 
valent to 

F{u^» tt,, ... M,) = 0. 

5. The form which the auxiliary system assumes when 
the given, partial differential equation is deficient in any of its 
terms should be noticed. 

If X^ = 0, the auxiliary equation 

becomes, on clearing of fractions, 

da?j = 0- 
And thus, if X^, X,, ... X^ vanish, the given equation being 

the auxiliary system will be 

dajj = 0, <fo?g = 0,...div=0, 

X^+1 X^+j x^ X 
and the integrals of this system being of the form 

the general solution of the given equation will be 

F{X^, X^, Ur^^, «n) =0. 

This conclusion would follow also from the principle laid 
down in Chap. xiv. Art. 2. 

Linear partial differential equations in which the absolute 
term is wanting, and which are therefore of the form 



— — dz -^j. dz -n. dz 



5—2 
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may be termed homogeneous. As in this case one of the 
auxiliary equations is 

the general integral will be 

Wj, w„ w^i being found by the integration of the remain- 
ing auxiliary equations 

dx^ _ dx^ _ dx^ 

When Xj, X„ ^« do not contain z, the solution is "best 

exhibited in the form 

« = <^K,w„ O- 

f 6. Every linear partial differential equation can be converted 
into a homogeneous one containing one additional variable. 

• For it is shewn in Art. 3, that if w = be any integral of 

* 

then is 

^ du ^ du ^ du ^du 

a homogeneous equation' with a new variable. 

From the general integral of this equation, that of the 
former one may be deduced by making w = 0. 

7. The solution of partial differential equations is some- 
times facilitated by introducing a new system of independent 
variables. The actual transformation is greatly facilitated 
by the following symbolical theorem. 

Theorem, If the partial differential equation 

^ dz y. dz ^ dz ^ 
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be expressed STmbolicallj in the form 

in which 

rf d ^ d 

then, if yi> yj> y* 1^ * ^^^ system of independent vari- 
ables given in expression as functions of the old ones, the 
transformed equation will be 



% 



(Ai-,)|+(iy^|...+(4yj|;-X 



For, regarding 2; as a function of y^, y„ y., we have 

dz dz dy^^ dz dy^ dz dy^ 

dx^ dy^ dx^ dy^ dx^ *" dy^ dx^ ' 



dz ^ dz dy^ dz dy^ dz dy^^ 

dx^ " dy, dx^ dy^ dac^*'* dy^ dx^ ' 

whence, substituting in the given equation we find, as the 
total coefficient of -r- , the expression 

or symbolically', Av. : and so on for the other coefficients. 
The result then is 

It remains only after calculation of Ay^, Ay^, Ay„, as 

functions of x^y x^^ a;^, to express these functions and X 

in terms of y„y., y,. 

[It appears from the manuscript that an example was to 
have been supplied here.] 
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[The next Article maj be considered supplementary to 
Chap. XIV. Art. 10.] 

Singular Solutions of partial Differential Equations. 

8. Legendre's theory developed in Chap, xxiii. for ordi- 
nary, may be applied also without essential change to partial, 
differential equations. Begarding the independent variable 
z as receiving an infinitesimal change iz through infinitesimal 
change, not in the values of the independent variables 

but in the values of the arbitrary constants of the complete 
or in the forms of the arbitrary functions of the general inte- 
gral, and performing upon the given equation the operation 
denoted by 8, we shall obtain a linear partial differential 
equation for determining the general value of hz corresponding 
to any particular given value of z. If that linear equation be 
of a lower order than the differential equation given, then the 
equation expressing the value oi z-^-Zz will be a limiting 
form of a solution less complete or less general than the com- 
plete or general solution of the differential eqpation given, 
and the given solution, formed by making the infinitesimal 

constants in the limiting form actually 0, will be singular. 

» 

Conversely, to deduce singular solutions without the know- 
ledge of the complete or the general integral, we ought to 
construct the equations of condition for the reduction of the 
equation determining iz to a lower order than the equation 
given, and the most general solution of the differential equa- 
tions of condition so formed, will be the most general expres- 
sion for the singular solutions of the differential equation 
given. 

Ex. (pa? — jy)'j-f-4wiaj'(a? — ay) =0, 

in which 

_ dfe ^dz 
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Representing the first member of the equation hj -F, we^ 
have, on operating by S, 

dp dx dq dy dz '^ ^ 



and the conditions 



dF ^ dF ^ 



necessary to reduce the equation for iz to a lower ord^r give 

{px — qy) q — 2mx* = 0, 
ipx-qy) {px'-dqy) = 0. 

From these we find 

p rs Sm^x^y^f q = wSo^y'^^ 

definite and simultaneous values of^ and j, which being sub^ 
stituted in the given equation lead to 

z = 2m*aj*y*, 

and this, as it gives the same values of p and q as those 
obtained before, will necessarily satisfy the given equation. 
It is therefore a solution, and from the nature of the analysis, 
a singular one. 

Legendre shews that this singular solution is also dedu- 
cible from the general integral of the given partial diflcren- 
tial equation. That integral is the result of the elimination 
of a from the two equations 

{j> (a)}" — 2ax^ (a) + a« — vnxy = 0, 

{^ (a) — ax] ^' (a) — 2a;<^ (a) + 2? = 0, 

To deduce the singular solution he supposes ^ (a) to be not 
simply a function of a, but a function of a and of one or 
both of the independent variables. He expresses the varia- 
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tion of <f> (a) derived from this new source by S, and operating 
on the first equation with S, finds 

{2<f>{a) -2ax] &!> (a) =0; 

therefore ^ (a) = ax. 

Substituting this in the equations of the general integral, and 
eliminating a, we find 

as before. 

« 

Legendre states his theory of the derivation of the singular 
solutions of partial differential equations from the equations 
themselves with great brevity, but still as a general theory. 
And there is nothing in the statement that carries with it any 
apparent restriction upon either the order or the degree of the 
eq^ations given. Until however we are in possession of a 
perfect theory of the genesis of partial differential equations 
we shall not be entitled to say that Legendre*s theory of 
their singular solutions is a per&ct one; for until then we 
cannot even define, in a perfectly general way, the nature of 
the operation denoted by 8. 
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[The next three Chapters all relate to the subject of partial 
differential equations of the first order. The manuscripts do 
not appear to have received their final revision from Professor 
Boole. It is certain that he intended the contents of Chapter 

XXV. to form a part of the new edition; and it is highly 
probable, although not certain, that the contents of Chapter 

XXVI. and Chapter xxvii. were also to be included. 

The three Chapters are mainly deriyed from two memoirs 
by Professor Boole, published in the Philosophical Trans- 
actions. 

The first memoir is entitled On SimuUaneoits Differential 
Eqtuztions of the First Order in which the Number of the 
Variables exceeds by more than one the Number of the Equa- 
tions: it occupies pages 437.. .454 of the Philosophical Trans- 
actions for 1862. 

The second memoir is entitled On the Differential Equa- 
tions of Dynamics. A sequel to a Paper on Simultaneous 
Differential Emiations: it occupies pages 485... 501 of the 
Philosophical Transactions for 1863. 

The first memoir was finished before Professor Boole had 
seen Jacobins researches^ which are cited at the beginning 
of Chapter xxvi ; these researches indeed could only just 
have been published. In his second memoir Professor Boole 
describes Jacobi's methods, refers to his own already pub- 
lish^, and points out the nature of the connexion between 
them.] 
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CHAPTER XXV. 

ON SYSTEMS OF SIMULTANEOUS LINEAR PARTIAL DIFFEREN- 
TIAL EQUATIONS OF THE FIRST ORDER, AND ON ASSO- 
CIATED SYSTEMS OF ORDINARY DIFFERENTLA.L EQUATIONS. 

1. The term simultaneotis is here applied to a system of 
partial differential equations, to signify that in that system 
there is but one dependent variable, the general expression 
of which, as a function of the independent variables satisfy- 
ing all the equations at once, is the object of search. All 
linear partial differential equations of the first order being re- 
ducible to the homogeneous form, we shall presuppose this 
reduction here. Under this form indeed the problem actually 
presents itself in Geometry, in the theory of partial differential 
equations of the second order, and in Theoretical Dynamics. 

We are sometimes led, in connexion with the same class 
of inquiries, to systems of ordinary differential equations 
marked by the peculiarity that the number of the variables 
exceeds by more than one the number of the equations. Such 
systems are intimately connected with the former — stand 
to them indeed in a similar relation to that which the 
Lagrangean auxiliary system bears to the single partial dif- 
ferentilal equation from which it arises. The theory which 
explains this connexion, and grounds upon it the method of 
solution of both systems will form the subject of the present 
Chapter. 

Connexion of the Si/stems. 

2. Prop. I. The solution of a system of simultaneous 
linear partial differential equations of the first order may be 
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made to depend upon that of a system of ordinary differential 
equations of the hrst order in which the number of the vari- 
ables exceeds by more than one the number of the equations. 

The system of partial differential equations being reduced 
to the homogeneous form, Chap. xxiv. Art. 6, let n be the 

number of the equations, a?j, a?,, x^^ the independent 

Yariables, and P the dependent variable. 

Then from the n given equations determining 

dP dP dP_ 

e/a?j' da?,' dx^^ 

we obtain an equivalent system of equations which, by trans- 
position of its terms to one side, assumes the reduced form 



— + A ^ + A — 



, dP 



, dP 
+ ^^-— -=0 



'ar 



dx 



«+r 






(1). 



^+^.,*^^„iL 



dx. 



'«i 



dx, 



»+x 



dx, 



+ ^.-^ = 



"IB 



dx. 



»\* 



Multiplying these equations by the arbitrary constants 

\> \> \ 

respectively, and adding the results, we have 



dP 



dP 



dP 



^^^,"^^'^, '^^''dx^ 



+ 



dP 
dx. 



iN-l 



dP 



+ {\Ar+\K + MJ J-- = 



dx. 



(2). 



«+r 
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a Single partial differential equation which, on account o£ th# 

arbitrariness of X,,X,, X^, is equivalent to the sj-steiv 

from which it was formed. 3 ■> 



Of this equation the Lagrangean auxiliary system will "be 



<^«+t 






X,-4 jj -f \A^^ + \^A^^ 



^n^ 



(3), 



\^ir + \^wr •••••• + X^^^ 

whence, eliminating X, ,X,, X^, we have the system of 

ordinary differential equations 

dx^^ - A,,dc^ - Ay^M — --^ni^. = 
dx^^ — A^^dx^ — A^dx^ .. . .— -4^da?^ = 



(4), 



These equations being included in the previous system (3)^ 
any integrals 

U^ay t> = J, K7 = C, &c. 

of them will be integrals of it. Therefore u^v^Wy... will be 
values of B satisfying the partial differential equation (2). 
For they will be the only values which can satisfy it inde* 

pendently of Xj, X,, X^. Hence they will satisfy the 

equivalent system (1), and the general integral of that system 
will be 

F{u^ t>, w, ...) =0 (5), 

the form of jP being arbitrary. 

Thus the relation of the system (4) to the system (1) is the 
same as the relation of the auxiliary system ot a single linear 
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ftyartlal differential equation to that equation. And the ground 
~ this relation is seen to be the same in both cases. The 
me form necessitates the other. 

lu' 3. Instead of employing the above mode of deducing 
Ithe auxiliary system, we might employ the following which 
!is practically more convenient. 

Since any value P which satisfies the partial differential 
equations determines P=c as an integral of the ordinary sys- 
tem, the latter must be consistent with rfP=0 in its de- 
veloped form 



'a ''^^iH-*' 



„,. . ^. dP dP dP 
Ehmmatmg ^, ^ ^^ 

by means of the n given equations (1), we have 
dP 



^«+i 



{dx^^ - A^^dx^ - A^dx^ - Ai^O 



dP 

\dx^- AJ.x^- AJx^ -Aa^n) 



^»« 



dP 

i Whence, equating to the respective coefficients of 

dP dP dP 

dx^^ dx^t ^«4r' 

we have the system (4). 

In the same way we can pass from the system of ordi- 
nary to that of partial differential equations. From the equa- 
tion dP^ 0, in Its developed form, we must eliminate a number 
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of differentials dx^, <2r,, ... equal to that of the given equa- 
tions^ and then equate to the coefficients of the remaining 
differentials, 

4. Lastly, the formal connexion of the two systems should 
be noticed. The partial differential equations being given in the 
reduced form (1), the ordinary system may be constructed as 

follows : For any differential coeflBicient, as -^ — , in any 

column after the first, write the corresponding aifferential 
dx^^^^ subtract from this the sum of dx^^ dx^^ dx^^ mul- 
tiplied respectively by the descending coefficients of that 
column, and equate the result to 0. The system of equations 
thus successively formed will be the auxiliary system sought. 

The transition from the ordinary to the partial system may 
be effected by the same xule« substituting only differentials 
for differential coefficients, 

[It appears from the manuscript that an example was to 
have been supplied here.] 

Up to this point the theory of systems of partial differen- 
tial equations is in analogy with that of single equations. 
But here a difference arises. We do not know beforehand 
I what number of integrals ia. system of ordinarj'. differential 
equations, in whictTthe number of variables exceeds by"" 
[than one the number of the equations, admits. 

The theory which removes this difficulty will be developed 
in the following sections. It will be shewn that a system of 
linear partial differential equations which admits of solution 
by the assigning to the dependent variable a value which 
satisfies all the equations in common, must either itself satisfy^ 
a certain condition, or be capable of being developed into a 
new but equivalent system which will satisfy that condition* 
It will be shewn that when that condition is satisfied, the 
auxiliary system of ordinary, is capable of expression as a 
system of exact differential equations determining the inte- 
grals sought. 
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It will be found ponvenient to express by a single symbol 
the aggregate of the operations to which the dependent vari- 
able is subject in the expression of a partial differential equa- 
tion. Thus the equation 

dz dz ^^ _ A 
dt dx ^ dtf 

may be expressed in the form 

A« = 

if we assume 

d . d , d 



dt dx dy* 



Under this convention the following proposition is to be 
understood. 



5. Prop. II. If AP = 0, A'P=0 represent any two 
homogeneous linear partial differential equations of the first 
order, then will 

(AA'-A'A)P=0 

also be a homogeneous linear partial differential equation of 
the first order, and it will be satisfied by all the common 
integrals of the equations from which it is derived. 

First, the equation will be linear. For, let a?, y represent 
any two variables whatever, or the same variable repeated, 
out of the set ajj .... a;„, and let -4, B represent any functions 
of the variables a?^ .... ir„. Then A may be represented by a 

series of terms of the form A -7- , and A' by a series of terms 

of the form B -j- . Hence (A A' — A' A) P can be expressed 
by a series of terms of the form 



' dx\ dy) dy\ dxj ' 
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which, on effecting the differentiations, becomes 

dB dP dA dP 
^'d^'d^^^d^ d^' 

the terms containing the second differential coefficients of P 
mutuallj destroying each other. Hence the equation 

(AA'-A'A)P=0 

will be a homogeneous linear partial differential equation of 
the first order. 

The constitution of the coefficients of this equation is easily 
determined. For suppose the given equations to be 

.dP^jdP ^AdP ^ 

^^d^, + ^«^ + ^-^r^' 

dP^j^dP .j>dP^o 

so that 

^-^.1- ^^-i.- ^''^'k ^^•^' 

tlien the equation 

(AA' - A'A) P= 

« 

may be written in the form 

and, since terms involving second differential coefficients of 
Pwill disappear, this becomes 



+ (A5.-A'^J^=0. 



dx 
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We see [from this thu-t the form of the result {9 the same as 
tf the ^ or A' from either ^nation operated only on the coeffi-- 
QtetUs in the other equation. 

Secondly, the above equation will be satisfied by all the 
common integrals of the equations from which it is derived. 

For, let ^ == c be a common integral of 

AP=0 andAT=0, 
then 

A<^ = 0, A'^ = 0. 

Performing on these the respective operations A' and A, 
operations which involve only differentiation together with 
algebraic processes, we have 

A'A^ = 0, AA'^ = 0, 
whence, by subtraction, 

-AA'^-A'A^ = 0, 

or (AA' - A'A) ^ = 0, 

from which it appears that j> is also an integral of the 
equation 

(AA'-A'A)P=0, 

as was to be shewn. 

6. Prop. III. If by the above processes of reduction and 
derivation we convert a system of partial differential equa- 
tions into a new system, such that if expressed in the form 

A,P=0, A^=0, A«P=0, 

the condition 

(AA-AA)P=o 

shall for each pair of equations be identically satisfied, then 
.the system of ordinary differential equations corresponding 
to this new system will admit of reduction to the form of 
^exact differential equations, the integration of which will 
enable us to construct the general value of P satisfying the 
system given. 

B. D. E. II. 6 



I 
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1st, Suppose the given system of n equations reduced to 
the form (1), marked by the peculiarity that n of the differen- 
tial coefficients appear only in successive equations and with 
the coeflBcient unity. Then taking any two of those equa- 
tions (we select the first two), we have 



'1 ^•'^fi+l ^'^IHT 



^» = ;xr+Axr- +^ 



from the forms of which we see that the derived equation 

(A.A, - A.A,) P = 

cannot contain either 

dP dP 
dx^ dx% 

It can only, as appears from Art. 5, contain the differential 
coefficients 

dP dP 



and must be of the form 

dP ^ dP 7> ^^ _ 

■It cannot therefore be an algebraic consequence of any of the 
lequations of the system (1) from which it was derived. It is, 
unless by the vanishing of jBj, .... jB, it present itself as an 
identity, a new equation algebraically independent. Com- 
bining this with the former ones, we have a system of n +1 
equations admitting of the same reduction as to. form fol- 
lowed by the same subsequent process of derivation. And 
I the result of each of these completed steps is to convert the 
f system into one containing one equation pactrg^ thdWi.^befQIcj 
but containing in each of its equations one^term fewer .tjian 
f * befoifi . The process must then end either In the genesis of a 
system of partial differential equations such that the further 
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application of the process of derivation of Prop. IT. shall only / ^ 
lead to identities, or in the emerging of the system 



dP ^ dP ^ dP ^ ,. 



dx^ ^ dx^ " dx^^ 



The latter supposition would imply that P is a constant 
The consequences of the former we proceed to examine. 



The final system of linear partial differential equations 
will be of the same type (1) as the original system, but will 
differ from that system in that n will be increased, and r 
diminished by the same amount. We shall therefore simply 
state the form (1), only under the condition 

(AA--AA)P=0, 

and with the altered values of n and r. 

First, then, the common integrals of the new system will 
be the same as those of the original system. This is evident 
from Prop. II. 

Secondly. If we wtite 

m==n + r, 

the fiurst equation of the system (1) will be 

^/ "^■*" "^ ■^^^'•^"^' 

and the auxiliary Lagrangean system of this will have w — 1 
independent integrals """^ 

u^^c^, w, = c^, w«.i = C^j, 

among which the n — 1 known integrals (Chap. xxiv. Art. 5) 



<^'>l«<H««uwi**'**v«<iMMl»MM 



6—2 



i 
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are inclnded. And the general value of P satisfying the 
above first equation will be 

The assumption P=x^ would not satisfy the said equation, 
for it would lead, on substitution, to 1=0. Hence we infer 

that while the functions w^, w,, w«_- are independent with 

respect to each other, they are also independent with respect 
toa?!, so that the «i functions w^, w^, w^^, x^^ are mu- 
tually independent in the sense explained in Chap. xxiv. 

Let us now transform the equations of the system (1) after 

the first by introducing Wj, u^y '^n^x^ ^i as independent 

variables. Those equations being 

A,P=Q, A«P=0, 

the result of the transformation will be (Chap. xxiv. Art. 7) 



/A \^P , f\ \^P , /A \ ^P . /A V^ A 

(A„«.) ^+ (A,«J^ + (A.O ^^+ (A.a..)^=0. 

But P = x^ being an integral of each of the equations of 
the system (1) except the first, as appears from their forms, 
we have 

Aa = ^» A„aj, = 0, 

thus the last terms in the transformed system vanish. Further, 
the coeflScients of the remaining terras reduce to functions of 

«*i , t*2 , w^j merely. For, considering the coefficient A^w^ , 

we have 

(A, A, - A,A,) u, = 0, 
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which, sinee A^tt^ = reduces to 

A,A,Wj = 0. 

Hence A,w must be a solution of AjP^ 0, and therefore a 

function of t^,, t*,, w^^. And so for the others. It 

results therefore that the transformed system is. 

, . ^ dP ... ^ dp , , » dP ^ 

(V.) ^^ + (A.«.) ^ + (V«-.)^^= 0. 



t»j, v^, «.... tt,,^ being the aetuiH independent variables of the 
system. 

But the transformation having involved no loss of gener 
rality, for a new system of m independent variables was 
simply substituted for an old one, the condition 

satisfied before, will cotitinue to be satisfied in the new sys- 
tem represented symbolically in the form 

A,P=0, A,P-0, A,P=0. 

Any common inte^ls of this system will also be common 
integrals o£ the previous system. For as functions of 

«*t>^«» ^»-t 

they will satisfy the first equation of that system, and they 
wilt satisfy the other equations, because the present system is 
but a transformation of those. The converse is equally mani-" 
fest. 

Thus a system of n partial differential equations contain- 
ing m independent variables and satisfying a certain condir 



86 LINEAR PARTIAL DIFFERENTIAL [CH. XXV. 

tioii, has in virtue of that condition been converted into a 
system of n — 1 equations between w — 1 independent vari- 
ables, and satisfying the same condition. This then is con- 
vertible into a similarly constituted system of n — 2 equations 
containing w — 2 independent variables, and so on till we 
arrive at a final single partial difierential equation containing 
w — w 4- 1 independent variables. This equation has m — n, 
that is, r integrals, and these are the common integrals of the 
system (!)• 

But the system of ordinary differential equations corre- 
sponding to (1) is in numiberr, and is satisfied by all the 
common integrals of that system. Hence these differential 
equations must admit of reduction to the exact form. 

7. We may deduce from the above investigation the fol- 
lowing Rule. 

To integrate a system of simultaneous linear partip,! diffe- 
rential equations of the first order. 

Rule. Reduce the equations to the homogeneous form 
(I), express the result symbolically by 

A^P = 0, A.P=0, A„P = 0, 

and examine whether the condition 

(AiA/-AA)i'=0 

is identically satisfied for every pair of equations of the sys- 
tem. If it be so, the equations of the auxiliary system, 
Prop, I., will be reducible to the exact form, and their inte- 
grals being 

u = a, t? = J, w = c, 

the complete value of P will be F{u, v, w, ...), the form of P 
being arbitrary. 

If the condition be not identically satisfied, its application 
will give rise to one or more new partial differential equa- 
tions. Combine any one of these with the previous reduced 
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system, and again reduce in the same way. With the ne^ 
reduced system proceed as before, and continue this method 
of reduction and derivation until either a system of partial 
differential equations arises between every two of which the 
above condition is identically satisfied, or, which is the only 
possible alternative, the system 

■ ^ = ^ = 0... 

appears. In the former case the system of ordinary equations 
corresponding to the final system of partial differential equa- 
tions will admit of reduction to the exact form, and the gene- 
ral value of P will emerge from their integrals as above. In 
the latter case the given system can only be satisfied by sup- 
posing P a constant. 

Ultimately then the determination of P depends on the 
solution of a system of ordinary differential equations reduci- 
ble to the exact form. This does not mean that each equation 
of the system is reducible to the exact form, but that the 
equations may be combined together so as to form an equal 
number of equivalent equations of the exact form. Generally 
when we know this combination to be possible it is easy 
to effect it, and best to endeavour to do so. We might how- 
ever employ the method of the variation of parameters as fol- 
lows. Supposing p the number of differential equations make 
all but ^ 4- 1 of the variables constant, integrate the reduced 
system, and then seek to satisfy the unreduced system by the 
same series of integrals with the arbitrary constants as new 
variables. The successive integrations and transformations 
of this method would amount to the same thing as those 
upon which the second part of the demonstration of Prop. iii. 
rests*. 

Lastly, given a system of ordinary differential equations 
containmg a superfluous number of variables without know- 
ing how many integrals they admit, we must, supposing 
P= c to be any integral, construct the corresponding system 

* It was thus indeed that the author was first led to that theory. 
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of homogeneous partial differential equations salisfied by P, 
and apply to them the foregoing £ule. 

8. Ex. Bequired the integrals of the simultaneous par- 
tial differential equations 

^^. / . . <dP , .dP ■ 

Eepresenting these in the form- L^P^d'^ A^ = a, it i/^ll 
he found that the equation 

(AA-AA)P=o 

becomes, after rejecting an algebraic factor, 

dP dP ^ 
""Ik^di^^^ 

and the three equations prej^ared in the manner explained iA 
the Kule will be found to be 

dP.^dP^^ 
dt ^ 

No other equations are derivable from these. We conclude 
that there is bllt one final integral. 

To obtain it, ^liminatei 

dP dP dP 
dse* djf ' tU 
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firom the above system combined with 

dP ^ dP ^ dP ^ dP ^ ^ 
-d^^-dy^^^dz^^^dt^^, 

and equate to the coefficient of -j- in the result. We 

find 

& — (* + 3a^ dx '-ydy-' xdt = 0, 

the integral of which is 

Z "~ (ffv ■■" iC ~" "ZT" ^^^ C» 

An ai*bitra]y function of the first member of this equa- 
&n is the general value of P. 

[Tt appears firom the manuscript that another example was 
to have been added here.] 
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CHAPTER XXVL 



HOMOGENEOUS SYSTEMS OP LINEAR PARTUL DIFFERENTIAL 

EQUATIONS. 

1. The theory of homogeneous systems of linear partial 
differential equations in which when expressed in the sym- 
bolic form 

A.P=0, \P=0 A„P = (1), 

the condition 

(AA- AA) -P= (2) 

is for all combinations represented by t and J satisfied in 
virtue of the constitution of the symbols A<, Ay, forms the 
subject of important researches by Jacobi {Nova Methodtis... 
Crelle's Journal, Vol. LX. p. 1). The following are the most 
important of his results. 

1st. An integral of any one equation of the system being 
found, other integrals of the same system may be obtained 
without integration, by a process of derivation founded upon 
tlie condition (2). 

Let <f> be an integral of the first equation of the system. 
Then is the equation 

A..^ = 

identically satisfied. 

Also the condition (2) being satisfied in virtue of the con- 
stitution of the symbols, we have 
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and in particular, making t = 1, and separating the terms, 
which reduces by a prior equation to 

A^Ay^ = 0. 

It appears from this that A,^, if it do not reduce to a con- 
stant, is an integral of the iirst equation A^<^ = 0, and, if it 
prove to be not a mere function of ^, a new integral. 

This process may be repeated upon the new integral with 
a similar alternation of results. It will be evident from this 
that if we confine our attention to the two equations 

and suppose, as before, 6 to be an integral of the first, then 
wiU 

A,^, \{\<l>), A,[A,{\<I>)],... 

or, as these may be expressed, 

Aa^, Aj^^, Aa'0, ... 

be also integrals of the first equation ; and this process of 
derivation may be continued until we arrive at an integral 
A/^ which is not independent, but is expressible as a func- 
tion of prior integrals 

A.^, \'4>, \'^4>, 

and, sooner or later, such a result must present itself, since 
the number of independent integrals is finite. 

It is further seen that the most general symbolic form of an 
integral derivable from the root integral (f> is 

A^-A./^ Aj'<f>, 

Of fif fij being positive integers. 

The above remarkable theorem was in some degree antici- 
pated by the researches of Poisson. 
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2ndl7. Jacobi shews how hy the aid of such derived in- 
tegrals of the first equation of the system a common integral 
of the first and second equation maj be found, and how from 
this integral and its derived series a common integral of the 
first three equations of the system may be found, and so on, 
until a common integral of the entire system has been •as it 
were built up out of previous integrals of less general appli- 
cation. 

Let A, ^', ^", <^^'^^ represent a series of independent 

integrals of the equation A|P»0, of which if> is the root in- 
tegral, and the rest are derived from it by successive applicar 
tions of the operation denoted by A,, so that 

f = A.f 0(^-1) « A/- V; 

also let Aj^4^ be not a new integral but a finiction of 

*,f, ^^-*^- 

Now if}, <l>\ ^^-^) being particular integrals of AjP=afr, 

the function F{j), if>\ ^(^-*)) will also be an integral of 

the same equation irrespectively of its form. Let us inquire 
whether the form of the function can be so determined as 
to render it also an integral of the second equation AiP » 0^ 

We have then to satisfy the equation 

Aii^(^.f, ^^-«)-0. 

By the principles of the Difieiential Calculus this equation 
assumes the form 

A.0^ + A.f^, + +A.^^-'^^^5^«.0. 

But A,^ = ^', A^' = f , A^f^-^ >fe ^<^-^ ; 

lastly, A4^<^-*> may bv hypothesis be expressed in the form 
f(<l>, <l>\ (f>^^^^). Thuji the equation to be satisfied ia 
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■+/(*, f. "^*'-'')3^=o, 

a linear ptotiid SSferenitisd eqiiaiioii of which the auxiliary 
system is 

Now the rategration of this system may be made to depend 
npon that of an ordinary differential equation of the (jm — l)^. 
atgfee between the two variables (f}^-'^^ and <^. "^ 

For we have 



d<j> <f> d(p if> 

d<l> <!> 

Differentiating the last equation with respect to ^, and attend- 

ing to the former ones, we shall be able to express J in 

terms of the variables <f>, <}>, ^^-i>. Proceeding with 

this in the same way and continuing the process we shall be 

able to express the series of differential coefficients , ^ 

~d^' d^^ ' e^^iA*-!)-^ 

in terms of <^, ^', (f>^''^K From these /t-1 equations, 

eliminating ^', ^", <^^'"'^, we shall have a final equation 

between 

that is, a differential equation of the (/t* — l)*" order between <f> 
and^<^«. 



I 
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The complete integral of this equation will be of the fonn 

Differentiating this /t — 2 times in succession with respect to 
6, and continually substituting for the differential coefficients 
of if}^-'^'^ their values as before assigned in terms of 

<!>, f , <P'^'\ 

we shall have a svstem of /i — 1 equations connecting the 

above variables with the constants c^, c^, c^-i. Finally, 

solving these equations with respect to the constants, we shall 
possess the integrals required in the form 

■f;(^,f, ^'^-^')=c.. 

and each of these will be a common integral of the first two 
equations of the given system (1). 

[On the back of a page of the manuscript the following 
paragraph occurs, which seems to have been intended as a 
simplification of the preceding argument which begins with 
"The complete integral."] 

Suppose that a first integral of the equation can be found. 
Its form will be 

^1^'P''P ' d<l> ' d<l>^'' J ^' 

Substitute in this for the differential coefficients of ^^'^* 
their values before assigned in terms of <^, <}>, ^"j,.,<f>^*^^\ and 
we have an integral of the system (3.), and therefore a com- 
mon integral of the first two equations of the system (t). 

[We now return to the place at which we inserted a para- 
graph.] 

Just in the same way Jacobi deduces a common integral of 
the first three equations of the system (1). For representing 
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any one of the first members of the above system by ^jr, and 
deriving thence the new independent integrals Ag-^, A^^fr,.,, 
he substitutes an arbitrary function of these for P in the 
equation 

It is evident that the solution of the partial differential 
equation so fbund will again be reducible to that of an 
ordinary differential equation between two variables. And 
so the process is carried on till all the equations are satis- 
fied. 

2. The above remarkable process was developed by Jacobi 
in connexion with the theory of non-linear partial differential 
equations of the first order. In that particular connexion it 
admits of certain reductions tending to diminish the order of 
the differential equations to be integrated. But these do not 
affect the general principle of the method. It was in this 
special form that the theory of the solution of simultaneous 
Imear partial differential equations originated. Jacobi does 
not consider the theory of equations in which the condition 
(2) is not satisfied ; but the language in which he refers to 
the condition shews that he had speculated upon the general 
problem — and it is diflScult to conceive that ne should have 
meditated upon it and not arrived at it3 complete solution. 

[The manuscript here gives the first two words of 
the passage from Jacobi's memoir which is quoted in the 
Philosophical Transactions for 1863, page 486.] 
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CHAPTER XXVn. 

OP NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE 

FIRST ORDER. 

1. In treating the present Bubject we ciliall first consider 
that class of nou-linear partial differential equations of the 
first order which involves two independent variables, and 
then proceed to the general theory. The reason for this 
procedure is that the particular theory, though of course in- 
cluded iu the general one, rests upon a somewhat simpler 
basis, and it was in fact developed by the labours of 
Lagrange and Charpit long before the general theory was 
known. The latter we owe to the independent researches 
of Cauchy and Jacobi. 

[Here the manuscript refers to the matter contained in 
Chap. xiY. Arts. 7 to 12 inclusive; and then ^passes on to 
the general theory.] 



General Theory. 

2. Given an equation of the form 

z = <f> (ajj, ajj, ... a:^, a^, a„ ... aj, 

the number of arbitrary constants a^, a,,, ... a^ involved being 
equal to the number of the independent variables ic^, a;,, ... a:,, 
we obtain by differentiation and elimination of the constants 
a partial differential equation of the first order. Of this the 
proposed equation is said to constitute a complete primitive. 
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The form of the above process which it seems best, as 
throwing light upon the inverse problem of deducing the 
complete pnmitive from the partial differential equation, to 
employ, is the following. Let the given primitive, solved 
with respect to one of the arbitrary constants a^, be presented 
in the form 

/(a?j, ... a?n, «, e^a, ... «„) -a^ (1). 

Differentiating with respect to each of the independent vari- 
ables we have a system of n equations of the forms 

/(a?,, ... a;„, z^p^^ o,, ... aJ^Cj 

'(2). 

These n equations enable us first to eliminate the w — 1 

constants a,, a^, and so deduce the partial differential 

equation sought in the form 

F^{x^,... a^n, «,i?i,.. .;?«)= (3); 

secondly to determine the w — 1 constants as functions of 
iCj, ... a:„, z,p^^ '" Pn i^ tJ^c forms 



-Fa (^i» — ^n, ^,i?i, ...pn)=a, 



2 



-Pn(^l, ... ^ny «ji>i, ...i?„)=On^ 



(4). 



n 



As the system formed of these n — 1 equations, together 
with the previous one, is merely another form of the system 
(2) obtained by directly differentiating the primitive, it follows 
that if from these equations we deduce the values of jPj, ...» 
as functions of aj^, ... a;„, a^, ... a„, and substitute them in th( 
equation 

dz==Pjdx^^p^dx^'\' ...-i-p^dx^ (5), 

they will render that equation integrable, and its integral 
will be the complete primitive (1), the constant a^ being re- 
gained by integration. 

B.D.E. IT. 7 
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Examining the system (3), (4) we see that the first mem- 
bers of all the equations which it contains are functions of 
a?j, ... aJn> ^> i^i> •••i^»> while the second members are con- 
stants. The question then arises, What mutual connexion 
exists among these I'unctions in virtue of which they yield 
values of p^, ...i>n> which render the equation (5) inte- 
grable ? 

The answer to this question must involve the entire theory 
of the solution of partial differential equations of the first 
order, so far as relates to the determination of a complete 
primitive. Given a partial differential equation of the form 
(3) it is evident that if we can construct a system of associated 
equations (4) possessing the character above described, the 
final value of z obtained by integration of (5) will both 
satisfy the given equation and contain the requisite number 
of arbitrary constants. It does not follow from this that 
it will be the only complete primitive, but it wilt be a 
complete primitive. 

3. The relation sought is expressed in the following 
Proposition: 

Proposition. If 

represent any two out of a system of n independent equations 
such that the values ofp^y •..;?«, thence determined would make 
the equation 

' dz=^p,dx, + p,dx,+ ... +J>^dXn 

integrahle, then the first menibers of these equations being 
represented for simplicity hy F and <I>, the condition 

^{fdF, dF\d<^ dF/d<l> d<P\\ w 

the summation extending to all values of i, from Iton inclusive^ 
toill be satisfied identically. 
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jReciprocallt/, if the above condition he satisfied identically 

Jbr each binary combination of Junctions in the proposed system 

of equations, and if these functions be independent, then the 

t^alues ofp^ 1 . . . Jf>n > ^^ functions ofx^, ...x^^, z, which they yield, 

tvtll make the equation 



dz =PidXj^ +Pidx^ + ... +pndx^ 



integrahU* 



It will be convenient to begin with the particular case in 
-which the proposed equations do not explicitly contain z, the 
particular pair to be considered being represented by 

F{x^, ...x^,p^, ...jp„) = a, 
^{x^,...x^,p^, ...p^)==b. 



DiflFerentiating with respect to Xi, and regarding ^j, ...p^BS 
functions of the independent variables) we have 



dxi dp^ dxi *" dp^ dxi ' 
dx^ dp^ dXi '" dp„ dxi '-^ 



(6), 



to Tvhich we may give the form 

dXi ' dpy dXi 

d^ ^ <?<t> dpj 

dxi^ ^ dpj dx{ 



(7), 



the summation with respect toy extending from y= 1 toy=n 
inclusive. 

d^ 
From the first of equations (7) multiplied by -7— subtract 

7—2 
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the second multiplied by -j- , and sum the result with respect 
to 1 from t = 1 to t = n inclusive* We have ' 



2 fdFd^_dFd^\ 
* \dxi dpi dpi dxj 

••^-f^t (—— ^'-— — ^\ (9) 

* ^\dpj dpi dXi dpi dpj dxJ '"**' 

The expression under the double sign of summation in the 
second member vanishes when t =/; we may therefore re- 
strict the summation to unequal values of i and j\ Now 
as for any particular combination of values, e.g. 2, 3, there 
would exist in the completed member both the terms cor- 
responding to t = 2, J = 3, and those corresponding to 7' = 2, 
i= 3, it is evident that if we employ the symbol Sy to denote 
summation with respect to different combinations of i and /, 
the second member of the last equation may be expressed m 
the form 

-, /dF d^ dpi dF d^ dp^ 

^\dpj dpi dxi dpi dpj dXi 

, dF d^ dpi dF d^ dp>\ 
dpi dpj dx^ dp) dpi dxjj 

^ [\.dp% dpj dpi dpj \dxj dxJ) * 



or 



so that the equation (8) becomes 

^ /dF d^^dFtm. 
* \dXi dpi dpi dxJ 

^^tU——'-——](^'-^]\ (9) 

^\\dpi dpj dpj dpj\dxj dxJ) ^ '* 

The number of terms of which the second member ex- 
presses the sum is thus — ^-— — - , and it will be observed that 



^mtBmmi^B^w^^^e^mmp^^^FP^r^BSS^en^^^S^^SBSBmmP 
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ad to any particular term it makes no difference in what order 
the numencal values of % and j are assigned to these quan- 
tities; e.g. whether for the combination 2, 3 we make t = 2, 
y=3, or « = 3, j==2; but we must confine ourselves to one 
order. 

Now when the equation 

<& =p^dx^ +p^cht + ••• +p«da?„ 

is integrable in the manner here supposed, we have for all 
combinations of i andy, 

dxf dx^* 

All the terms in the second member of (9) therefore vanish, 
and we have 

^\dxi dpi dpi dxj 

This is the direct form of the Proposition under the parti- 
cular limitation supposed. 

As ^, <E> represent, under the same limitation^ any two of 
tiie first members of the n equations (3), (4), which determine 

Piy'Pnj there will exist — ^— — - equations like the above. 
It is usual to employ for brevity the notation 

^(dF^_dFd^\^ 

^\dxi dpi dpi dxJ *■ "^^ 

ai^ this being done the above system of equations expresses 
the — ^-^ — • functions of the form [FiF^ <^ linear Komogeneovs 

fimcUons of the — ^-^ — - quantities of the form -P — -^^ . 

It is hence that the vanishing of the latter series of quantities 
secures the vanishing of the former. 

The converse truth will therefore be established by shewing 
that the — ^-r — - quantities of the form ^ — ;^ we, when 
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F^y F^,...F^ are independent with respect to ^j, ^g, .•.^„ 
expressible as linear homogeneous functions of the — - 

functions [FiF;[. 

To avoid complexity of expression I shall establish this for 
the particular case of n = 3, and shall shew that the reasoning 
is general. 

The functions F^y F^^ F^^ being independent with respect 
to^i,2?a>i>8> *^® determinant 

dF. dF, dF. 



dp^ ' • dp^ '. 

dF^ dF\ 

dp^ ' dp^ ' 

dF, dj\ 



dPz 
dF\ 

dF, 



8 



does not vanish. This determinant we shall denote by A« 

In (9) writing for JPand <1> first F^ and JPj, secondly i^ and 
i^j, thirdly F^ and jP,, we have on changing signs the system 



"■ *^»J \dp^ rfjp, dp^ dpj\dx^ dxj 

_ \FJF\ = f^ ^^^ - ^ ^'"l (^ - ^] + 
^ '^" \dp^ ^ dpf dpj\dx^ dxj 

_ ^FF^ - f^ ^. _ ^ ^V^ _ ^.U 

L^i^d - [dp, dp, dp, dp J [dx, dxj^'" 



y (10). 



J 



dF ilTf 

Multiply the first equation by -j—' , the second by -^— » , the 
. dF /'i Pi 

third by -j-^ and add. Then 
^ dp, 

- f , K^j - f ™ - f K^j = ^ (I: - ^) • 
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whence as A does not vanish we have, on dividing by it, the 
function t- ^ -j-^ expressed as a linear homogeneous function 
of [i^^J, [V^l' and iF,F,]. 



In like manner multiplying the equations by 



dF. dF^ 



dF^ 
5 



dp* ' dp, \ ap, 
dPx „, „ 



respectively, and dividing by A, we obtain -p^ — -]^ as a. 

• oiTj e&c, 

similar linear homogeneous function, and lastly, multiplying 

aF. dF. dF. 



by 



-' , and proceeding as before, we obtain 



dj?^\<ip^' dPt 

-^ — -7-^ as a similar linear homogeneous function. . , 

From all which it follows that when [F^F^, K^J* [.K^^ 
vanish, then 



dp, dp^ 
dx^ dx^ ' 


dx^ djT.^^ 


: ^Pt ^P2 

dx^ dx^ ' 


will vanish also. 




- ■ 



The reasoning is general in its nature. If F^, F,, ...F, 
are independent with regard to^^,^,, ...p^, the deteniiiiiaiit 



dF 



dF. 



dp."" 


'"dp. 


dF, 
dp,— 


dK. 
"' dj}. 



= A 



(H), 



does not vanish. This determinant is from its constitution 
as a determinant linear and homogeneous, not only with, 
respect to any row or column of elements, but also with 
respect to the possible binary combinations which can be 
formed of two rows or columns, ternary out of three rows or 
columns, &c. provided that these combinations are themselves 
of the form of determinants. In the language of the theory 
such combinations are called minor determinants. Hence if 
we construct the system of equations represented by (10), and 



} 
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observe that the coefficients of any particular term of the form 

;^— -^ in the several equations form a system of such 

minors to the general determinant (11), it will be plain that 
the equations can by multiplication and addition be brought 
to a form in which the coefficient of that particular term will 
be A, At the same time the coefficients of all the other 

terms of the form -f^^^-r^ will vanish. For a little atten- 

tion will shew that they will be what the determinant A 
would become on making two of its columns or rows of ele- 
ments equal, and therefore will be identically equal to 0. 

Thus the Proposition is generally established for the case 
in Which z does not expliciuy appear in the functions 

F,,F,, F,. 

When z does appear in those functions the equations (6) 
will be replaced by 

dF ^.^^1. +^^ = 
fltr< ■^* dz flJPi ^i ^JP» ^i ^ 

— A. ^ M— ^^ ^ c7<l> dp^ _ 

dxi ^^ dz dpi dXi dp^ dxi "" ' 

from which it is seen that the theorem above established will 
only need to be changed into the form employed in the state- 
ment of the general Proposition. 

As the above is one of the most important propositions in 
the entire theory of Differential Equations^ it may be desire- 
able to illustrate it by examples. 

[There are no examples in the manuscript] 

4. We resume the general theory. 

The integration of non-linear partial differential equations 
may be effected by two distinct methods, both resting upon 
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the ground of the above Proposition. The first of these 
methods, originally established by a different analysis from 
that which will here be employed, was discovered by Canchy 
{Exercicea d* Analyse)^ and rediscovered by Jacobi {Grellea 
Jaumcd). The second method, discovered by Jacobi at a 
later period, forms the subject of his posthumous memoir^ 
Now Metbedus.*,.,. 



Catiehy*s Method. 

We Willi as before, begin with the case in which z does 
not appear ezplioitlv in the proposed partial diffeorential equa* 
tion, which we shall represent in the form 

^li^v »».i>ii--i>J=^o (1). 

We have seen that to find a complete primitive of. the 
equation it is necessary and sufficient to construct a series of 
equations 

(2), 

such that not only shall the conditions 

[^x^J - 0, [KK] - (3), 

connecting the new functions F^y ^ with JFj, be identi* 

cally satisfied, but also the series of conditions 

[KF.I^O (4), 

F„ and F^ representing any two of the new functions re- 
ferred to. 

The first of the above series of conditions amounts to 
this, that F^, F^ must be integrals of the partial differen- 
tial equation 

[^»^=0 ; (5). 
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It is the peculiar aim of Cauchy's method to determine the 
integrals so as to cause the second series of conditions to be 
satisfied also. And it is shewn that this will be attained if 
the integrals of {5), which form the first members of (2), are 
such that the particular values which o^, ....j^^j assume when 
x^ is made to receive any constant value, as 0, are difi^erential 

coefiicients with respect to aj^, x„^ of any single function 

of those variables, the form of which may be arbitrarily 
assigned. 

The necessity of this condition is obvious. If the general 

values of j?j, j}^ are differential coefficients of a function z 

with respecjk to .0?^, a?^, then the particular forpis which ^ 

p^J J) assume when 07. receives any constant value are < 

simply differential coefficients with respect to a;., ••... ir„_^ of 
what z becomes under the same circumstances. To prove its^ 
sufficiency we must shew that when it is satisfied the condi- 
tions represented by (4) will be satisfied also. 

Since Fa and F^ are integrals of [F^P] = 0, 

[i^,j;] = 0, [F,F,]^0 ....(6). 

Also, since if in (I) and (2) we give to a?, a particular con- 
stant value, as 0, and then in (2) regard ^^^ ^ ^ function of 

^l> ^n-i* J^iJ Pn^l 

determined by (1), the system (2) will virtually contain only 

of which jp^, p^^ are differential coefficients of a single 

function with respect to ajp .....aV-n i* follows firom the pro- 
position of Art. 3, that any two functions F„ and i^ will 
satisfy mutually the condition 



2i=n.l [dFa dj\ _ dK dF\ ^ ^ 

*-^ \dxi dpi dpi dxi) ' 



the differentiations having reference to 

•Tj, ••••• a?,^^) Pi,9 •9»'» Pn~l9 



ART. 4] EQUATIONS OF THE FIBST ORDEE. 107 

explicitly as they appear in F^ and i^j, and implicitly as 
involved in jp». Thus the developed form of the above equa- 
tion is 

* ^ \\dXi dp^ dxj\dpi dp^ dp J 

\dpi dp^dpj\dxi dpjdxj) ' 
the forms of ^ and -±^ being detenniiied from (1). 

Performing the multiplications, the above equations will be 
reduced to the form 

^^^ \dxi dpi dpi .dxi) 

dp^ "^ \dxi dpi dpi dxj , 

»^2<=«-i f^ 4?«„^ ^-^^O.... (7). 
dp^ *"^ \dx^ dpi dpi dXi) '."■ 

But from the form of the total differential of (1) we see that 

dFi dFi 

dpn^ d^i dp^^ dpi . > 

^'"-^' d^i dF\* 

dpn dp^ 

Hence 

^i^n^ifdpn dK_dp^ dF\ 
*""* \dxi dpi dpi dxJ 



\dpj *"^ \dxi dpi dpi dxJ* 
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Now since bj Art 3 

^^-'[dx^ dp, ^ tirj-"' 
we have 



^'^^ \dxi dpi dpi ~3^i) 



fdF^ dF^ dF^ dFy ^ 
\dx^ dp^ dp^ dxj' 



therefore 



'^** \dXi dpi dpi dxiJ 



^fdF^'fdF, dK^dP, dFA 
\dpj Kdao^ dp^ " dp^ dxj ' 

In the same way 



^^^^ \^ dp, dpi dxJ 



^(dFX-'/dF, df[_dF, dFl\ 
\dpj \dx^ dp^ dp^ dxJ 



The suhstitation of these values in (7) gives 



^i^n^i(dKdFl_dK dF,\ 
**^ \dxi dpi dpi dxJ 



^ (dFX^idF. fdF\ dF.^dFy dF\ 
\dpj \dp^ Ua?„ dp^ dp^ dxJ 

dpn \dx^ dp„ dp^ dxJ) ' 
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or 



or 



**^ \dgo^ dpi dpi dxj 

dF\ ^_dF^ ^*=tO 
d^n dp^ dp^ dx^ ' 

^*=^VflJa?i dpi dpi dxj ' 



whicli is precisely the equation 

[F^F,] = 0. 

We see therefore that to solve the partial differential 
equation 

F^{^y i^n, i>i>.v-i>H) = 0, 

it is only necessary to construct the linear partial differential 
equation 



^i.n(^dP_dF\dF\^^ 
^"^dxi dpi dpi dxJ ' 



and to obtain n — 1 independent integrals of this 



Fn{^,y ^n* PiJ i>«)=«, 



'«> 



Bueli that if we determine from these conjoined with the given 

equation the values of p,,....^^, then those of^^, p^^ 

sh^U, when x^ is made constant^ be the partial differential 

coeflScients of one and the same function of oJj, x^^ with 

respect to these variables in succession. 

Now provided that we can find all the integrals of the 
above partial differential equation the particular determination 
required may be effected in the following manner. 

The Lagranffean auxiliary system consists of 2n — 1 ordi- 
nary differential equations 

dx^ _ dx^ dp^ _ dp^ f^. 

;;;^"" ^Z/^x"^" "^ 

dp^ dp^ dx^ dx^ 
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These admit of 2n — 1 integrals, one of which will be F^ = 
and this will agree with the given equation if we make C| 
We have therefore, besides the particular integral F^ 
2» — 2 integrals of the form 



= 0. 
= 0, 






(9), 



Now suppose it required to find a value of £? as a function 
of ajj, ...a?„, which shall satisfy the given partial differential 
equation, and shall reduce when a?» = (or any numerical con- 
stant) to a particular given function of a?^, ...aj^j, which we 
will represent by '^(ajj, ... a?,^_i). Then on the assumption 
that x^ = 0, we have first the given equation 



secondly the derived equations 



(10), 



_ d^{x^,...x^^^ 



(11). 



Make in the 2n — 1 integrals x^ = 0, and suppose at the 
same time a?^, ... aj^j, j>^, •••i'n-i to receive therein the same 
valuer as in the above derived equations. Then from the 
3n — 2 particular equations which we thus possess in the two 
systems united (particular because under the assumption that 
^n = 0), we can eliminate the 2n — 1 particular values of 
x^y ...a:^i, Pi*"Pn-i9 ^^^ so obtain w — 1 equations among the 
constants. These express the conditions which are necessary 
and sufficient in order that the values of ^^ , ... p^.^ thus derived 
from the integral equations may, when x^ = 0, a^ree with the 
values assigned in (11). Accordingly if we substitute in these 
equations of condition for c,, . . .(^i the general values ^, i • . . 4>9ii^i 
we shall obtain w — 1 equations between a?j, ...»., j7j, ...p., 
which will at once be particular integrals of the system (8), 
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and will possess the property that the values ofp^,, ../?«_! which 
they in conjunction with jPj = give will when x„ = reduce 
to the values given in (11). Hence these values with that of 
p^ derived from the same equation will make 

dz—p^dx^-- — ^„da?„ = 

an exact diflferential equation. In the integral of this it will 
only remain to determine the constant so as to make the value 
of z agree with that given in (10). All the conditions will 
then be satisfied. 

We may collect the results of the above investigation into 
the following Kule : 

To obtain an expression for « as a function of the inde- 
pendent variables aj^, ...oj^, which shall satisfy the partial 
differential equation 

jP(a;„...aj^, ^^,...^„) = 0, 

and shall when x^ is made equal to (or to any numerical 
value) reduce to a given function of a?j, ... a7„_j, which we will 
represent by -^ (a?i, ... a?,^.i). 

Rule. Construct the linear partial differential equation 

^i-^f^F dP dF dP\ ' 
*' ^ \dxi dpi dpi dxj ' 

and forming its auxiliary Lagrangean system deduce its in- 
tegrals 

» 

in addition to the known particular integral jF= 0. 

Between the above integrals and the equations 

_ difr(a?t, ... Xn _ e?^(a;i,... x^ ^ 

P'" d^, '- -P"-*" dx, '^ 

eliminate, after making x^ = 0, the quantities 



'«-! 
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In the resulting n *- 1 equations replace 

and we shall have a system of equations which with JP= 
will determine values of jpi, ...i?«, which will render 

an exact differential. The integration of this will give the 
integral sought. 

In the case in which the given partial differential equation 
is of the form 

z being contained explicitly, the linear equation to be solved is 

and the argument by which it is shewn that the integrals of 
this to be employed in conjunction with F= for the deter- 
mination of Pj, ... jPn need only be so conditioned as to make 
i>i> •'•Pn.i differential coefficients of one and the same function 
of fl?j,...aJ^. when aj„=0 is in character the same as that 
already developed in the present Article. It is only necessary 

to substitute in its exposition -r- +^i -r- for -r- , and so 

for the other functions. 

But as the auxiliary system 

dx^ dx^ dz 

IP IP It" 



dp, dp^ P^dp, "' ^'dp^ 

dx^^'dz dx^'^^'dz 

virtaally inclades the equation 

dz—pydxy^— ... —p^dx^ = 0, 
the Tiltimate expression of the Eole will be as follows : 
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To obtain an expression for ^j as a function o{ x^y ... aj„ 
which shall satisfy the equation 

F{x^y ... x„, z, Pj, ...^J = 0, 

and shall when x^ is made equal to (or to any particular 
constant value) reduce to a given function '>^ {x^, ... x^^ of 
the independent variables a;^, ... x^^. 

KuLE. Let 

be the 2n — 1 integrals of the auxiliary system (12) which are 
additional to the particular integral F= 0. Make in these 2/i 
equations a;« = and forming the further equations 



__ d^{x^, ... a-n.i) 



p 



* fl^ajj 



^ ^^(a?t, ... a?n-i) 

eliminate the 2/1 quantities ajj, ... a7„_i, «, ^j, ... ^n- We thus 
obtain n equations among the constants c^j-.'-Can* 

Substitute in these equations <f>^ for Cj, ... <^3„ for Cj^, and 
we have n equations connecting x^, ... x^^ z, jp^,... p^, from 
which with the aid of the given equation p^, -** Pn may be 
eliminated, and there will result a single equation connecting 
a?i, ... x^ with z. This is the integral sought. 

[It appears from the manuscript that an example was to 
have been supplied here.] 



5. Cauchy's method is evidently a general one. But its 
generality is not of the same kind as that which belongs 
to Lagrange's solution of linear partial differential equations. 
It conducts us, not to a form embracing every possible 

B.D. E. II. 8 
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solution, tut to a system of results from which every possible 
solution may be derived, by arbitrarily varying the form of 
the function which expresses the initial state of the dependent 
variable, that is the value of z when x^ = 0, and then per- 
forming certain eliminations. To obtain a complete primi- 
tive we should only have to assume as the form of z when 
aj„ = a function of the variables a?, ... x^^ involving n 
independent constants. The form of this function is arbitrary. 
Each distinct determination of it under the conditions leads 
to a distinct complete primitive. The number of such com- 
plete primitives is infinite. 

There are some most important problems in which the 
knowledge of a single complete primitive is all that is re- 
quired. For this purpose the method of Jacobi which we 
shall now give may be employed. 



Jacohra Last Method, 

6. Supposing z to be not explicitly involved in the given 
partial differential equation 

which we shall as before represent by F^^ = 0, the problem of 
the discovery of a complete primitive consists in the finding 
of w — 1 equations 

such that between any two functions FiFj the relation 

[^i^J=0 (1) 

shall be identically satisfied. The values of jp^ , . . . p» deduced 
from the equations, by rendering 

dz —pjdx^ — . . . — j?»^„= 

integrable lead us to the complete primitive expressed by its 
integral. 
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Now the idea upon which Jacobi's later methods rest is 
that of directly solving the different systems of linear partial 
differential equations flowing from the general condition (1), 
not of solving, as in Cauchy's method, one of those equations 
and then limiting that solution by conditions which vu'tually 
involve the satisfaction of the others. 

It is evident that the entire series of —^ conditions 

(1) will be satisfied if we determine F^ to satisfy the single 
equation 

then F^ to satisfy the system of two simultaneous partial 
differential equations 

then JP^ to satisfy the system of three simultaneous partial 
differential equations 

[i^,^J=0, [F,FJ = 0, [i^3^J=0, 

and so on, until finally F^ is determined by the solution of 
the system of n — 1 partial differential equations 

\f,f;\ = 0, iF,F;\ = [f^,f:[ = o. 

Now all these are particular cases of the general problem 
of determining a function P which shall satisfy simultaneously 
the equations 

[F,P] = 0, [J;F] = 0, [i^.P] = 0. (2) 

F^y -Fj, ... F^ being given functions between each pair of 
which the equation 

is identically satisfied. Here P will represent in succession 
the series i^, F^ ... F^. 

The given system is one of homogeneous linear partial 
differential equations. It belongs to the class of systems the 

8-2 
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general theory of which is discussed in Chap. xxvi. But it 
is not necessary to apply the theory in its general form. We 
need only a single integral ; for a single value of each of the 
functions i^g, -Fg, ... i^„ suffices in combination with the given 
value of l\ for the determination of a complete primitive. 
Now it may be shewn that the system is ot the class dis- 
cussed in Chapter xxvi. If expressed symbolically in the 
form 

A,P=0, A,P=0,...A„P = 0, 
the condition 

(AA-AA)P=o, 

will be identically satisfied. Hence Jacobins method for the 
treatment of systems of this kind may be applied. 

That the system is of the kind asserted is a consequence of 
the following proposition. 

Proposition. If the equations 

[z.P]=0, [vF] = Q 

are expressed in the symbolic form 

AP=0, AT=0, 

then the derived equation 

(AA'-A'A)P=0 (3), 

will be equivalent to 



\dxi dpi dpi dxj * 



A / _ ^ijzn fdv^ d ^dv d\ 
*'^ \dxi dpi dpi dxJ ' 
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Hence since j— is the coefficient of -y- in A'P, and -— 

aXj ajpj djL'j 

its coefficient in AP, its co efficient in the derivedequation (3) 

will be (Chap. xxv. Art. 5), 

. dv Kt du 
dxj dXj ' 

v*f=n fdu d\ du d^v dv d^u dv d\ 



dxi dj>idxj dpi dxidxj dxi dp^dxj dp^ dxidxjj ' 
d 



dx. 



or -J— [uv]. 

dxj ^ -^ 



^iz=:n(du dv du dv\ 
*j ^"^ \d^i dpi dpi dxJ ' 



dP 
In like manner the coefficient of -^— is 

aXj 

Hence (AA' - A'A) P = Sjz? f ^ ^_diuv\ rfP\ 

•'V dx^ dpj dpi dXjJ 

whence the Proposition is established. 

Applying this to the system (2) we see that any derived 
equation will be of the form 

But \FiF^ = by the conditions given ; hence the condi- 
tion (A<Ay— A^A<) P = 0, is identically satisfied. 

The results of Chapter xxvi. being thus directly applicable 
to the system under consideration, we see that a common 
integral of the system (2) may be found by a series of alter- 
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nate processes of integration and derivation. We begin by 
seeking an integral ot the first partial differential equation. 
By a process of derivation, always possible, followed by the 
integration of a differential equation between two variables, 
we arrive at a common integral of the first two partial diflfe- 
rential equations. Again, by a process of derivation followed 
by the solution of a differential equation we obtain a common 
integral of the first three partial differential equations. And 
so on, until a common integral of all is obtained. 

7. Another solution of the above problem has recently- 
been given. Beginning as in Jacobi's method by finding an 
integral of the first partial differential equation, a process of 
derivation agreeing in principle with Jacobi's, only more 
extended, may lead us without further integration to a point 
at which the discovery of a common integral of the entire 
system will depend only upon the solution of a single difie- 
rential equation of the first order susceptible of being made 
integrable by a factor. Failing this, it will enable us to 
convert the given system of partial differential equations into 
a new system possessing the same general character, but con- 
taining one equation less. Upon this the same process may 
be tried with a similar final alternative — and so on till the 
required integral is discovered. [On the Differential Equa- 
tions of Dynamics. Philosophical Transactions ^ 1863). 
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CHAPTER XXVIIL 



PARTIAL DIFFERENTIAL EQUATIONS OF THE SECX)ND OliDKR. 



[This Chapter is a reconstruction on a larger scale of part 
of Chapter XV. At the end of the Chapter reference will 
he given to other writings of Professor Boole on the subject 
here discussed.] 

1. The general form of a partial diflFerential equation of 
the second order is 

F{x,y,z,p,q,r,s,t)^0 (1), 

where 

_dz _dz _ d^z __ d'z _^ d^z 

P^d^' ^~Ty' ^""^' ^"d^' W 

It is only in particular cases that the equation admits of 
integration, and the most important is that in which the 
differential coefficients of the second order present them- 
selves only in the first degree ; the equation thus assuming 
the form 

Rr^88+Tt=V (2), 

in which R^ 8, T, and Fare functions of x, y, z,p and q. 

• » 

The most important part of the theory of the solution of 
this equation is due to If onge, and was extended by Ampfere 
to the more general equation 

i2r+/&+r^+C^(«'-rO=F (3), 



» - 
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This equation, together with the particular equation of 
Monge, and the equation 

Iir + 88 + Tt+ Z7(5»- rO =0, 

both which though falling under Ampfere's general form 
possess peculiarities demanding special notice, I propose to 
consider in this Chapter. I shall in conclusion make some 
observations on the theory of partial differential equations of 
the second order with more than two independent variables. 

Monge's method, and Ampfere's in so far as it is an exten- 
sion of Monge's, consists in a certain procedure for discovering 
either one or two first integrals of the form 

«=/W (4), 

u and V being determinate functions of a?, y, «, p, and q ; and 
f being an arbitrary functional symbol. Irom these first in- 
tegrals, singly or in combination, the second integral involving 
two arbitrary functions is obtained by a subsequent inte- 
gration. 

Now this procedure Involves the assumption that the pro- 
posed equation admits of a first integral of the form (4). But 
such is not always the case. There exist primitive equations 
involving two arbitrary functions, from which by proceeding 
to a second differentiation both functions may be eliminated 
and an equation of the form (2) obtained, but from which it 
is impossible to eliminate one function only so as to lead to an 
intermediate equation of the form (4). Especially this hap- 
pens if the primitive involve an arbitrary function and its 
derived function together. Thus the primitive 

-3^ = ^ (y +^) + '^ (y - ^) - ^ {<^' (y + ^) - 'f ' (y - ^)}--(5)> 

leads to the partial differential equation of the second order 

r-t = '-P (6). 

but not througb an intermediate equation of the form (4). 

It is necessary therefore, not only to consider the case in 
which the assumed condition is satisfied, but also to notice 
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what has been done in those cases which do not at present 
fall under the dominion of any known method. 



Oenesw of the Equation. 

2. Prop. I. A partial differential equation of the first 
order of the form u =^f{v), or its symmetrical equivalent, 

F{u,v)=0, 

in which u and v are any functions of x, y, z, p, q, always 
leads to a partial differential equation, of the form 

Jir+8s+ Tt+Ui/^rt) = V. 

For, differentiating the proposed first integral with respect to 
a?, and with respect to y, we have 

dF fdn du du du \ 
du \dx dz^ dp dq ) 

dF fdv dv dv ^^ \ __r. 
dv \dx dz^ dp dq 1~ ^ 

dF (du du du du \ 
du \dy dz^ dp dq ) 

dF (dv dv dv ^^ A ^ 
dv \dy dz^ dp dq )" * 

For brevity, write 

(du\ ^ du du , (du\ ^ du du 
\dx) dx ^dz^ \dy) dy ^dz^ 

and then eliminating 

dF dF 
du ^ dv ' 



T 
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we have 

{[du\ da . e?M ) {fdv\ . dv , dv X 

'fdu\ du . du ) {fdv\ dv dv ] 

which, on effecting the multiplication, gives 

(du fdv\ fdu\ dvi\ 
\dp \dy) " \dyj dp] 

Udu\ dv_^du rdv\ _ /^\ dv du /dv\\ ^ 
'^{[^J^ dp\dx) [dyjdq dq\dy)) 

(fdu\ dv du (dv\\ 

/du dv du dv\ . , . 
\dq dp dp dqj ^ 

"[dj/JW \dx)\dy) ^^^' 

a result which, since u and v are by hypothesis given func- 
tions of a;, y, «, p, q, is seen to be a particular case of the 
general form (3). 

We may hence deduce also the conditions under which 
particular forms included in the general form (3) arise. Thus, 
in order that the equation u—f{v) may give rise to a par- 
tial differential equation of the second order of Monge's form 

Br + Ss + Tt^ F, 
it is necessary that the condition 

du dv du dv ^ 
d^i dp dp dq 

should be identically satisfied. This requires, by Chap, ii. 



J 
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* 

Art. 1, that u and v, considered as functions of o and q^ should 
not be independent. 

3. The geometrical relations of the equation (3) are also 
remarkable. It may in particular be shewn that an equation 
of this form will be satisfied by the equation of any surface 
which constitutes the envelope of any system of surfaces 
formed by the variation of three parameters in subjection 
to two arbitrary conditions. For let the common equation of 
the enveloped surfaces be 

« 

z^f{x,y,a,l,c) : (8), 

the parameters a, J, c varying in subjection to the conditions 

^1 (a, J, c) = 0, ^, (a, J, c) = 0, 

conditions which, determining h and c as functions of a, may 
be reduced to the form 

J = ^(a), c = >^(a) (9). 

Now the values of p and y being the same for any point 
in the envelope as for the same point in the generating surface, 
we have for all such points . . "^ 

P- d^ ' ^^~~dy - (^^^- • 

o 

These two equations In conjunction with (^ enable us to 
determine a, J, c as functions of a;, y, z^ p, q. Let these 
values be 

a = !/, h = v, c = w. 

Then substituting in (9) we have 

r = ^(w), w = yfr{u), 

equations which hold for all such points. These are then the 
partial differential equations of the first order of the envelope. 

Now each of these equations is of the general form (4) ; 
whence by Prop. i. the partial differential equation of the 
second order is of the form (3), as was to be proved. 
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Let US actually construct this equation. 

Diflferentiating the first of the equations (10) with respect 
to X and to y, and regarding therein a as a function of those 
variables, and b and c as functions of a, we have 

^^d'f / dy dydh dj dc\ da 
dx^ \dadx dbdx da dcdx da) dx ' 

j s=-^ / ^y dj dh dy dc\ da 

j dxdy \dadx dbdx da dcdx da) dy ' 

from which we readily derive 

\ dd^ ) dy \ dxdy I dx 

Proceeding in the same way with the second equation of 
the system (10) we have 

\ dxdy) dy \ dy^ ) dx 
Hence, eliminating -,- and --j- , we have . 

dy^ dxdy dx* dj? dy* \dxdy) ' 

the equation sought. 

Comparing this with the general form (3) we have the equa- 
tions 

^v' 'dxdy da? 1 da? dy* \dxdyl 
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whence eliminating ^*^, Ta' ^^^ JtT^t" ^® arrive at the 

equation, 

.>Sf^+4(Z7F-i2r)=0. 

This then is the condition which must be satisfied in order 
that the equation (3) may admit of an integral representing 
the envelope of a system of surfaces in which three parameters 
vary in subjection to two connecting conditions. It is only 
proved however to be a necessary, not to be a sufficient, con- 
dition. 



Solution of the equation Br + 8s ■{- Tt + U{f — rt) = V, when 
ajtrst integral of the form F(u, v) = 0, exists, 

4. In the following sections we propose 

1st. To shew that when a first integral of the above form 
exists, its discovery depends upon the solution of two simul- 
taneous partial differential equations of the first order re- 
solvable into linear equations, 

2ndly. To shew how from such first integral or integrals 
the second integral is to be obtained. 

Prop. ii. If the equation 

Iir+8s+Tt+ U{s''-rt)=V 

admit of a first integral of the form F{u, v) =0, in which u 
and V are functions of x, y, z,p, q, then will F{u, v) considered 
a^ a function ofx, y, z, p, q, and represented as such for brevity 
by F satisfy the two partial differential equations of the first 
order, 

rdF\ dF fdF\ dF ^ /dF\ /dF\ 
\dx)dq \dy I dp \dx ) \dy J 

ydFdF^^ 
dp dq ' 



1 
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fdF\' 



\dq/ dq dp 



■^n^) 



, yr (fclF\ dF . /dF\ dF\ ^ 



%n which 



fdF\ dF dF /dF\ dF dF 



[dxJ 






dx 



+ JP 



dz 



' \dy) 



dy 



+ 2 



dz 



Regarding the function F In the proposed integral jP= 
simply as a function of a?, y, «, y, y, we have 



fdF\ dF dF 
\dx J dp dq 

'dF\ . dF dF ^ 



"^ 



\dy} 



dy J dp dq 



= 



= 



r 



(11). 



On the other hand, regarding jP as a function of a;, y, z^ p, j, 
mediately through u and v, we have the system 



dF 

du 

dF 
du 



'du\ du du 1 

I'} 



^dxj dp 

'du\ du 
,dy) dp * 



+ 



dF 

dv 

dF 
dv 



dv\ dv dv 



;) 



jixj dp dq J 

'dv\ dv dv 
^dy) dp dq 



= 0, 



H12), 



= 0, 



J 



and these systems are equivalent. 



Now if from the second of these systems we eliminate 



and 



dF 



dF 
da 



, , we obtain (Art, 2), a result which must be equiva- 
lent to the proposed partial differential equation, 



Br + 88+Tt-\'U (s' - rO = F 



(13). 



This equation then considered as a relation between r, 5, t^ 
must be an algebraical consequence of the relations (12), and 
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therefore of the equations (11). If then we determine alge- 
braically two of the quantities r, s, t, (we select r, t) from the 
system, and substitute their values in (13), that equation 
ought to be satisfied independently of the value of the re- 
maining quantity s. Now supposing 2? and q to be both con- 
tained in F, so that neither -j- nor ^— vanish, we have 

from (11), 

(dF\dl 
\dx) dq 
dF 
dp 

substituting which in (13) there results 
\dx J dq \dy I dp \ 



s 






« = - 



\dv) 



dF 

+ -J- s 



dq ' * \dy J dp 
[ \dq/ dq dp \dp 



dx 
dF^"" 




dF 
dq 

dF\ ^^dF dF 



dy 



) - "5 



dp dq 



+ 



^(f)f-Kf)fl-«-<»)- 



Now as' this equation is to be satisfied in virtue of the con- 
stitution of J?, S, T, U, Vy and the function F, and indepen- 
dently of 8y both the coeflScient of s and the absolute term not 
containing s must be separately equated to 0. Thus F con- 
sidered as a function of a?, y, z, p, q, and containing p, q, at 
least must satisfy the partial differential equations 



\dx) dq \dy J dp 



+ 



C^(^^Vf^ + F:^:^=0 



'dF 

\dx J \dy J 



dF dF 



dp dq 
dF\* 



y 



^(f) 



\dq J *" dp dq 

[Vtfo? / dp \dy ) dq] "" 



(15). 
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This result may also be established by forming the equa- 
tions of condition which express the proportionality of 
li, S, . . . F, to the corresponding quantities in the constructed 
equation (7). From these equations of condition it is actually 
possible to eliminate in two distinct ways the quantities 

-y- 1 , ( y ) , -T-9 -1- , the result being the formation of two 

partial differential equations for u agreeing in form with those 
above given for F, (See the memoir Ueber die partielle Diffe- 
rentialgleichung , , . Crelle's Journaly Vol. 61.) The actual 
transition from the former to the latter rests upon the con- 
sideration that the equation F{u, v) =0, when F'ls arbitrary, 
is not really less general than the form ^ {F {u, v), v] = 0, in 
which the <I> is arbitrary. And here u has been replaced by 
F{u, v). 

m 

The only condition respecting the application of the above 
equations is that we do not admit any relations which make 

either -t- or -7- to vanish. 
ajp aq ^ 

5. Prop. hi. The solution of the system of partial diffe- 
rential equations established in the last proposition may in all 
cases he made to depend upon that of simultaneotis linear partial 
differential equations of the first order. 

In demonstrating this proposition we shall consider first 
the case in which U=^ 0, then the case in which F= 0, lastly 
the case in which neither of these quantities vanishes. The 
ground of this division will appear in the investigation. 

Case 1. Suppose Z7= 0. The equation then is of Monge's 
form, 

Rr + 8s+Tt==V. 
The second equation of the system (15) becomes 

\dq J dp dq \dp J ' 
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and therefore breaks np into the equations 

dq^ ^dp ^ dq ^ dp ' 

nij^ and m^ being the roots of the quadratic equation 

Rm^-^Sm-hT^O (16). 

As each of the above constituent equations is of the form 

dF^ dF 
dq ^ dp' 

the system (15) may be reduced to the form 

Sm (^ — T (^ ~ + Fw — — = 
\dx)dp \dy J dp dp dp 

which breaks up into the equations 

The former of these we must reject (Art. 4). There re- 
mains for the determination of F the system of linear partial 
differential equations 



H^^^Q^^"'-^-" 



dF dF ^-^ 
dq dp 

dF 
dp 



(17), 



and there will exist either one or two systems included under 
this form, according as the roots of the quadratic (16) are 
equal or imequal. 



B.D.E. II. 
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Case II. Let V = 0. The system (15) then becomes 

\dqj dq dp \dp J 

\\dxjdp \dy) dq) 

Eliminate Uhj multiplying the first equation by 

/dF\ dF /dF\ dF 
\dx) dp \dy J dq ' 

the second by 

'dF\ (dF\ 

4x)\dy)' 



(; 



and subtracting; we obtain, after rejection of the common 

^ ^ dF dF 
factor -J- -J- , 
dp dq 

\dxJ \dx/\dy) \dy J ~~ 

We shall put this equation in the place of the second equa- 
tion of the system. This we are permitted to do under the 
restriction that in seeking to satisfy the system so changed 
we do not make use of any relations which would cause either 
of the two factors employed in the process of elimination to 
vanish or become infinite. 

« 

The new equation reduces to one equation, or breaks up 
into two equations of the form 

(S)-Q-» (-). 

m being determined by the quadratic equation 



Pi" 
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Making {^^ = m [-^j in the first equation of the system 
(15), we get 

(f){^f-^f^^"(f)}=«. 

■which breaks up into 






P dF ,^dF , ^ /dF\ 
Mm -J- + T-j — 1- Ciw ( -J- ) = 0. 



.dy) ' dq^ dp^ *\dy) 

But if we combine the first of these with (18), we obtain 



O-O' 



\dxJ 

and this comhination causing both the factors employed in 
the elimination of U to vanish must be rejected. There 
remains then the combination \^ 

'dF\ /dF\ 



(19), 



\dx) \dy) 

J, dF ^ r^dF ^ ^ /dF\ ^ 
dq dp \dyj 

and this will represent either one or two systems of equations 
according as the quadratic determining m has equal or un- 
equal roots. 

Case IIL Let neither Z7= nor F= 0. 

Multiply the second equation of the system (15) by an 
indeterminate quantity Z, and add to the first ; then we have 



^'(f)'-^'(D"-^(S)Q 



\dxj dp \dy J dp 

MV-sti^i'^^o.... (.0). 



dp dq 



9—2 



I 

I 
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We shall enquire whether it is possible so to determine I 
as to resolve this into linear factors. 

We might inyestigate this by resolving the equation as 
a quadratic with respect to -r- or -3—. But the form of 

the equation suggests what the forms of the linear factors 

dF 
must be if the resolution be possible. For as the squares of j- 

fJW 
and^ both appear, and these squares alone, in the fdnc- 

tion to be resolved, it is clear that -j- and 3— will be the 

dq dp 

only differential coefficients of F which will appear in both 

linear factors in common. The most general supposition 

dW aV 

possible is then that one factor shall contain t- and -^ with 
( -7- ) , the other the same with (^ ) . 

Assuming then one factor to be of the form 



I 



dF dF /dF\ 
dq^ dp \dx J ' 



it is seen from the. form of the coefficients of the first three 
terms of (20) that the other factor must be of the form 

dq m dp n \dy)^ 
and the resolved form of (20) must be 

\ dq m dp n \dy))\ dq dp \dxj) 

Multiplying out and equating coefficients, we obtain the 
conditions 
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Tin 



Ul= , 

m 



7T_ ^^ 
n 

n 

TP 

V^ai^Rm-^ — . 

m 



The third and fourth of these conditions are equivalent, 

and give w = l. The first and second are also equivalent, 

T 
and give tt* = yj.. These values reduce the last equation of 

condition to 

t/P + fifZ + ^-F=0, 

so that I is determined by a quadratic. The resolved form 
of equation (20) now becomes 



(j,dF rridF rr (dF\\ L dF ^ T dF^.[.dF\\ 



To these tesults we may give a somewhat simpler form by 
mi&ing Ul=m; not the m used above. We have then as 
the c[aadiatic for determining m, 

«i»+ 5m + BT^ UV^ (21), 



and as the resolved form of (20), 



(„dF dF^„fdF\\{ dF,rpdFjj(dFyi_ 



I 
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Let Wj and m^ be the values of m. Then we have from the 
last the two distinct equations 

and it is evident that these will be together equivalent to the 
equations (15) from which they were derived. 

Now to satisfy these equations simultaneously it is neces- 
sary that we should equate to one linear factor from each of 
their first members. If we equate to the first linear factors, 
we have 

j.dF^ dF ^ jj(dF\ . 
whence, by subtraction, 

This combination must therefore be rejected (Art. 4). For 
the same reason must the combination formed by equating to 
the second linear factors in the left-hand members of the 
above two equations be rejected. There femains then only 
the combinations formed by equating to the first faotor of 
one of these members, and the second of the other. 



Thus we should have the combination 

T^dF ^ dF ^ rrfdF\ ^^ 



* dq dp \efoj / 



\ (22), 
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with the oomhination which would be obtained from this hy 
interchanging m^ and m,. 

6. It results from the foregoing investigations tliat the 
function F is in all cases to be determined by the solution of 
two simultaneous linear partial differential equations with 
Jive independent variables. Now the theory developed in 
Chapter xxv. shews that the number of integrals of such a 
system cannot exceed three. That theory enables us both to 
determine what the number of integrals is, and to construct 
the system of ordinary differential equations, reducible to the 
exact form, upon which their discovery depends* 

We have seen that the knowledge of two integrals u = a, 
V = b of the system enables us to construct a general first 
integral ^ ^ 

of the partial differential equation (3). And the solution of 
this first integral would lead us to the second integral which 
is the final object sought. But the direct solving of a partial 
differential equation of the first order which is not linear and 
which involves in its actual expression an arbitrary function 
is difficult, and happilv it may be avoided here. The fol- 
lowing propositions will enable us to accomplish the virtual 
solution by a different solution, founded however upon the 
same general principles. 

7. Prop. rv. The mtegrah of the respective systems of 
simultaneous linear partial differential equations ujpon which 
the determination of F depends are so related that if from tv)0 
such respective integrals the values of p and q are determined^ 
they wiU render the equation 

dz ^pdx + qdy 

integrahle. And in the particular case in which the two systems 
become identical, any two integrals of the system stand in the 
same relation* 



n 
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For, let ^ 1)6 an integral of the sjBtem (22), and '9^ an 
integral of the associated system obtained bj interchanging 
971. and m, in the case in which these quantities are different. 
Tnen O satisfies the equations 






m. 



d^ «, d<i? ^ fd^\ 



* dj dp \dxj 

and ^ satisfies the equations 

'd9 d9 ^, fd9\ 

^ aq dp 

But the necessary and sufficient condition in order that the 
values of p and q derived from the equations <E> = 0, "^T = 0, 
may render dz ^pdx - qdtf integrable, is 




/^\ d^_d^ /dT\ 
\d9i) dp dp \dx) 



dp dp 

fd^\ d^ d^ rd'^ir 



-Qf-fQ- «• 



See Chap. xir. Art. 11, Equation (36). 

Now if fix)m the previous equations we determine the values 
of 



g), (^V {^. f^ 



dyl' \dx)' \dy)' 

and substitute them in the above equation of condition it will 
be identically satisfied. 
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The aeterota^iaa <^ (§),... ft». fl,. p,™™ v>^ 

requires that U should not vanish. Hence the proposition is 
established except in the case of U^Oj which is left doubtful. 

To examine this case let us revert to the system (17) which 
is proper to it. To that system since 

JJm*-/8m+r=0, 

whence Bmjm^ = ^> 

we may give the form 

dF dF ^ [dF\ , fdF\ V dF ^ 

or the form obtained from this by interchanging m^ and m^. 

Substituting in these respective forms * and "9 in succes- 
sion for Fi we find 

d^_ d^ fd^\ _ /^\ V d<b 

di'^'^'dp' \dx)'' "^KdyJ B dp' 

d9_ dV f<^_ (d9\ V d9 

dq'^'^^d^' \dx)'^^'^^'\dy)'R d^' 

and these values substituted in (23) reduce it to an identity. 
Thus the proposition is established generally. 

Lastly, as in the case in which the two roots of the quad- 
ratic for determining m are equal, the two systems of partial 
differential equations for determining ^ and "^ become one, it 
follows that if from two integrals of that one system we can 
deduce values of ^ and q these values will render the equation 

dZ'-pdx^qdy^Q 
integrable. 
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8. Pkop. V. When the system of simultaneous linear par- 
tial differential equations determining F admits of two integrals 
u = a, v^by it will admit or will not admit of a third inte- 
gral w==Cy according as the roots of the qtiadratic determining 
m are equal or unequal. 

The system in question, (22), l)ecomes when we divide by 
Z7and write for (-r-) and (;j- ) their full expressions 

dy'^^ dz^ U dp^ U dq" ' 
dx^^ dz"^ U dp^ U dq ' 



or A,i^=0, A,i^=0, 



in which 



^^^dj/'^^Jz^U'dp^lld^' 
A— ^j_ d T d m^ d 

Hence the equation 

(AA-A.A0i^=O 
becomes 

m.-m^dF ^ f.T. m\dF [. m, . R\dF ^ 

In this expression the coefficient of the first term only » has 
been calculated. 

Now, by the theory developed in Chap. xxv. in order that 
the two simultaneous partial differential equations should 
have their full complement of integrals (three) it is necessary 
that' the above equation should be satisfied identically. This 
involves three conditions, namely, 
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»»j — m, = 0, 

the first of which is the one afltaned in the Proposition to be 
necessary. 

Secondly, it is to be shewn that if this condition be satis- 
fied and it the system of given linear equations admit of two 
integrals w — a, t? = J, it will admit of a third. 

Replacing m^ and w, by m the system becomes 

dF dF mdF B dF_ 
dy'^^dz^ TJ dp^ U dq^^' 

dF dF T dF m dF ^ 
dx ^ dz U dp U dq "^ ' 

Now if we construct from this the corresponding system of 
ordinary differential equations, we shall find it to be 

dz --pdx — qdtf = 0, 
dp" ^dx--jjdy=^0, 

dq — jvdoj — -jj dy = 0. 

Now it is impossible that the first of these equations should 
be integrated without a previous determination of p and q as. 
functions of x, y, «, seeing that dx^ dy, dz are the tnree differ- 
entials entering into that equation. Such determination can 
only come from the integration of the second and third equa- 
tions of the system. But if these equations can be integrated 
in the forms w = a, t? = J, then u and v being particular values 
of F satisfying the partial differential equations, it follows 
from the last proposition that the values of p and q which 
they will yield will make the first equation integrable. 
Hence if the system admits of two integi*als it will admit of 
three ; as was to be shewn. On the basis of these Proposi- 
tions the theory of the second integration rests. 
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Theory of the Second Integration. 

9« First suppose the values of m unequal. 

Then Wj = ai, t?i = Ji being the two integrals (and we have 
seen that there cannot be more than two) or one of the systems 
of linear partial differential equations, and w^ = a,, v, = &, those 
of the other, the general first integrals of the given system 
will be 

^K, Vi) = 0, ^(w„ r,)=0. 

The values of p and q determined from these will by 
Proposition iv. render 

dz -^pdx - qdy = 

integrable, and the integral of this Will be the general integral 
of the proposed partial differential equation. For it will in- 
volve explicitly or implicitly two arbitrary functions derived 
from those in the first integrals. 

It suflSces however, following herein Charpit's method, to 
combine one general first integral derived from the one sys- 
tem with a particular first integral derived from the other 
system, e.g. the integrals 

<I> (Wj, vj = 0, w, = a. 

The values of p and q hence derived, and employed as 
before, will lead to a second integral involving one arbitrary 
function and containing two arbitrary constants. This con- 
stitutes a complete primitive from which the general solution 
will be obtained by converting one of the arbitrary constants 
into an arbitrary function of the other, and eliminating the 
latter between the equation and the one derived from it by 
differentiation with respect to that constant. 

Secondly, suppose the values of m equal. 

In this case we have but one system of partial differential 
equations so constituted however that if it admits of two inte- 
grals it will admit of three. 






m^ 
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Let u=a, t? = S, tt?=c represent these integrals. Then if 
^trom these we eliminate^ and q we shall obtain a final inte- 
gral of the form 



i\ 



.and this constitutes a complete primitive from which we shall 
deduce the general integral by making J = ^ (a), c ='^ (a), 
^^' and eliminating a between the equations 

J Q ^ df{x, y, a, if) (g), yfr (a)] ^ 

I da 

To prove this let us combine the general and particular 
first integrals 

"^ v = <l>(u), u = a. 

'\ 

The values oip and q hence obtained make 

dz—pdx — qdy^^O 

] integrable, and the result can be no other than the remaining 
. integral w? = c, or rather what this would become on eliminat- 
ing^ and q from it. But since the equations by which this 
integration are to be effected are equivalent to 

w = a, t? = ^(a), 

w will become a function of a?, y, z, a and <^ (a). Also by 
Charpit's method c is to be treated as a function of a, so that 
ultimately we have the result above assigned. 

We have here supposed U not to vanish. If it do this 
theory assumes another but simpler form. Let 

v=f{u), w=-^fr{u) 

be the two general first integrals. Then, since by the con- 
dition at the close of Art. 2, if p be eliminated from these 
equations q will also disappear, it suiBSices to eliminate them 
together in order to obtain the general second integral. 
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10. Althougli the cases in which ?7= and F= have in 
the foregoing sections been treated for simplicitjr apart, their 
theory might have been deduced from that of the case in 
which neither JJnor F vanishes. 

Thus to deduce the equations for the case of 27= elimi- 
nate from the general system (22) -v- and -j- in sncces- 
sion, and we find 

But from (21) BT- m^m^ ^UV. 

Substituting, and then dividing by CTwe find 

the equation determining m^, m, being 

This is equivalent to the results of Art. 5, Case i. 

11. We found it necessary (Art. 3) in order that the gene- 
ral partial differential equation of this Chapter should be satis- 
fied by the envelope of a system of surfaces the equations of 
which contain three parameters varying under two conditions 
that the relation 

should be satisfied. 

It appears from Art. 8 that this is but one of three condi- 
tions necessary and together suflScient for this purpose. The 
formal conditions for everv form of ultimate solution con- 
sistent with the existence of a general first integralJF'(t^, v)^0 
can be deduced in the same way. 
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[In the Bulletin de VAcadSmie Impinale des Sciences de 
St Pitersbourgy Vol. IV. 1862, there is an article entitled Con- 
sidfrations sur la recherche des integrales premieres des iqua- 
tions diffSrentielles partielles du second ordre^ par Q, Boldt 
(Lu le 7 Juin 1861). 

The article occupies pages 198 — 215 of the volume. Al- 
though the name does not quite correspond, I consider that to 
be a misprint, and I attribute the article to Professor Boole, 
partly from the nature of the contents, and partly because it 
IS known by his friends that he was engaged at a time corre- 
sponding to the date here given in the preparation of a mathe- 
matical article in French. 

The object of the article is to determine the conditions 
necessary for the existence of a first integral of the equation 



d^z ^ d^z . rw^d 



z 



wbere R, S, jT, and TFare any functions of a;, y, z, ^ and -7- ; 

and also to determine the conditions which must hold in order 
that Ampere's method of integration may be employed. 

In Crelle's Journal, Vol. Lxi. there is an article by Pro- 
fessor Boole, entitled Ueier die partielle Differentialgleichung 
zweiter Ordnung Br-^ 8s+ Tt+ U{s*'-rt) = F. 

The article is dated 1862 ; it occupies pages 309 — ^333 of the 
volume. 

Among Professor Boole's manuscripts I found a memoir 
very closely resembling the article in Crelle's Journal; it 
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would appear that the memoir was drawn np with a view to 
publication in the Transactions of some English Scientific 
Society, and that this design was afterwards abandoned in 
favour of the article in Crelle's Journal. 

After some hesitation I have resolved to print this memoir. 
Even if the memoir had been identical with the article in 
Crelle's Journal it would have been convenient to the English 
reader to be able to avail himself of the investigations ; and 
the memoir contains remarks which do not occur in the article, 
and which are interesting in connexion with the history of the 
subject. There is some repetition of matter which has alrea^ 
been given in Chapter xxviii.; but I was unwilling to impair 
the completeness of the memoir bj abridgment or omission. 
Accordingly the memoir forms the next Chapter of the present 
volume. 

In Article 2 of the next Chapter will be found the pro^ 
cess to which there is an allusion towards the end of Article 4 
of Chapter xxviii. 

It is obvious that the subject of partial differential equa- 
tions of the second order was mucn studied by Professor 
Boole. The chronological order of his writings on the sub- 
ject appears to be as follows : 

1. Chapter xv. of the first edition of his work. 

2. The article in the BidUtin of St Petersburg. 

3. The memoir which forms Chapter xxix. of the pre- 
sent volume. 

4. The article in Crelle's Journal. 

5. The Chapter xxviii. of the present volume.] 
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CHAPTER XXIX. 

ON THE SOLUTION OP THE PARTIAL DIFFERENTIAL EQUATION 

Br+Ss+ Tt-h U{8^-rt) = F, in which B, 8, T, U, V 

ARE GIVEN FUNCTIONS OF a?, y, «, p, j. 

1. The equation, the theory of the solution of which 
I propose to consider in this paper, is remarkable from its 
connexion with Geometry, If the equation of a surface 
contain three constants which vary as parameters in sub-* 
jection to any two conditions connecting them, the gene- 
rated envelope will satisfy a partial differential equation of 
the above form. In other words any envelope of the surface 

jP (a?, y, «, a, J, c) = 

formed by the variation of a, J, c in subjection to two con- 
necting conditions 

^1 (a> J> c) = 0, ^8 (a, J, c) = 

is necessarily an integral of a partial differential equation of 
the form given above. 

Now this theorem is the more important, because it is 
only when three parameters in the equation of a surface 
vary in subjection to two relations that the envelope pos- 
sesses, iiTCspectively of the form of the connecting relations, 
any definite character. If there be but one connecting rela- 
tion it is possible to determine that relation so as to make 
the envelope assume the form of any surface whatever, and 
therefore the possible system of envelopes is in such case 

B.D.E. II. ' . : .., .-. : iO 
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unlimited. If there be three conDecting relations the parar 
meters become absolutely constant and no envelope exists. 

The partial differential equation 

is remarkable also as including all the cases in which a 
partial differential equation of the second order admits a 
nrst integral of the form 

t( and V being definite functions of a?, y, «,^, j, and/(r) 
arbitrary in form. 

Neither of these statements is sufficiently general to con- 
stitute a theory of the genesis of the partial differential equa- 
tion under consideration, but the second one is more general 
than the first, and is indeed sufficiently so to serve as the 
ground of an investigation which connects the solution of 
the equation in all cases with the satisfaction of a system 
of simultaneous ordinary differential equations of the first 
order and degree. And this is the ground upon which the 
method of the paper will rest. I propose to shew, 1st that 
the solution of the given equation on the assumption that 
a first integral of the form u=f(v) exists requires the satis- 
faction of a system of two partial differential equations of 
the first order and second degree ; 2ndly that this system may 
be resolved into four systems, each consisting of two partial 
differential equations of the first order and first degree, two 
of which systems are irrelevant and the other two relevant; 
3rdly that the solution of the two relevant systems ulti- 
mately depends on the solution of a system of ordinary 
differential equations of the first order, and that from these 
ordinary differential equations the given equation of the 
second order may be deduced independently of the assump- 
tion above mentioned. I shall also discuss the theory of the 
second integration. And I shall exemplify another method 
of solution connected by a remarkable law of reciprocity with 
the above method. 
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First Investigation. 

2. Pbop. !• lfu=f{v) be a first integral of the equation 

Br+8s+ Tt+ U{s'-rt)^V. '...(1), 

then will u and v, considered as junctions of x, y, Zy^p^ q, each 
satisfy two partial differential equations of the form 

Jdus} 



*©'-«© (I) ^Kl) 

rx fdu\ du rpfd'^ ^'^ 

\dxl dq \dy) dp 

\axj \cLyJ dp aq 



(2), 



in which f-r-j and f-r-j stand fc 
respectively. 



du . du 



du . du 



^+p^^,and^ + qj^ 



To demonstrate this proposition we shall form directly the 
partial differential equation of the second order of which 
tt=y (i?) is an integral and, comparing that equation with (X), 
deduce the conditions for the determination of u and v. 

Differentiating u =/(v), first with respect to x and secondly 
with respect to y, we have 

du du dz du dp du dq 
dx dz dx dp dx dq dx 



"^ ^ ' \dx dz dx dp dx dq chc) * 



du du dz du dp du dq 
dy dz dy dp dy dq dy 



— /'/ \ 1^^ ^^^ dz^ dv ^,dv dq) 
""•^ ^ ' [dy ' dz dy dp dy dq dy) * 



10—2 
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.J, . du , du n /du\ du du - /du\ 

or, if we represent ^+j,^ by y , ^+j^ by y , 

|byr,|and|by,,and|by<, 

Eliminating /'(i^) we arrive at the partial differential equa- 
tion of the second order, 

(du (dv\ dv fdu\\ 
\dp \dy/ dp \dy)) 

(du /dv\ __ dv /du\ dv /du\ ^du fdv\\ 
\dq \dy) dq \dy) dp \dx) dp \dxJ) 

(dv /du\ ^ du fdo\\ (du dv^du^ dv\ -^ ^ . 
\dq \dx/ dq \dxJj \dq dp dp dq) ^ 

" [dyj \dx) " \di) [^) ^^^• 

It is seen that as respects the mode in which the quan- 
tities r, 8, t are involved this equation is of the same form 
as the given equation (I). That it may be equivalent, its 
coefficients must stand to those of (1) in a common ratio /*. 
This gives 

du fdv\ dv fdu\ ^ 
^[d^)~'^\d^)=''^ W' 

du /^A _ dv fd^ dv^ f^}£\ ^^ f^^\ _ o 

dq \dy) dq \dy) ^ d^\^) ~ TpKdx) - f^^ ^*^. 

dv /du\ du (dv\ _, 

^ W "^ W ='*'' W' 



ART. 2.] OF THE SECOND ORDER, 149 

du dv du dv __ ^ .^ 

dq dp dp dq * *'"* *" 

0©-©^)="^ ■ w- 

As we have here five equations which are homogeneous with 
respect to the four differential coeflScients of v ancf to fi, it is 
clear that we can, by the elimination of these quantities, 
obtain a relation connecting the differential coefficients of u 
with E, Sj jT, &c. But the peculiar cyclical form of the 
fimctions in the first members of the above system enables 
us to effect this elimination so as to lead to two final equa- 
tions independent of v and fi. 

Thus multiplying (a) by (|) |, (c) by (|) |, 

^^ ^y (S) (^) ' ^^ ^') ^^ ^ ^' *°^ ^^'°^' "^^ ^°^' *"» 
rejecting the common factor /li, 

\dx) dq \dyj dp \dxj \dyj 

+''||=« w- 

Again, multiplying (a) by (^) , (J) by (^) (^), (c) by 

^^j, and (e) by (^j^ + ^^j^, addmg, and again re- 
jecting the common factor fiy we have 

^(l)"^«(l)(rX|)' 
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Hence, u considered as a function of a?, y, 0, », q satisfies 
tlie two partial differential equations (4), (5), both which are 
of the first order and second degree. 

As u and v enter symmetrically into the system (a), (6), 
&c., V will also satisfy two partial differential equations of 
the same form, viz. the equations 

\dxj dq \dyj dp 

\axj \dy) dp dq 



^,..(6). 



+ F 



X\flx) dp \dyj dq) J 



Further, these two systems of equations constitute the 
complete system of equations resulting firom the elimination of 
fi firom the five equations (a), (J), (c), &c. ; for in their deter- 
mination, no factor involving either the differential coefficients 
of u and v, or the quantities -K, 8^ T^ &c. has been rejected 
directly or indirectly. 

I am not aware that the above results of elimination have 
been noticed before. 

3. Prop. ii. The system of partial differential equations 
above ohtainedfor the determination ofu^ viz. 

\axj dq \dyj dp 



B 



\\dxj dp \dy) dq) ~ 



(7) 



I 

J 
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cuZfntts of resolution into four systems, each consisting of two 
linear partial differential equations of ike first order. Of ikese 
systems two only are relevant to the solution of the problem. 

For, multiplying the second by an indeterminate quantity 
X, and adding the result *to the first, we have 



r(^^\ —4- F— —4- rp(§}^^ 

\dx) dq dp dq \dy) dp 

+^{©IKl)ii-» («'■ 

Now let us se6 if it is possible to determine \ so as to 
make the first member of the equation resolvable into linear 
factora We cannot say d, priori that such resolution is pos- 
sible as we should be able to do if that member were homo- 
geneous and of the second degree with respect to three instead 
of with respect to the/owr subject variables 

(du\ fdu\ (du\ fdu\ 
d^J' W' W' W' 

Observing that the squares of .^ and -r- are wanting 

in the first member of (8) while those of [-7-) and [^J 

appear, we are led to assume as the proposed equivalent of 
that 'member an expression of the form 

Multiplying the factors of this expression together and 
then equating the coefilcients with those of the first member 
of (8) we have 
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Bm+Xm^ U+ 8\ (a), 

mm' = T\ (J), 

Xn = XF=mn' (c), 

Sn = li {d)f 

nrri^T (e), 

nn^V (/), 

From (6), (c), (<?), we find 

n^Vy n' = l, m = XF, w' = -p., 

values which will bfe found to satisfy (e) and (/) also, and 
which reduce (a) to the form 

FV^SFX + iZr- f7F=0. 
Supposing \ thus determined, the equation (8) becomes 

{^(S+^(|)+'^|}{-(S4©^|}=''- 

The result is a little simplified if we retain m in place of X. 
We thus find as the resolved form of the given equation 

m being determined by the quadratic 

If m^, Wj be the values of m thus found, we have 



J 
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and these two equations are manifestly together equal to the 
system (7). 

Now these equations can only be simultaneously satisfied 
by equating to 0, one factor in the first member of each ; and 
the difierent combinations which are thus possible give rise 
to four binary systems of linear equations. Let us examine 
these systems separately. 

If we simultaneously equate to the two first factors of 
the left-hand members of the last two equations, we have the 
systems 

I 

SL system which, when m^ and m^ are different, is reducible to 
the system 

It is clear that this cannot lead to a value of u satisfying 
the given differential equation (1), because it takes no 
account of the forms of 8, Z7, and T. Indeed if we actually 
eliminate 



(djA /du\ du du 
diJ* W' ^' d^ 



\dy/ ^ dp^ dc[ 

from the above equations by means of the system 

fdv\ du du 
\dx) dp dq 

fdu\ du du 



(du\ du ^^ ^ _ /\ 
dy) dp dq " ^ 



(10), 
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(derived from the assumed first integral u =f{v) by making 
f{y) = c, and difierentiating the result first with respect to a?, 
then with respect to y), we find as the result 

F^ + 5(«'-r«) = 0. 

Again, if we equate to the two last factors of the right- 
hand members of (lO), we have 



".©^^©^•-I'". 



dyJ d^ 
which, if m^ and w, are different, reduce to 

And it is evident that neither are these equations consistent 
with the given equation (1), because they take no account of 
8y Z7, and R. The equation of the second degree to which 
they actually le^d is 

Fr+r(s"-rO = 0. 

There remain then the two systems formed by combining 
the first factor of each one of the first members with the 
second factor of the other, viz. 






du 
dy)^' ' dq 

■du 



> 



(11), 



* \dx) \dy) dg "" 



.(12). 
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That these systems are relevant to the solution of the pro- 
blem under consideration may be shewn by eliminating from 
either of them by means of (10) the quantities 

■ fdu\ fdu\ du du 
\di)' [d^J' ^' d'q' 

The actual result will be 

r{Br + Ss + Tt+ U{8^-rt) " V} = .^13), 

which, except in the particular case of F= 0, reduces to the 
given equation. 

More generally, if in the equation 

u =f{v) 

u and V are any distinct solutionis of the system (11), the 
same result of elimination may be deduced. For v by hypo- 
thesis satisfies the equations 






Subtract these equations multiplied by/' (v) from the corre- 
sponding equations of (11), and representing u—fiv) by TF, 
we have 



m. 



\dx J \dy J dq^ ' 



which being of the same form as (11) it follows that 

Tr=0 or w-/(v) = 

also leads to the partial differential equation of the second 
order (13). 
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4. Prop. III. To reditce the determination of the first tnte^ 
graU of [1) to the solution of a system of ordinary differential 
equations, 

^ Each of the systems (11), (12) presents u as satisMng 
simultaneously two linear partial difierential equations of the 
first order. 

To deduce the value of u thus conditioned it will obviously 
suffice to multiply in each system one of the partial diiferen- 
tial equations oy an indeterminate multiplier X, to add the 
result to the other equation so as to form a new equation 
which will, like those from which it is formed, be linear and 
of the first order, and which on account of the indeterminate 
character of X will be equivalent to the two. From the 
auxiliary equations which we obtain in the process of solu- 
tion, X must be eliminated. 

If in this way we combine the equations of the system (11), 
we have, on arranging the resulting equation according to the 
differential coefficients of w, 

(i?+x»«.)g+(m.+xr)| 



I 

^ydu ^ Trdu 
dp dq 

Hence we have the auxiliary equations 
dx __ dy _^dp dq S^ 

;B + X77ijj"wi + xr~l^~xr""jBp+Wij+x(r2r + «i,p)' 

and it is to be remembered that ?»„ m, are the roots of the 
equation 



J 
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Eliminating X from the first four of tlie above equations we 
have 

Udq + m^dx - Rdy ^ 0\ 

Udp + m^dy^Tdx^O> (I). 

dz — pdx — qdy = o) 

This then is the system of ordinary difierential equations 
deduced from (11) upon the integration of which the determi- 
nation of u will depend. 

A similar system, differing from the above only in the 
mutual transposition of m^ and w^, is given by (12), viz. 

Udq + m/ix — Bdy = j 

Udp + m^di/'r Tdx=^Of • (II). 

dz — pdx — qdy = O) 

If from either of these systems we can deduce two inte- 
grals of the forms 

t^ = a, V = i, 

it is obvious, from what precedes, that 

u =f{v) 

^will constitute a first integral of the proposed (1), and there 
being two systems in question, two such first integrals, each 
involving an arbitrary constant may coexist. 

6. Prop. IV, To deduce the second integral of (1). 

It will be necessary to consider separately the cases in 
^vvhich w»i and m^ are equal and unequal. 

First let m^ and m^ be equal. 

Both the systems (I), (II) reduce to a single system which 
may be expressed in the form 



dp = yj^^ — Yr^y 



y (14). 



u 

dz = pdx + gdy ^ 



158 PARTIAL DIFFERENTIAL EQUATIONS [CH: XXIX. 

Now, since the condition -^ = ^ is here satisfied, it is 

ay flfe 

manifest that if from any two integrals of the above system 
of the forms w = a, t? = J, simultaneous values of p and a *be 
determined, these values will render the third equation oi the 
system integrable, and the effect of its integration will be 
virtually to determine 2; as a function of x^ y, and three arbi- 
trary constants, viz. a, i, and a constant c introduced in the 
last integration. Let us represent the result in the form 

z = <f>{x, y, a, 5, c) (15). 

Now what relation will this result bear to the general solu- 
tion of the partial differential equation given, to the solution 
which we should obtain by integratinff, not the particular 
equations u = a, v = b, but the general first integral u =f{v)^ 
which includes them both. 

To integrate the equation u =/(v) it suffices to deduce" any 
particular eq[uation involving an arbitrary constant J, which, 
in conjunction with u =f{v) will render 

dz —pdx — qdy = 

integrable, and to integrate the last equation regarding the 
arbitrary constant of integration a.s arj arbitrary function of 
5. The result is a complete primitive in which, by the 
variation of 5 as a parameter the general integral is implicitly 
involved. 

Now either of the equations w = a, v = 5 will, in conjunc- 
tion with u =f{v) determine^ and q so as to make 

dz —pdx — qdy = 

integrable. Take the equation v = h, then u =/(v) reduces to 

u =/(5). 

Thus, in place of the equations w = a, v = S, of the previous 
section, we have 
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for the determination of p and j. The constant c introduced 
in the final integration becomes also, according to the above 
theory, a function of &, and the complete primitive is of the 
form 

z^^{x, y, &, /(&), -f (J)] (16), 

while the general integral is found by eliminating h between 
this equation and its differential with respect to J. 

The general integral therefore represents the envelope of 
I the surface represented by (15), a, J, c being parameters sub- 
! ject to any two connecting conditions. 

As mj, m^ are supposed equal, a necessary condition of the 
I possibility of this species of integration is that 

I iS»-4(5r-Z7F)=0 ...(17), 

I 

a 

the value of w is ~ , and the system (14) reduces to 



(18). 



Udq + ^dx"Edy = ^ 
dz — pdx — qdy = 0,. 



We conclude therefore that if (17) he satisfied and we can 
from (18) deduce a value of z in terms of x, y, and three 
arbitrary constants, the equation expressing that value will he 
a complete primitive, and the general integral will he found 
hy making the constants vary in subjection to two arbitrary 
conditions* 

Ex. Let the given equation be 

xqr + ypt + xy{s^^ rt) =^pq* 

Here R — xg, S=0, T^yp^ XJ—xy, F=j?j. 
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The condition (17) is satisfied, and (18) becomes 

xydp—ypdx^Oy 

xydq — xqdy = 0, 

dz —pdx — qdy = 0, 

From the two first of these we find 

whence from the third, 

oof , by* . 

This is the complete primitive, and the general primitive 
consists of all possible equations derived from this by making 
a, b, c vary in subjection to two conditions. 

Ex. 2. Given 



(l + 2^r-2p25 + (l+p')« 



(!+/ + ?')* 

« 

= -(!+/ + 20*. 
Here the equation for m reduces to 

m* + 2pqm +jpV ~ ^» 
whence m=^—pqy and the system (18) gives 

— -^— ^+^>jcfe + (l + 2»)cZy = 0, 
(I+/ + 2;* . 

^ +M^2/ + (1 +P') dx^O. 



{^+P" + ^)^ 



wm 
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Subtracting the upper equation multiplied by yq from the 
lower one multipliea by l + g'*, and dividing by l+^^+g*, 
we have 



whence 



"' + V(l4'+2')""' 



In like manner. 



2^ + V(l+/ + 2')~** 

Hence determining j} and ^, 

, _ (a!-a)(fa!4-(y-&)(/ y 
Vll-(a;-ar-(y-J)r 

Therefore (a!-a)*+ (2^-6)*+ (2-c)*=l. 

I 

From this form of the complete primitive it is evident that 
the general integral will represent all possible tubular surfaces 
foraaed by the motion through space of a sphere of constant 
radius unity. 

Secondly, let tw^ and m^ be unequal. 

Then since, in neither of the systems (I) and (II) is the 

condition ^ = ^ satisfied, from neitW system separately 

can values of p and j be obtained which make dz =pdx + qdy 
integrable. 

\ But, as will be shewn, any two integrals obtained, the 
lone from the one system and the other from the other, will 
Igive values of jj and q which will render dz=pdx + qdi/ in- 

B.D.E. II. 11 
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tegrable, and the general solution will consist of all possible 
integrals of the latter equation thus obtained. 

Or if the complete first integral of either system be com- 
bined with any particular integral involving an arbitrary 
constant obtained from the other, the two will furnish values 
of p and q which render dz = pdx + qdy integrable, and its 
integral will be a complete primitive involving one arbitrary 
function in its expressed form, another in the connexion of 
its two constants ; the general primitive being found in the 
usual way by making the constants vary as parameters in 
subjection to a single arbitrary connecting condition. 

In fact it may be shewn that if we attempt by the process 
of Charpit or Lagrange to integrate the partial differential 
equation of the first order « =/(v), deduced we will here sup- 
pose from the system (i), we virtually construct the system 
(il) in the auxiliary equations upon which the process of 
solution turns. I have obtained a direct proof of this proposi- 
tion, but I think it preferable and at the same time sufficient, 
to direct attention to the prior ground upon which it rests in 
the relations of the systems of partial difierential equations 
(11), (12) from which the systems of ordinary differential 
equations (i), (ii) are derived. 

Let P=0 represent any integral of the system (11), and 
Q = any integral of the system (12). Then we have 

dP r. fdP\ . /dR 



dp \dx) ^ \dy) 
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Hence we deduce 

\dp \dx) dp \dx) dq^ \dy) dq \dy J) 

{•«.©-Kf)l(f)-{-(iVKf)}(f)- 



+ 



The second mem'ber of this equation is identically 0. Hence 
dividing by V we have 

^(m.iQ(f)^f.fm-'Q(f.yo (19). 

dp\dxl dp\dxj dq\dyl dq\dy I ^ ^ 

But this is the known condition under which the values 
oi p and q deduced from the equations P = 0, ^ = make 
dz ^=pdx'\'qdy integrable; see Chap. xiv. Art. 13, Equation 
(36). 

TVe conclude then that if from the systems (i), (li) we can 
deduce two corresponding systems of integrals 

tJien will the first integrals of (1) he 

'icliile the second integral will consist of all possible relations oh- 
tained either \st hy specifying the forms off\ , f and obtaining p 
and q a^ functions of x and y and integrating dz =pdx + qdy, 
or 2ndly, by specifying one of the functions f, j^, leaving the 
other arbitrary^ determining p, q, integrating dz = pdx + qdy^ 
and regarding the final constant of integration as an arbitrary 
parameter, 

11—2 
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Ex. Given ar + hs + ct + e (5' — rt) = A, the coefficients 
being constant. 

Here -B = a, /S = J, r=c, ?7=6, F=A. 

Hence m,, m^ are the roots of 

m* — 5m 4- ac — eA = 0, 

and the systems (i), (11) give 

edq + rrijdx — adi/ = 0] 
cdp + wij 

edq + wijjda; — arf^ = 0] 
edp + Wjrfy — cdx = oJ 

Whence the first integrals are 

eq + m^x - ay =/ {ep + w^^y - car) , 
ej 4- WjOj - ay =^ (ep + m^y - Cic), 

from which all possible second integrals are to be derived in 
the modes above explained. 

Let us take the second of those modes and give to the 
second of the above first integrals the particular form 

ejp + m^y — cx^ C, 

G being an arbitrary constant. From this, and from the 
other integral, left in its complete form, we Ijave 

cx-m^y+ C ay- m,x+f^ {(m, ~ m,) y + C\ 

P" e '^~ e 

whence, substituting in the formula dz=pdx-\-qdi/^ inte- 
grating, replacing the arbitrary form 



jfx{i)dthj {m,-m,)<f>{t), 
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and introducing an arbitrary function of C for the arbitrary 
constant, we have 

for a complete primitive. The general primitive consists of 
all possible relations obtained by eliminating G between the 
above equation and 

0=i[aj + f {(m.-m,)y+C^}] + i|r'(0), 

when the forms of ^ and -^ are specified. 



Second Investigation. 

6. If from the equation 

RT-^8s-\-Tt+U{8^-rt)^V. (20), 

we eliminate r and t by means of the equations 

dp = rdx + »dy, 
dq^sdx'\- tdy, 
the result will be 

lEdt/" - Sdxdy + Tda? - U{dpdx + dqdy)'\ a 

^Rdpdy-\'Tdqdx- Udpdq- Vdxdy (21). 

There are different considerations (all of them however in- 
volving, as I have been led to think, a more or less explicit 
reference to some theory of the genesis of the given partial 
differential equation) which indicate that its solution depends 
upon that of the equations obtained by equating to the part 
affected and the part not affected by «, viz. upon the solution 
of the equations 

Bdf-Bdxdy^ Tdx? - U{dpdx'^dqdy)^(^ (22), 

Rdpdy-\- Tdjdx-Udpdgi- Vdxdy = 0^ (23). 
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Without entering into these considerations let us inquire 
what consequences may be deduced from these equations 
assumed to be true. 

It is seen that these equations are connected by a remark- 
able reciprocity with the partial differential equations (7). 
They will in fact be converted into these equations if we 
change 

dx, dy, dp, dq, U, V, S (24), 

into 

du du du du -rr jj Q (nr\ 

~d^'~Tx' li' Tp' ^' ^'"* ^^^^ 

respectively. From this formal connexion it follows that if 
we multiply (22) by X and add to the result (23), we shall be 
able to determine X so as to permit the resolution of the equa- 
tion thus formed into linear factors. Ultimately we shall, as 
appears from Art. 3, reduce the system (22), (23) to an equi- 
valent system of the form 

(- Bdy - m^dx + Udq) (- m^dy - Tdx + TJdp) = 0, 
[" Rdy " m^dx + Udq) {-mjiy- Tdx-i- Udp) = 0, 
m, and m^ being determined by the equation 

or, changing the sign of m, 

(- Edy + m^dx + Udq) [m^dy - Tdx + Udp) = 
(- Rdy + m^dx + Udq) [m^dy - Tdx 4- Udp) 

m^ and m^ being as in the former investigation roots of 



■"^[...(20), 

= o) 



Equating to the corresponding factors of the first mem- 
bers we have 



— Rdy + m^dx + Udq = 

— Rdy + m^dx + Udq 

m^dy — Tdx + Udp = 
m^dy — Tdx + Udp 



= 0, 
= 0) 



r 
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The first of these, m^ and m^ being different, is resolvable 
into 

Udq - Bdy = 0, dx = 0; 
the second into 

Udp - Tdx = 0, dy = 0, 

and it is obvious that neither of these can lead to the given 
partial differential equation (1). The first of them combined 
with the equations 

dp^rdx-hsdy, dq = sdx + tdy (27), 

leads in fact to the partial differential equation 

B- Ut = (28), 

the second in like manner leads to 

T- Ur=0 (29). 

But equating to the non-corresponding factors of the first 
members of (26) we have 



— Rdy + m^dx + Udq = 
m^dy — Tdx + Udp 



::}■ 



m^dy-Tdx+ Udp = 
— Bdy + m^dx + Udq = O) • 

Now these .systems when completed by the equation 
dz = pdx + qdy agree with the systems (i), (ii) deduced in the 
previous investigation. 

* 

It remains to shew that these systems actually lead to the 
given partial differential equation (1) directly. Eliminating 
from either of them, combined with the system (27) the dif- 
ferentials dXf dy^ dp^ dq, we shall have as the result 

J7{5r + &H-r^+?7(fi'-rO-F} = (30), 

•which, rejecting the factor fT, as from (13) we rejected F, is 
the differential equation proposed. 
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Ground of the Reciprocity above noticed. 

7. The reciprocity above noticed is not of a primary cha- 
racter, but is founded upon two prior laws which I shall pro- 
ceed to demonstrate. 

If from the partial differential equations of the system (7) 
we eliminate Fand substitute the resulting equation in the 
place of the first equation of the system we shall obtain the 
equivalent system 



^ /du\^ ^ du du 



dq dp \dpj 



Tr\(du\ du fdu\ du\ __ 
}\dx) dp \dy) dq) ~" 



...(31). 



J 



These equations are both symmetrical and it will be ob- 
served that they are convertible the one into the other by 
changing 



into 



du du du du jj q ^ 
^' ^' ^' d^' ^' ^' ^ 



du du du du tt _ a tt 
di' ^' ^' d^' ^' "^' ^ 



(32), 



(33), 



respectively. This is a law of reciprocity which connects 
solely the differential coefficients of u and the coefficients 
Uy S, V of the original equation. 

Again w =0 is by hypothesis a solution of the given partial 
differential equation. Regarding it however simply as an 
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equation which is true and the truth of which is consistent 
with that of the equations 

dp = rdx + sdy) ^^^^^ 

dq = sdx + tdy) 

and differentiating it first with respect to a?, secondly with 
respect to y, we have 

du du dz du dp du dq __ 
dx dz dx dp dx dq dx~^ ^ 

du du dz du dp^ du dq^ 
dy dz dy dp dy dq dy'' ' 

equations to which we may give the form 



d'u\ du du 



-(: 

_ (^'^\ _ du du 
\dy) "^ dp dq' 

Now this system is of the same form as the system (27) 
and will agree with it if we change 

^du ^du du du . . 

"d^'^d^' dp' dq ^^^^' 

into 

dp^ dq, dXf dy (3G), 

respectively — a change which does not affect the coefficients 
of the given equation, and which is therefore the expression 
of a law of reciprocity distinct from that last noted. The 
combination of these two laws does however lead to the 
law exemplified in the researches of the previous Article ; 
see (24) and (25). 

The question here arises whether it would not have been 
better to employ from the first the symmetrical forms (31) of 
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the partial differential equations of the first order and second 
degree upon which u depends, than the unsymmetrical forms 
(7). It was indeed from the symmetrical forms that the 
chief results of this paper were originally obtained, but the 
unsymmetrical forms lead to the same end in a simpler way, 
and therefore they have been made use of in the present 
memoir. 

It may be proper to notice, in concluding this section, tliat 
the symmetrical forms in ordinary differentials would have 
emerged in place of the unsymmetrical ones of (22) and (23), 
if the quantity «' — rt had been retained instead of s. The 
equations 

dp = rdx + sdy^ dq= sdx + tdy, 

enable us in fact to reduce the given equation (!20) to the 
form 

JRdp'' + Sdpdq + Td^ - V{dpdx + dqdy) 

= (s» - Tt) [Rdf - Sdxdy + Tda? - U {dpdx + dqdy) }. 

Hence arises the symmetrical system 

Bdp'' + Sdpdq + Td^ - V {dpdx + dqdy) = 0, 

Rdy^- Sdxdy + Tda? - U {dpdx + dqdy) = 0, 

which is connected with the system (31) by the single law of 
reciprocity expressed in (35) and (36). 



Postscript 

8. At the time when the above investigations engaged iny 
attention I was totally unaware that the subject of them had 
been discussed by Ampfere {Journal de VEcole Polytechnique, 
Tom. XI.) and recently by Professor De Morgan {Cambridge 
Philosophical Transactions, Vol. IX. Pt. IV.). I feel it there- 
fore incumbent upon me to state why after acquainting my- 
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self with the results of their labours, I offer this paper for 
publication. 

The method of Professor de Morgan so far resembles the 
first method of this paper, and that of Ampere the second, 
that while the former makes the solution of the problem 
depend directly upon that of simultaneous partial differential 
equations of the first order, the latter makes it to depend 
directly upon the solution of simultaneous ordinary differ- 
ential equations of the first order. The formal connexion of 
these methods by the law of reciprocity is, I believe, esta- 
blished for the first time in this paper. The system of partial 
differential equations of the second degree (7) has not, so far 
as I am aware, been given before. 

But a point which I think of deep importance is the follow- 
ing. By connecting, as in this paper, the differential equa- 
tions of the second degree, whether ordinary or partial, by an 
indefinite multiplier which is afterwards determined so as to 
admit of the resolution of the system into its component linear 
elements, we assure ourselves that each step of the solution 
offers a complete sequence to that which has gone before, and 
it only remains then to separate the different elements and 
determine whether they are relevant or irrelevant to the end 
in view. That any such distinction exists has not, so far as 
I am aware, been noticed before. And it seems to me the 
more important that it should be noticed because the solution 
of partial differential equations in cases far more general than 
those above considered seems to depend upon the satisfaction 
of simultaneous differential equations of a degree higher than 
the first. I have in fact by an application of the Calculus of 
Variations arrived at the conclusion that the theory of the 
solution of all partial differential equations of the second 
order, whatever the number of variables may be, is very inti- 
mately connected with the satisfaction of a system of differ- 
ential equations of the type 

F= representing the given partial differential equation, x 
and y any two of the independent variables, and r, s, t the 
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second differential coefficients of the dependent variable with 
respect to x and y, 

I may perhaps at some future day resume the subject, to- 
gether with an inquiry into the theory of the solution of the 
partial differential equation of this paper, when the conditions 
under which the auxiliary equations (i), (ii) are supposed to 
be integrable are not satisfiea. 

9. Note. It may be desirable to establish directly the 
converse form of one of the results of Proposition iv. For 
this object we shall shew that the equation of the envelope of 

z = <f>{x, y, a, b, c) (1), 

where o, J, c are connected by any two conditions of the 
forms 

i|r (a, J, c) = 0, xK*»^) = ^> 

will satisfy a partial differential equation of the form 

Br+88+Tt+U{8''-rt)=^V (2), 

in which also 

Differentiating (1) we have 

_ d(}> d<l> da d(f) dh d4> dc 
^ dx da dx dh dx dc dx 

d^ d<f> da d<f> dh d<}> dc 
^ dy da dy dh dy dc dy 

and by the nature of an envelope these reduce to 

d^ d4 
^ dx' ^'dy W- 

Again differentiating these equations with respect to x and 
y, and writing for simplicity 

Jl^^^A -^=5 ^-^G 
dadx ' dhdx ' dcdx ' 

dady ' dbdy ' dcdy ' 
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"we have 

da? dx dx dx^ 

dxdy dy dy dy ' 

dxdy dx dx dx^ 

d^^ ., da ,-D,dh ^, dc 
«y dy dy dy 

Hence we find 
V dxdy) V dxV\ dfj 

\ dy dy dyj\ dx dx dx) 

-(A^ + B^+CpllA'^ + B'f+G'^ 
\ dx dx dxj \ dy dy dy 

=.{AB'-A'B)i^f-^f] 

^ ' \dy dx dx dyj 

+ iBG'-B-C)(^^-'f^) 

\dy dx ax dyj 

' \dy ax dx dyj 

Now since a, i, c are connected by two conditions, so that 
h and c are functions of x and y only as being functions of a, 
lye bave 

da dh da dh^ _^ db dc db dc ^ 

dy dx dx dy" ^ dy dx d^ dy" ^ 

dc da dc da __ 
dy dx dx dy" " 



174 PARTIAL DIFFERENTIAL EQUATIONS. [C^. XXIX. 

Thus the above equation reduces to 

K dxdy) V da^JV df)~^' 



or 



dy^ dxdy dx* {h? dy* \dxdyJ'"^ '' 

■ 

This equation is of the general form (2). Its coefficients 

-— ^ , &c. are determinable as functions of x, y, z, p, q when 
(ly 

the form of the complete primitive (1) is given. For this 

purpose the complete primitive with the two derived equations 

(3) suffice. 

Again, comparing (4) with (2) we have as the conditions 
of their equivalence 

R 8 T rr ' y 

^^" « 2 — ^- ""35"" d'(l)d'(l> rd^ ' 

dy^ dxdy da? doi? dy^ \dxdy) 

conditions which suppose jB, 8^ T^ U, V connected by the 
relation 
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ADDITIONS TO CHAPTER XVII. 



[The present Chapter consists of additions to Chapter xvii. 
A-rt. 1 was intended to follow Chap. xvii. Art. 1.] 

1. The theory of the solution of linear differential equa- 
tions in a series flows very beautifully from their symbolical 
expression. It is usual in treating this subject to assume the 
form of the series, and deduce from the differential equation 
the law of its coefficients ; but the symbolical form of the dif- 
ferential equation determines in reality the form of the solu- 
tion as well as the law of derivation of its successive terms. 

Let us begin with the binomial equation 
Operating on both sides with {/Q(i>)}~\ we have 

inwhicb *^^)=iS)- 

Hence {l--4>{D)^]u = {f,{D)]'^0. 

Now {f^{D)y^{) will be determined by the solution of a 
linear differential equation with constant coefficients, and will 
be necessarily of the form 

in which Aj B, (7, ... are arbitrary constants, and P, Q, P, ... 
are functions of the independent variable. 
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We have then 

therefore w = {I - ^(i)) e'^f (AP + BQ + CB+ ...). 

Now let us represent ^ {D) e*"^ by p ; then 
u={l^py'{AP+BQ + CB+...) 
= {i + p + p^ + p^+ ...) {AP+BQ+CB+ ...) 
^A{l + p + p' + p' + ...)P 

+ Cil + p + p' + p'-f'.„)B 
+ ... 

Eepresent the first line of the above expression by m, , 
then since 

p"» = </) {V) ^^<f) {D)^^...m times 

==€'^''^<f){D + mr)<l){D-\'mr'-r) ^(i) + r), 

we have 

u^ =A{P + €'^(f>{D + r) P+ e^<}){D + 2r) 4>[D + r) P 

+ €»'^^(i> + ^t)^{D + 2r) <^(i> + r) P+ ...}, 

in which it only remains to perform the operations indicated 
by ^{D-^-r)^ by ^(2) + 2r)^(2> + r), ..* on the function P. 

Let us in the first place suppose the symbolic function 
/, [D) to be of the form (2> - a) (i> - J) . . . ; then 

{X(2>)P0 = ^€^ + jB€^^+.... 

Here P= e^^. Hence substituting in the above expression 
for w, and observing that/(i)) ^ =/(w) e"*, 



w, = ^€«^{l+^(a + r) 6'^ + ^(a + 2r)^(a + r) €*•*+...}, 



or, since c* = a?, 



u^ = ^aj** {1 ■^4>{(i + r) «'•+ ^(a + 2r).<^(a +r) a^+ ...} ; 
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and 

u^Ax^ {I + ^{a'\-r) aj''+ ^(a +2r) ^(a + r) aj^+ ...} 
+ JRb^ {1 + ^(J + r) af + ^(J + 2r) ^(J + r) 0^*"+ •..} 

the solution sought.. 

Consider now the general equation 

Here we have, representing •^*?Y^ by ^m(2)), 

therefore 

u= {1 + ^,(i>) 6» + ^.(i)) e«»r {/,(^)r 0. 

Here we have first to determine {^(Z))}"^©, then to deter- 
mine the effect of the operation represented by 

{i+^,(i))6»+ 0.(i))6-*r 

npon this. 

Now {f^{P)Y^^ is given by the solution of a linear diffe- 
rential equation with constant coefficients, and will therefore 
be of the form 

w4, 5, (7, ... being arbitrary constants, and P, Q^ B,... func- 
tions of 0. 

Again, since 

^ I 

it may be shewn by a process of actual symbolical division, 

B.D.E. II, 12 • 
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attending to the laws of combination of symbols, that the 
expression may be expanded in the form 

To determine the ftmctions F^{D), F^{D), we may 

proceed as follows. From the equation 

{i+^.(i))€»+ +^.(2>)^r 

- jr (2?) + i?; (Z>) 6» + i?; (2?) €» + . . . 
we have 

1= (1+^,(2)) £•+ ...+^„(i))€"»}{i^.(i?) +i?;(2)) 6»+j;(i))€^+. . .} 

=^F^{D) + {F,{D) + <f>,{D)F,{D-l))^+ "..(l). 

Hence F^iJD) = 1, 

F,{D) + i>,{D)F,{D-\)=0; 
therefore F^{P)='-^,{p)F^{D-l), 

and so on. Hence F. [D] , i^ (2>) , are determined in suc- 
cession. The general law is as follows: the coefficient of 
€"* in the second member of (1), when m is greater than 1, is 

F^{D) + <i,,{D)F^,{D-\) + ,i>,{D)F^{D - 2) + ... (2), 

whence 

F„{D)^-i>,{D)F^,{D-\)-^,{D)F^{D-2)-.... 

By this formula the successive values of F^{D) can be 
deduced from those of F^^ {D) , F^^ (-D) , . . . . 

Combining the above results we obtain thus for u the ex- 
pression 

u = {\-^F,{p)^ + F,{D)^+....}{AP+BQ + ...} 

= A{P^-F,{D) ^P+F^{D) ^P+ ....} 

• -{■B{Q + F^{,D)^Q + F,{D)^Q + ....} 

T" • • •• 

Let us in applying this expression first suppose that the 
factors of f^ {D) are real and unequal, so that f^ [D) is of the 
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form (jD — a) (-D — J) (-D — c) . . . . Further, let us suppose that 
no two of the quantities a, &, c, .... differ by an integer. 

Then {f,{D)}-^0=A^ + B^^ +...., 

whence we may assume 

Thus the expression for u becomes 

A{^+F^{D) ^'^')' + F,{D) 6<«^>^+ ....} 

4- 
1^ • • •• J 

or, since F{D)^ = F{m)^, 

u =A{^ + F^{a + 1) 6<»**'»+i?;(o + 2) e'"*»»+ ....] 
+ B{^ + F,(jb + l)e^'*'»+F,{b + 2) €^**^» +....} 

i" • • •• 

Hence, replacing €*_by x, 

u = A{x'' + F^{a + l)x'"'' + F^{a+i)af^ + ....] 

+ B{a? + F,{h + l)ar' + F^{h + 2)ai^+....} 

"t* • • •• 

In (2) replace in like manner I> by a + i and we have, 
putting i for m, 

+ ^a(« + *■) ^iuiia + 1 - 2) + = 0, 

or, if jFi(a + t) be represented by u^^i^ 

Put m for a + 1, thus 

This agrees with the law established in [there is no refer- 
ence in the manuscript, but the law intended appears to be 
that given in Chap. xvii. Art. 9.] 

12—2 
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Secondly, suppose that r of the factors of ^ (-D) are equal 
and of the form 2) — a. 

Then 1^(-D)}"^0 contains a term of the form 

Hence the corresponding portion of u is of the form 

k + F,{D)e' + F^{D)^^r...)^^[c, + c,0+ + 0^.,^) 

where v stands for % + c^O + c^fl" +.... + c^.j^"** 
Now j;(jD + a + t)t; 

= |i^<(a + l) + -F;'(a + l)i) + i?;"(a + l)^+....lt;, | 

which on performing the diflferentiations becomes a polyno- 
mial of the form 

We see thus that (3) will assume the form of a series of terms 
€**, €^""^*^^, .... each multiplied by a polynomial of the (^ — 1)*^ 
degree in 6, Or arranging the terms otherwise it will con-i 
sist of a series of terms of the form 

B, + B,0 + +-B,.,^-^, 

in which B^, B^, B^_^ are series involving e*^, e^*^^^, 

€<**^*, Or lastly, changing e* to x, the portion of w in 

question is of the form 

B, + B,{\ogx) + ...... +B^^ aoga?)'"S 

J5^, J5j,.... jB_j being polynomials in each of which the lowest; 
power of X is a;*, and the successive powers increase by unity. 

This establishes the assumption in [there is no reference 
in the manuscript; probably Chap. xvii. Art, 10 is to be 
supplied.] 
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Thirdly, let /„ (D) contain r factors 2> — a^ , 1? — o, , . • .2? — a^ 
in which a^, a,, ... o^ differ from each other by integers, toge- 
ther with other factors. 

The portion of u corresponding to the factor 2) — a, will be 
in which / 

+ <l>,{D)e^F^{D)^^ + ...)^. 
Thus F^{D) e"^ consists of terms of the form 

t lieing one of the nnmbers 1, 2, .... «. Hence F„ /Jje*"^* 
wiU consist of terms of tLe form 

I 

J being one of the numbers 1, 2, •.. w. Continuing this until 
i +j + A; + ..• = m, we see that F^ {D) e*** will ultimately con- 
sist of terms of the form 

ifjy ^> ••• receiving arbitrarily any of the values 1, 2, •.. w, 
and i-\-j + k+ ... being equal to w. 

Thus the portion of u derived from A^ will consist of 
all possible terms of the form 

AU^) ^<f>i{D) €*^(i>) e»» .... (£<^ 

= Ail,,iD)<f>,{D-t)UD-i-j) .... €<«*•.'• 

_ Afi{D)fj{D-{)MD-i-j) ... 

~ f.^D)fo{D-tU{D-i-j)...\ • 
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Let V = a, i+j = fi, t+y + ^+ excluding the last 

term = ft; and let the symbolical numerator which involves 
only direct functions be represented by/(i)), and we have 

/.(^)/.(^-«)/,(^-/5).-./o(^-/*) 

in which a, /9, .... /t, m are integers ascending by differences 
not exceeding n, 

[A few lines of the manuscript here are obscure, and I 
venture to express in other words the idea which seems to be 
involved. 

Let D-^a, denote one factor of /^(2)), then the correspond- 
ing factors in the denominator of 

/o(^)/o(^-a)/o(i>-/9).../o(^-/^) ^'' 

are (J9-aJ (i>-.a,-a) [D-a.-fj) (5). 

Now if a, is not greater than a,, then a^-\- fi is less than 
a^ + m; hence no factor in the expression (5) can be identical 
with D'-m — a^. But if a, is greater than a^, then one fac- 
tor in the expression (5) may be identical with D-^m-'a^. 

Hence it follows that the denominator of the expression (4) 
may contain D — m — a^ to the power r — 1, but not to a 
higher power.] 

And, since 

we see that u will contain r sets of terms together of the form 

^ + jB(loga?) + C7(loga^"+ + KQogxY'\ 

Ay By (7.... being polynomials in x. 

This establishes the rule in [there is no reference in the 
manuscript; probably Chap. xvii. Art. 10 is to be supplied.] 
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(There is no hint in the manuscript as to the position 
"which Article 2 was intended to occupy ; and the reasoning 
does not seem fully developed.] 

2. PfiOP. The solution of the equation 

/.(^)«+/.(^)«'«+ +/.P)^M = 

being expressed in the form 

it is not necessary to introduce new constants in inteipreting 
i^(Z>), .... ; it suffices to interpret particularly if only uni- 
formly and. consistently. 

For let 

{/o(^ro==^P + 5(2+ ; 

and in interpreting 

F^{I))^{AP+BQ + ) 

let a new constant be introduced which was not in thd inter- 
pretation of 

F^,{D)^)*{AP+BQ + ). 

Now F„{I)) €j> + <!>, (2?) ^F^, (B) €<-'>• 

+ ^.(D) ^F^{D) 6C"^» + = 0, 

therefore 

hence the new constant comes from {f^ (2))}~'0, and the term 

containing it must be A'P, or B'Q, where A', 5'.... are 

constants. Suppose it ^'P; 

then as derived from this, 

F^ (D) ef-^" Uo {m-\ = - ^. il>) ^'F^t {Dy^'y>AP 

-<t>,{D)^F»(P)^A'R 
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Thus JU.) i^y^ = - ^ (-D) e'-PV. «^'" 



The law of derivation is exactly the same as in the deri- 
ration of Fi{D) €^ from 21^(2)) 6<*-^)«, 

[Art. 3 seems intended for a reconstruction on an extended 
scale of part of Chapter xVii. Art. 3.] 

3. We proceed to consider more fully the theory of the 
"binomial equation 

Now the possibility of solving the equation depends upon 
the nature of the symbolic function ^(J9). It is perhaps the 
most general account of the present state of the theory to say 
that there exist certain prtmart/ forms of this function whica 
render* the equation solvable, and that to each of these pri- 
mary forms an infinite number of the forms are reducible by 
general theorems of transformation. As these theorems 
admit of a statement which is independent of the form of the 
function <f>{D')j we shall establish them first. 

Pbop. II. The function j>{D) in tJie equation 

can without otherwise changing the first member of that equa- 
tion he \st affected with any constant factor ^ or 2ndly con- 
verted into (l){D + a), or Zrdly converted into {^ (— 2?)}"^ 

First Let U=f{(^), and in flie Sqoation 
let €* s= a''€^. Then jg = jz> > ^^^ ^^^ equation becomes 
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in whicli jD = T27 • Thus ^ (i>) has been affected by a con- 
stant factor a. 

Secondly. In the same system let u = €**i?. Then 

or e^v + €^^ (2) + a) e^^v =/(€*), 

therefore v + ^{D + a) c^^v = €^f{f). 

Here ^(i?) has been changed into ^(D + o). 

The result of this transformation may be conveniently ex- 
pressed by the following theorem. 

The equation 
toiU be converted into 
by tTie relationa 

Thirdly. In the same equation let 5 = — ^' ; „then 

de" dff' 
and we have 

in which -D = ^ . Hence 

» 

« + e-**-^!- (D - r)} « =/(€-*) ; 
therefore ^u + ^(r — D)u = e'*'/(e~*9, 

whence « + {^(r-2))}-»«««'tt = {^(r-2>)r€''/(€-»). 
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In this equation let u = €^v. Then hy the last theorem, 

Thus 
is converted into 

m which -^ =* ;7^ > 8y assuming 

The ahove transformations leave the index r in the &st 

ff 
member unchanged. If however "we assume ^ = — , whence 

^ = a-757 , we should have 

By combining this with the previous results we see 
that it is possible to convert 6(D) into d>(aD + b), and into 
{<l>{aD + b)r\ 

But the most important transformation of the function <^ (D) 
is that which is established in the following proposition. 

[The proposition referred to is Prop. iii. of Chap. xvil. 
Art. 3.] 

[Article 4 was intended to follow the words "or subse- 
quently in the derivation of w" in Chap. XVii. Art. 4.] 

4. It becomes therefore important to establish jules for 
the treatment of the constants which in these different ways 
arise. 
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Now the entire process of solution consists of three stages, 
namelj ; 

1st, the determination of V by the equation 

2ndlj, tbe solution of the transfonned eqoatioa 
Srdly, the determination of u by the relation 

Let us consider these separately, supposing (j) {D) to con- 

tain a single factor -jz — r which is made to disappear in the 

generation of '>fr{D), so that a and b differ by a multiple of r. 
Thus the given equation is of the form 

u-^i'{D)e'»u=U .(6). 

The transformed equation is of the form 

in which u = P,^,v, V=Pr^U. 

JJ + JJ + a 

First, suppose a — J = nr, where n is positive. 
Thus 

u={D + a) {D + a — r) ..• (i) + a-7ir + r) v, 

F=|(2>'+«)(i? + a-r)...(Z? + a-wr + r)l V. 
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Hence 

+ C^€^^^+ + CLe"C-^4....(7), 

where D^ is a particular value of 

The part containing the constants will consist of terms of 
the form 



= (2) + a) (2) + rt - r) ... (Z> + a -nr + r) jl +'^fr(Z>) 



^9 



+ 



Now all these terms vanish up to the one containing 
g-(a-«r)d . therefore we have to perform the operation 

C{D + a) {D + a—r) ... {D + a-nr + r) on 

where y = n — t — 1 ; that is, we have to perform the operation 
C{D + a) {D + a-r)... {D + a-nr+r) on 

. +f (i)) 6«f (i)) ... flD^Jr) €-<™^^+ ...1. 



ABT. 4.] ADDITIONS TO CHAPTER XYII. 189 

Now f (i?)i|r(i)-r)...'^(i?-yr)€-<*^* 

s='^(nr — a) '^(nr — r-- a) ... -^(nr — jV — a) e"**"**^* 

therefore we obtain 

^C7(i) + a)...(i) + a-nr + r)|€-(«^''»« + f (2))eVt«^-^+...j 

= JB(7(J9 + a)...(i) + a-wr + r) jl+i|r(2))€« 

Thus this expression is the same in form for all values of 
t. Therefore all the terms containing an arbitrary constant 
in (7) are equivalent to only one term. 

Secondly, suppose a — b^ — nr. 

Then u = UD + h) {D + l-r)...{D + b-nr + r)l v, 

r=(P + b){D + h-r)... (D + b-nr + r) U. 

Here there are no constants in F. But u contains n arbitrary 
constants not in v^ and as there is no subsequent process in 
the method for destroying these or reducing them to mutual 
dependence, it is necessary that the relations connecting them 
should be sought by comparing the solution with that given 
by the method of development in series. 

Note.. It would be better to reduce (6) to the form 

before the demonstration. 

[Article 5 was intended to follow Chap. xvii. Art. 7. 

There is a memoir by Professor Boole on the subject of this 
Article, entitled On the Differential Equations which deter^ 
mine the form of the Roots of Algebraic Equations. The 
memoir occupies pages 733 — 755 of the Philosophical Trans" 
actions for 1864.] 
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6. If we agree to. regard 9A primary those forms of bino- 
mial equations which are integrable but not through any 
reduction effected by the Propositions of Art. 3, and to which 
equations through the application of those propositions other 
equations are reducible and so made integrable, it becomes 
very important to enquire what these primary integrable 
forms are. It does not appear at present possible to give a 
general answer to this question, but so far as is known, such 
forms if belonging to differential equations of a degree higher 
than the first stand in a remarkable connexion with the 
theory of algebraical equations. By the study of this theory 
Mr Harley was led to the conclusion that y defined as an 
implicit function of x by the algebraical equation 

/-ny + (n-l)aj = (8), 

n being greater than 2, satisfies the binomial differential 
equation 

in which €* = a?. In this expression the factors of the nume- 
rator are equidifferent, as of the denominator, their common 

w — 1 
difference being , but the equation is not resolvable by 

Propositions ii. and ill. into forms, the integrabilliy which 
had before been recognised. 

The above result first reached by induction was confirmed 
by Mr Cayley by the aid of Lagrange's theorem. 

To the form (8) all algebraic equations of the third, fourth, 
and fifth degrees are known to be reducible. 

Mr Harley has subsequently found that y considered as a 
function of x defined implicitly by the equation 

satisfies the symbolical differential equation 
n**-^ [(?i - 1) i?p-^y - (n - 1) (ni? - w - 1) [nZ) - 2]"-*cV 
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the factorial notation according to which 

[w]» = 7n(w — 1) (w — 2) ... (w-w + 1) 
being here adopted. 

These results are implicitly involved in a more general 
theorem which I shall now demonstrate. 

Theorem. If y^yy^ y^ <*^^ *A^ »* '''oots of the algebraic 

equation 

ir-«y*''+i = o, 

and if the tnl^ power of any one of these roots he represented 
by Uf and log a by 0, then u as afinction of satisfies the dif- 
ferential equation 

\ n n \n n J 
n pjjt 



e'^u^O. 



And the complete integral of the above differential equation 
will be 

«=C'^r+c;y«" +c;y«". 

Let y* = z, then the given equation may be expressed in 
the form 

z^h + az^ J 
in which J = — 1. Hence, by Lagrange's theorem, 

u^^-^i^ + aJ* ~b* 



db 



+ 



osf-*^)* I »•}+*"•• 



the general term being 



T3b(irp)'i*'}. 
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whicli on effecting the differentiations and adopting the feic- 
torial notation becomes 



m 



w + (n — 1) r 



n 



-1 



»^i 



and this expression will be found to represent the first term 
as well as tne others of Lagrange's expansion provided that 
we interpret the form 



M'byl. and[>rby3^. 



Further, the above general development includes the n 

particular developments of u or y* arising from the giving 

to J* 
sents 
succession. 



its n particular algebraic values. In this waj it repre- 
the wr power of each of the n roots y^, y^, y» in 



Now representing the above general term by u/f^ we shall 
have 



m 



w^ = 



'm + {n — i)r 



n 



m 



«r-* = 



m + (n — 1 ) r 
n 



r—l m-r 



— 71 



n \r—nY^ 



r n I mi-r 



+1 



Therefore, after reduction and replacing 6 by — 1^ 

'm + (n — 1) r 



u. 



n 



-1 



W- 



r-4» 



w 



\7l » / 



(9). 



It follows therefore that the complete series of which the 
general term is u/i^ will if represented by u satisfy the diffe- 
rential equation 
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u — 



«-i2> + !5-l 



n n 



m 



i^i-^i ^e«« = 0...(I). 



If we integrate the equation in a series (Chap. XVII. Art. 9), 
the initial terms of the Taltte of u will be 

C, + Cfl + C,a» + CL.,o"-S 

the succeeding terms being formed from these b^ the law 

(9). Hence, if the arbitrary constants C^G^ C^n-i be so 

determined as to make the above initial terms agree with 
the first n terms of the Lagrangean expansion in any of its 
particular forms, the succeeding terms will also agreej and 
the Lagrangean expansion will thus become a particular inte- 
gral of the equation (I). The aggregate of such particular 
integrals, each affected by an arbitrary constant, will therefore 
also be an integral of the differential equation, and will, in 
fact, constitute its general integral, subject to exception only 
in the case in which for a particular value of m the integrals 
VTi yr^ y**" ^®^^® *^ ^ independent. 

For instance, if m = — 1, and we reduce the equation to 
the form 

it is seen that except when n = 2, we have 

yr'-^y^^ +yn"' = o. 

Here then the solution 

«= <^^,"+ C^." + C4/«" (10) 

ceases to be general for it becomes 

« = (C,- a) yr + (C.- C,)y-\.. + (CL,- C,)y-'^,, 
and virtually involves but w — 1 arbitrary constants. 

If, however, we give to the integral the form 

B. D.E. II. 13 



194 SYMBOLICAL METHODS. [CH. XXX. 

the last term of which becomes a vanishing fraction when 
971 =r — 1, we find for the general value of u in this case 

^ = Od/:' + Cj/f' + CL,y-'.-i 

and in this way we may proceed in failing cases generally. 

Lastly, it may be observed that in certain cases the differen- 
tial equation (I) admits of reduction to an order lower by 
unity than its own. And in particular this happens in the 
failing cases above noticed. Thus, if in (I) we make w = — 1 
the equation will be expressible in the form 

n[_ n n J ^ ' ' 

whence, operating on both members with (i> — n + 1)~% we 
have 

The general integral of this equation will be expressed by 
(10) Drovided that a proper relation be established between G 

and tne constants Cj, Cj, G^. If we choose to determine 

G so as to give to the integral the particular form y"\ we shall 
find on substituting for u its Lagrangean development making 
?» = — 1, & = — 1, and calculating the coefficient of a*~* or 
€<»-*)« in the first member of the differential, 



^^ [^-3] 



«i-2 

n 



Hence, if n be greater than 2, we have (7=0. It follows 
therefore that if w be greater than 2, the equation 

^^r'^-l\j^^-^--^Y^^-^ (II). 



F 
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in which ^^a has for its general integral 

^ == ^^C^ + ^iy*"' • • •• + ^•-ly'Vii 
y^, y„ y^j being any n — 1 rpotfl of the equation 

It may he useful to notice the forms which the above 
results assume when is changed into — 6^ and therefore D 
into — 2) ; see Ait. 3. 

It will be found that (I) becomes 



u — 



L » »J \n »/ 



2r-^^»=o (HI). 



of which the integral is therefore 

^^G.y^'^ Gj/r + c:.y»" 

y^, y^, y. being the roots of the equation 



a 
and log a being denoted by ; 

while as the equivalent of (II) we have 



y--ly-> + l = (11); 



M — n 



"-^i>+i 



»-i 



€-*M = (IV), 



n 

of which, supposing w greater than 2, the integral is 

^^9 y^j y«-i being any n — 1 roots of the same algebraic 

equation, 

13—2 
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Mr Harley's results may readily te deduced jfrom the 
above. Thus it will be found that the equation (11) re- 
duces to 

<?'-n< + (n-l).a? = Q 
if we make 



fi-l n~l 



y-^^(n.l)%-'t, « = i!^:i^l^ 



Hence, making x-^ and representing ^gi by -D', we have 
for the transformation of (IV) 



n-t 



(n -1) • .^V 
n 



€*=^ '■ — € , 



w — 1 



- z£ 
w = (n - 1) •* € •• t. 

Substituting and multiplying the result by €»», we find 



-(^T- 



n jy, 2n — 1 



w— 1 w — 1 



ii»-i 



n-l 



.€('*-l)^^=0, 



[D'} 



which is Mr Harley's first equation. 



If in (I) and (III) we make 1 = a, whence w = n — «a, 

7* 

and at the same time change a into ah **, and y into y& ", we 
shall obtain the following somewhat more general statement 
of their united import. 
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The differential equations 

n-l 



tt— T 



r^^^^^ '^-='' 



h m 



u — h T 






i> + a-l 



(f--0 



€*^tt = 0, 



n 
are io^A satisfied hy the general integral 

trAen y^yj/^^ ....y^are tJie roots of the algebraic equation 

provided that fir the first equation a = €*, and fir the second 
' If n = 2, the above equations assume the forms 

"-6 ^VD^ ' 

f-(«-l)* 

6. [The two principal papers by Mr Harley on the dif- 
ferential equations exhibitea on page 190 are the following : 

(1) On the Theory of the Transcendental Solution of 
Algebraic Equations, Quarterly Journal of MathematicSy 
Vol. V. pages 337... 360. 

(2) On a certain class of Linear' Differential Equations. 
MaTichester Memoirs. Third Series. Vol. ii. pages 232... 245. 
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In a letter bearing date January 13, 1864, Professor Boole 
pointed out to Mr Harley that his second equation might also 
be deduced from the general theorem discussed in Art. 5. 
Employing the above notation the deduction may be pre- 
sented in tne following form* 

The equation (11) will reduce to 

r-nr^ + (n-l)a? = 0, 
if we make 

y =z (n - l)"-a;""/, a = i (n - l)^aF; 

and for the transformation of (III) we have 

1 i ? 

«i=(n-l)"*€"»'^w'. 

These substitutions being effected we arriye, after some 
slight reductions, at the following equation, 

n* [(w~ 1) 2/- m]"-'iyw'- (n- 1) [nD' -«i- l]Vu' = 0, 

which, making m = l and u = t, gives 

n*[(n- 1) 2y-l]**'2)'«- (n-1) [ni>'-2]*€*'< = 0, 

an equation which admits of reduction. In fact, operating on 
both members with (2/ — 1)"^, and determining the constant, 
as in the former case, by the aid of the Lagrangean expansion, 
we find 

nT' [(n - 1) ITY'H - {nlT - w - 1) [wi> V 2]-*€«^< = [n - i]*-^€^, 

which is Mr Harley's second equation. 

The references and deduction here given were to have 
been added to the memoir which is cited in page 189, ac- 
cording to Professor Boole's desire; but by some accident 



i 
/ 
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they were not printed, and the omission was not discovered 
until after his death. 

Mr Harley has lately succeeded in obtaining the fol- 
lowing extension of Professor Boole's theorem. 

The diflferential equation 

[_ n ax n ^ \n ax n J 
is satisfied by the wi*** power of any root of the equation 

y'^-xf-'^'^a^O, 
u being considered as a function of x. 

From this he deduces the following ; the diflferential equa- 
tion 



n\ X -J h»-j- «^ 

L r aaj rj [_ dxA 






is satisfied by the m^ power of any root of the equation 

3^" - wj^""*" + (n - 1) aj = 0. 

For the materials of this Article I am indebted to Mr 
Harley.] 
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CHAPTEE XXXI. 



THE JACOBIAN THEORY OF THE LAST MULTIPLIER. 



1. A SYSTEM of n diflFerential equations of the first order 
and degree containing w + 1 variables admits of n integrals 
of the form 

t*j, Wj, ...w„ "being independent functions of the original vari- 
ables. When n — 1 of these integrals have been found they 
enable us to eliminate w — 1 variables, with their differentials, 
from the given system of equations, and so to obtain a single 
final differential equation ot the first order between the two 
remaining variables. The final equation admits of being 
made integrable by a factor, and its solution so foimd would 
constitute the n*^ and last integral of the system. We pro- 
pose in this Chapter to develope the theory of the above 
integrating factor as established by Jacobi. The term * prin- 
ciple of the last multiplier,' which is more usually employed, 
seems objectionable; for the essence of Jacobi's discovery 
consisted not in demonstrating the existence or the nature of 
the last integrating factor, but in the peculiar form of the 
method which he gave for its determination, and in the rela- 
tions which are implied in that form. The discovery may be 
briefly said to consist in this; viz. that instead of forming by 
means of the w — 1 known integrals the final differential 
equation between two variables and applying methods analo- 
gous to those of Chap, v., to determine its integrating factor, 
we construct antecedently to all integration a linear partial dif- 
ferential equation of the first order, any one integral of which 
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will enable us to assign an integrating factor of the final differ- 
ential equation, whatever the order of the previoiut integrations 
may have been. Again, this partial differential equation de- 
pending for its construction only upon the form of the system 
given, we can often by examining it affirm beforehand that if 
all the integrals but one of the system be in any way found, 
the final integral will be deduqible by quadratures. This 
happens in the case of the most important of all systems of 
differential equations — ^that of Dynamics. 

Further, an ordinary differential equation of the n^ order 
being reducible to a system of n differential equations of the 
first order, Jacobi's theory may here also enable us to pre- 
dicate the possibility of the last integration when the previous 
integrations have been effected. 

Beginning with a single differential equation of the first 
order reduced to the form 

dx _^dy 

in which X and F are functions of the two variables x and y, 
we know by Chap. v. that the integrating factor /a will be 
given by the solution of the partial differential equation 

the form of which should be carefully noticed. 

Consider next a system of two differential equations of the 
first order expressed in the general form 

dx dy dz , . 

X"7"Z ^^^' 

X^ F, and Z being functions of the three variables a?, y, Zy and 
suppose one integral, represented by 

^(a?, y, «)=c (3), 

to be known. The function ^ {x, y, ^), or, as we shall express 
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it for brevity, ^, will obviously satisfy the partial differential 
equation 

^s+j-f +^s-'' («■ 

of which indeed the given equations form the Lagrangean 
auxiliary system ; see Chap. xiv» 

If from the given integral we determine « as a function of 
X, y and c^ and substitute its value in the first of the given 
differential equations, viz. 

dx ^dy 

X"" r 

the latter will be converted into a differential equation be- 
tween X and y. But we may leave to the equation its prior 
form, provided that we regard X and F as functions of the 
variables x and y, both explicitly as they appear therein, and 
implicitly as they are involved m z. And this being so, the 
equation (1) will become 

difiX) , d{iiX) dz d(fiY) , d(fiY) dz ^ 

—diT-^-^b-d^^—d^^—drTy^^' 

dz dz 

The values of -i- and -t- in this equation must be found 

ax dy ^ 

from the known integral (3); they are 

dz ' d<l> ^ d<f> dz d<l> ^ dff> 
dx dx ' dz^ dy dy ' dz^ 

substituting which we have 

d(jiX) d(f> d (jiX) d(f> d (fiY) d<l> d{fJLY)d<f>_^ . 
dx dz dz dx dy dz dz dy "'^ 

This then is the partial differential equation for determin- 
ing fi. But the construction of this equation supposes 6 to 
be known. We propose to shew that /a can be determined by 
a process in which the only partial differential equation to be 
solved can be constructed without the knowledge of <f>. 
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Since by actual differentiation 

d / , ^\ ^d_f. rf^\ _dA dif> ^dAd^ 
dx \ dzj dz \ dx) " dx dz dz dx* 

it follows, writing fiX for -4, that 

d(jiX) d(l> d(jiX) d<l>^d / yd^^d^f x^\ 
dx dz dz dx" dx\ dz) dz\ dxj' 

Similarly 

d(fiY) dil> d(M'Y) ^^d / d^\_d /^d<t>\ 
dy dz dz dy dy \ dz) dz \ dy) * 

Lastly, we have 

o-IK)-!^)- 

Now adding the last three equations together we see that 
the first member of the result vanishes by (5) : we have thus 

-a('*'S)-|(''^|)-|('^f)=«- 

The second line of the first member is equal to 
and therefore vanishes by (4). There remains then 
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Hence if we put 



"f-^. 



we have 



d{MX) ^d{MY) ^djMZ)^^ ,g. 

dx dy dz 



If then hy the solution of this equation a value of M, dia^ 

M 
tinctfrom he found, the function -rT will he an integrating 



fnctcnr of that final differential equation which remains when z 
has been eliminated from the system (2) hy means of any 
known integral <l> = c. 

It will be observed that the equation for M is analogous in 
form to the equation for fi in the previous system. And this 
suggests the form of the general theorem. 

Thus proceeding to the case of a system of three equations 

dx ^dy _^dz ^dt 

we see that if 

be a known integral, ^^ therefore satisfying the equation 

^S^^f^^S+^t=» ••("■ 

then the system 

dx ^dy _^.dss 

will virtually involve only the variables a?, y, z, since t 
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through the known integral becomes a function of a?, y, z. The 
equation (6) now becomes 

djMX) d{]\QC) dt ^d[MY) ^ d[MT) dt 
dx dt dx dy dt dy 

d{MZ) djMZy dt^^ 
dz dt dz ' 

or putting 

dt __ d'^ ^ dyfr 
dx dx ' dt 

djMX) d^ djMX) d^lr d{MY) df d(MT) dyjr 
dx dt dt dx dy dt dt dy 

djMY) dyjt djMY) djr^^ 
dz dt dt dz ' 



and this is equivalent to 

dx dy dz ^ dt 

and therefore becomes on rejecting the term in the second 
line by (7), and putting 

d^NX) ddfT) d{KZ) d{NT) _^ 

dx dy dz dt "* ^ '* 
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If from this equation a value of N distinct from be ob- 

N 
tained, then Jf=s^, and therefore 

. 'dt . ' 

N 
'^^ d^ d^ 
dt dz ' 

This is the final multiplier, i. e. the integrating factor of 
the final differential equation between x and y which remains 
when z and t have been eliminated from the given system by 
means of the two known integrals. In calculating fi firom 
the above formula we must proceed as follows. The value of . 

-^ must be found from any given integral -^ = c ; but that of 

^ must be found from another integral firom which by means 

of the former one t has been eliminated. Thus the general 
forms of the integrals will be 

(f> {xy y , «, c) = c'. 

Lastly, the values of -T , -^ found as above, and that of 

N given by anj solution (distinct from 0) of the partial dif- 
ferential equation (8) having been substituted in the expres- 
sion for fA, we must eliminate e and t firom that expression by 
means of the two known integrals. The resulting function 
of Xj y, c and c' will be the integrating factor sought. 

' The reasoning above employed is in its nature quite inde- 
pendent of the number of tlie equations of the original sys- 
tem. The general theorem to which it leads may be thus 
stated. 

Theobem. The system of n differential equations 



w 
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l)emg giren, if a system of n — 1 integrals 

"be so reduced ty elimination that the variable y, shall not 
appear in </>,, the variables y^, y, shall not appear in ^3, and 
so on, then the integrating factor /i of that final differential 
equation between x and y» will be given by the formula 

M 






• • • 



in which M represents any integral distinct from of the par- 
' tial differential equation 

I d[MX) ^ d{MY,) ^ d{MY: )^^ 

dx dy^ "" dy^ 

In applying this theorem the expression for fi must be 
freed from all the variables except x and y„ by means of the 
given integrals. 

This is Jacobi's theorem. On account of its great importance 
I propose to give another demonstration of it founded upon 
the (Jalculus of Variations. 

2. Second demonsircUton founded upon the Calculus of 
Variations. 

It will be most convenient to present the proposed system 
of differential equations under the symmetrical form 

the independent variables being a?-, a:,, a?„ of which 

Xj, Xj, ..*. X„ are any functions. We have thus n — 1 diffe- 
rential equations, ana we are to seek the integrating factor of 
the differential equation which remains when by means of 
n T- 2 known integrals n — 2 of the variables with their diffe- 
rentials have been eliminated. 
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Suppose P= c to be any integral of the system, then P 
satisfies, and it suffices that it satisfies, the partial differential 
equation 






(a). 



Now if in place of a?j, a?j, ....ar^ we introduce a new sys- 
tem of independent variables u^, u^, ..,.u^ which are functions 
of the former, then we shall have 

17 , ?7a, .... Un being functions of w,, Wg, .... w^. And by the 
theory of the transformation of multiple integrals, 

r/^dP ^dP ^dP\j J J 

J \^^d^,-^^^d^r''^^-^j^^^^-^- 



where 



H= 



du^ 



du^ 
dx., 



lu. 



dx^' 



da, 
dx^ 



The foregoing equation we may express in the form 
SI Xi— Jaj, (Za?j ... c?aj„=2 1 -^-j-d\i^du^,..,du^. 



Hence, representing by Z an operation of differentiation 
which affects only the form of P as a function of x^^ a?a, ... ir^ 



F 
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or of t*j, u^,....u„j and not the independent variables them- 
selves, we have 



21 Xi-j — dx^dx^....dx^ = ^l -Tf -y — du^du^...du^ 



and therefore integrating by parts and equating the portions 
on each side which remain under the sign of n-fold inte- 
gration, 



21 ■^-^hPdx^dx^.,,.dx^ 

= 2 I ■^l-:X\hPdu^du^..,.du^. 

Whence again transforming the integral in the first member 

^ f" dXi ^ p du^ dv^ .... du^ 
^] ^^^ H 

= 21 --J- (^]SPdu^du^....du^, 

and this being true quite irrespectively of the form of P, 
we have 



H^ dXi dui \HJ * 



In this equation Jacobi's theorem is virtually contained. 
For let the given equation be multiplied by any factor. Then 
changing in the above X< into MXi, and Ui into -3fZ^, we 
have 



1 ^ d{MXi) _^ d (MUX 
H^ dx, "^duXsj' 



H 
Hence, if Jf be determined to satisfy the equation 

axi 

B.D.E. 11. 14 
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we shall have 

^U^'- w- 

This is wholly independent of the relations connecting 
w^, t*g , . . .M„ with iTj , ajg , . . . . a?^. Now choose the n — 2 variables 
Wj, w,, .... t*^, so that Wi = Cj, Wa = c,, .... w,^ = c,^ shall be 
integrals of the given partial difierential equation (a). Then 
that equation transformed becomes 

of which the auxiliary ordinary equation is 

At the same time the equation {b) becomes 
d /M^ \ d /M 



du^^ 



i^'^^hM^^-H- 



M 
Hence -77. is the integrating factor of the preceding diffe- 
rential equation between u^^ and ii^. 

Jacobi's theorem in its most general form is thus seen to 
be the following 

Theoeem. If the system of differential equations 

dx^ _ dx^ ^ dx^ 



be transformed %j the introduction of a new system of vari- 
ables Mj, Wg, ....w„, so chosen that 



^i~^l> ^J~^s5 -^n-a^^i 



«-2 



shall be integrals of the given system, then the final differen- 
tial equation between u^^ and u^ shall have for its integrating 
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M . 



factor -^, in which M is any function satisfying the partial 
differential equation 



and -ff stands for the determinant 



du^ 
dx^' 



du^ 
dx^ 



du^ 



dx 



u. 



n 



dx. 



The form of Jacohi's theorem obtained by the previous 
demonstration may be deduced from the above by choosing 
for w,^, u^ two of the original variables, for example a?,^, a?^, 
and transforming the integrals m^, w^, ....t*„^ so that u^ shall 
contain only aj^ •.. o?^, Wg shall contain only a?g...a?„, and so on. 



Examples. 

3. Jacobi has established by means of the above theorem 
the very remarkable theorem that in any ordinary dynamical 
problem the forces depending not upon the time but upon the 
material constitution of the system, if all the integrals but 
two of the dynamical equations are found, the two remaining 
integrals can be found by quadratures. 

Ist. In a dynamical system of free points the forces act- 
ing upon which depend only upon the position of the points, 
we have if we represent the entire system of rectangular co- 
ordinates taken in any order by x,y,z,... and the correspond- 
ing resolved forces divided each by the corresponding mass 
by X, Yf Zf.,. the system of equations 



£pa? ^ 



^2/_. 



df 



= Y 



14-2 



« 
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or putting 

dx f dy __ f 

T. _(l^ _dy _ dx' _ dy' 
X y X X 

Now as X, F.., do not contain t we may consider first the 
system 

dx ^dy _ dx' _ rfy' 
X y JL 1 

and it is evident that if we can find all the integrals of this 
system, t will be given by the equation 

.dx 
t 



[dx 



d having been first converted by means of the supposed in- 
tegrals into a function of x. 

To determine the last multiplier of the system last written j 
we have first the equation 

d [Mx') d {My') d{MX) d(MY) ^^ 

dx dy '*" dx' dy '" ' 

which since X, F... do not contain a?', y'.,. is satisfied by 
M= a constant. Giving to the constant the particular value 1, 
we see that if 

are n — 2 integrals of the system, and if by means of thescj 

we eliminate w— 2 of the variables and construct the differen-i 

tial equation between the two remaining variables, the inte- 

1 . 
grating factor of that equation will be -^, in which fl" is the 

functional determinant of w^, w,, .... w„. 
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2ndly. Suppose the system subject to a material connex- 
ion which establishes an equation of condition among some 
or all of the co-ordinates. If we represent the co-ordinates 
taken in any order and multiplied each by the square root of 
the corresponding mass by a:, y,... the corresponding resolved 
forces by -X^ Y",... and the equation of condition expressed by 
means of the above modified co-ordinates by ^ = 0, the diffe- 
rential equations will be 

the transformation above employed reducing all the equations 
to the same type. [See the next Chapter.] 

Making 

dx f ^y __ t 

di"^' di^^''-' 

the system becomes 

dx dy 

and the Jacobian equation for M becomes 



dx ^ dy ••••^ dx 







/il(-ll..... 



d^ 

Now j> does not contain a?', y'.... Let us inquire whether 
it is possible to determine Jf also as a function of a;, y ...• 
without x\ y\... so as to satisfy the above differential equa- 
tion. 
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The equation would become 

or if we write 

f d , d 5j 

dx ^ dy * 

»^+KeS+|f^ ••••)-"■ 

and from this we must eliminate X. 

Now since ^ = 0, we have by differentiating and putting 
dx_ , 

and again differentiating 

,d^ds^,^ Ay' _(. 
"^ dx dt^ dy di^ "' 



or smce 



dx' -rr I ^ ^i* 

~di"^^'^^di'-' 

'" da?^^ dy'^""^'^^^ dxdy^ ' 

+ Xf+Y^ + .... 
dx dy 



+ X 



(©■-(I)'--}-- 
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and differentiating with respect to a?', 



or if we make 



Similarly 






=«| + |« = ». 



Therefore 



ao; ao; ay ay 

(dl^d4 dkd^ "^n-o 

or 

- ,. . ,. cZ\ dib d\ dd> . 

and now eliminating j-, j^ + T^ j^ + • • • 

we obtain QBM- MQ^O, 

which is satisfied hj M= Q. 

4. [Among Professor Boole's manuscripts I found five 
pages in German, forming part of a memoir, which was pro- 
bably intended for Grelle's Mathematical Journal. The 
memoir was to have discussed two applications of the Calcu- 



216 



THE JACOBIAN THEOBY 



[CH. XXXI. 



lus of Variations; one to the Jacobian Theory of the Last 
Multiplier, and the other to the Solution of Pfaff's equation 

X^dx^ + X^dx^^ +X^da^ — 0. 

m 

But there is onlj a single paragraph relating to the second 
application. 

The manuscript contains the same demonstration of the 
Jacobian Theory of the Last Multiplier as in Art. 2 of the 
present Chapter; after this demonstration some remarks occur 
of which the substance will now be given.] 

It is worthy of notice, that Jacobi in the 36th volume of 
Crelle's Journal, deduced by the aid of the Calculus of Varia- 
tions the result on which the preceding demonstration of the 
Theory of the* Last Multiplier depends. In fact, he shewed 
that if V denotes any function of 



dz 



dz 



X,, a?„ ... a?., «, ^^, ... ^^^, 



and Fbe transformed by the introduction of a new system of 
independent variables w^, w,, ... tt», then the following rela- 
tion noldsy 



'dV d dV 



dz dx^ n dz 
dx^ 



d dV 
dx^ ^dz 



dx^ 



di^v)_ d_dj^ri 



dz du 



* d 



du. 



• ■ • 



d rf(AF) 
du^ 7 dz 
du^ 



where 



A = 



dx^ 
du^ ' 



dx^ 
du^ ' 



du^ 



dx^ 
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Jacob! applies this result to the transformation of the ex- 
pression 

dW dPV d^V 

dx* dy^ dz* ' 

But neither Jacobi himself, nor any other person, so far as I 
know, has drawn attention to the application of the result 
which I have given here. 

[The substance of the single para^aph relating to the 
second application of the Calculus of Variations will now be 
given.] 

Clebsch has earned the thanks of all who are interested in 
the higher parts of the Theory of Differential Equations, since 
he has performed the same service for Pfaff s problem as 
Jacobi did for the Theory of Partial Differential Equations of 
the first order, and thereby for the equations of Dynamics. 
But while I recognise the great importance of the results, I 
consider it desirable to give a simpler deduction of the system 
of partial differential equations therein involved, and on which 
the other results depend. 
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CHAPTER XXXII. 



THE DIFFERENTIAL EQUATIONS OF DYNAMICS. 



[It will be seen that this is only a fragment of the Chapter 
which was to have appeared under this title.] 

I do not propose in this Chapter to discuss the origin and 
interpretation of the differential equations of motion or to enter 
into those details of their application which are found in all or- 
dinary treatises on Dynamics. But they constitute a system 
analytically so remarkable from the forms in which it is 
capable of being expressed, and from the general methods of 
integration which emerge out of those forms, that they are 
well deserving of a special attention. 

Referred to rectangular co-ordinates the differential equa- 
tions for the motion of a system of points free or connected 
are 

d^z rr ^ d(b dyjr 
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Here m is the mass at the point (a?, y, z), m' that at (x\ y\ «'), 
X, F, Z the resolved forces at (a:, y, z) tending severally to 
increase those co-ordinates, and so on. Lastly 

^ = 0, '^ = 0,.., 

are the equations of condition each of which may involve all 
the co-ordinates, and X, /x... axe indeterminate multipUers. 

The above is usually termed the first Lagrangean form of the 
diflferential equations. In applying it we must either elimi- 
nate \ II... from the given equations, and then by the equa- 
tions of condition just so many of the co-ordinates with their 
differentials, or we must retain \, /i, . . . as variables so conditioned 

that the values of -^ , -A , ... in the system shall satisfy iden- 

d^x d^v 
tically the differential equations involving -^, -7^>»««» de- 
rived from ^ = 0, '^ = 0,... viz. the equations 

de^' de ^'••• 

The first Lagrangean system may by a slight transforma- 
tion be reduced to a form in which all the equations are of 
one type, viz. of the type which they would have if all the 
masses were equal to unity. 

For taking the first equation of the system and dividing 
by m* we may express the result in the form 

d^m^x) X ^ d(f> dyfr 



= — x+X- ;\, +fi 



d^ wS d{m^x) d{m^x)" 

from which we see that if a?, y ... had been taken to represent 
the entire system of co-ordinates taken in any order and mul- 
tiplied each by the square root of the corresponding mass, and 
A, Y... the corresponding resolved forces taken in the same 
order and divided each by the square root of the correspond- 
ing mass, the system of equations would have been 
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all being of one type. In general investigations this form 
is to be preferred. 

From the first Lagran^ean form another known as the 
second Lagrangean, and uom this again a third known as 
the Hamiltonian are derived. The second Lagrangean form 
is properly speaking an expression for the effect of a trans- 
formation of co-ordinates in the most general sense upon the 
original system, i.e. of a transformation which in place of 
Xf y, ... the entire system of given co-ordinates substitutes 
a new system of variables ^, rj^..* the expressions of which as 
functions of a;, y, ... are known. It is not necessary that this 
new system of variables should be co-ordinates in the proper 
sense of that term, determining three by three the positions 
of the several masses; it suffices that they should in their en- 
tirety determine and be determined by the co-ordinates given. 

The second Lagrangean form may be established as 
follows : 

Differentiating the equations ^ = 0, '^= 0,... "with respect to 
any one of the new variables f we have 

d<f) dx d(f> dy _ ^ 
dx d^ dy d^ '*' "" ' 

d^jrdx d^dy _^^ 
dx d^ dy di^'" * 

whence if we multiply the equations of the given system by 
-Tij, ^?,... and add, we have 

d^W^dlW ^dl^ dl"' 



I 
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CHAPTER XXXIII, 



ON THE PEOJECTION OP A SURFACE ON A PLANE. 



[The following memoir was found among Professor Boole's 
manuscripts; a Title and Introductory Remarks were to have 
been prefixed, but with this exception the memoir appears to 
be finished for publication. It is suflSciently connected with 
the subject of Differential Equations to find a place in the 
present volume. 

The memoir by Sir John Herschel to which allusion is 
made is entitled, On a new Projection of the Sphere; this was 
read before the Royal Geographical Society of London on 
the 11th of April, 1859, and was printed as part of the Journal 
of the Society, Vol. xxx. 1860, pages 100... 106. A chart of 
the World on Sir John flerschel's projection has been pub- 
lished by A. and C. Black of Edinburgh. 

The history of the subject will be found in Chapter xxill. 
of the Coup d*€eil historique sur la Projection des Cartes de 
Oiographie.,. Par M. D Ave^ac, Paris, 1863, 

For the materials of this introductory notice I am indebted 
to Sir John Herschel.] 

1. Let a?, y, z be the rectangular co-ordinates of any point 
on the given surface; a?', y* the co-ordinates of the correspond- 
ing point on the plane of projection. Let the equation of the 
given surface be 

or, for simplicity, 
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The condition of projection upon which Sir John Herschers 
investigations are founded, and which we shall adopt here, is 
that of the similarity of corresponding infinitesimal areas on 
the surface and on the plane. The object of the problem then 
in general is the discovery of the mode in which a;', y depend 
upon a:, y, and z in accordance with the above condition; its 
object in any particular case is the determination of a?', )j sjs 
functions of a;, y, z. 

Regarding then x\ y' as ultimately functions of x, y, z we 
have 

y , dx* , . dx* y dx' , 

in which dx, dy, dz are not independent,* but are connected 
by the condition 

-j-(ix + -~ay+-j-azs=0. 
ax dy ^^ dz 

Now for brevity write 

dx' _ dx' _ , tfcj' _ 
dx " ! dy ' dz ^ ^ 

H^a' ^ = J' ^' = c' 
dx ^ dy ^ dz ^ 

dx ^ dy ^ dz'^ ^ 
then 

dx' = adx + ldy -\- cdz (1), 

dy' ^adx + Vdy-{-c'dz (2), 

0=^Adx-{-Bdy+ Cdz (3). 



AET. 1.] OP A SURFACE ON A PLANE. 223 

Now the condition of the similarity of infinitesimal cor- 
responding areas may be resolved into the two following 
conditions, viz.: 

1st. The equality of their corresponding angles. 

2ndly. The proportionality of their corresponding sides. 

And these conditions we shall introduce separately. 

1st. Assuming any point x, y' on the plane of projection, 
let x' alone vary, and the infinitesimal line generated is dxy 
while (since dy' = 0) (2) and (3) become 

adx 4- Vdy 4- cdz = 0, 

Adx + Bdy+Gdz = 0, 

whence, if we write 

L = Bc'-Ch', M=^Ca'-Ac\ N=Ab'-Ba\ 

, dx dy dz , . 

we have l'^M^N (*)' 

so that the direction cosines of the infinitesimal line on the 
surface F corresponding to the line dx' on the plane (a?', y') 
will be 

L M N 

In like manner, if y alone vary, we shall find for the 
direction cosines of the infinitesimal line on the surface F 
which corresponds to dy' on the plane 

r M^ N' 

{L"+M"+N"')i' (L"+M"-\-2r')^' {L'^+M'^+N")^ ''' 

where L'=Sc - Ob, M = Ck-Ac, W ^Ab -Ba. 

By the first of the conditions of similarity the angle be- 
tween these lines on the surface must be a right angle since 
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da! and drj are at right angles. Hence we have, from 
(5) and (6), 

iX' + iOf' + JWV' = (7). 

2ndl7. The ratio of the length of the element <2x' to the 
corresponding element on the surface is 



or, by (1), 

adx + hdy-if cdz 
'j^ + df + dz*' 

and therefore by (4) 

aL + hM + cN 

« 

equating which to the corresponding expression for the ratio 
of the length of dj/ to that of its projection on the su]&ce, 
we hare ' 

aL + bM+ cN a'L' + I'M" + c'lT 



'/L* + JiP + N^ '^L"' + M"' + N'^ 



(8). 



Now if we substitute for L, M, N", L', M', N" their values, 
we shall find 

aL + lM+cN= A {h'c - be') + B {c'a -ca')^-C {ah - ah'), 

dU + VM'->r c'N' = A {he- h'c) +B{ca'- c'a) + G {ah' - a'b), 

and the second members of these equations differ only in sign. 

Thus (8) may be expressed in the form 

U {h'c - be') + B {c'a -ca') + C {ab'-a'b)l 

^ 1(2;' + 2f ' + jv»)* ~ (ii'» + i/" + i^'*)*P ^ ' " ^' 
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But the first factor of the first member of this equation 
being the determinant of the system 

(xdx + bdt/ + cdz = 0, 

adx + i'dy + c'dz = 0, 

Adx + JBdy + Gdz = 0, 

expresses when equated to zero the condition that if in the 
system (1), (2), (3) dy' vanishes dx' shall also vanish; and 
ax and dy being independent, this condition cannot be satis- 
fied, so that (9) reduces to 



= 0, 



whence 

i'^ + JP + JV^-i'-JT-JV'^O (10), 

and this, with (7), will fullj express the conditions of simi- 
larity. 

2. If we multiply (7) by 2 V— 1, and add and subtract 
the result from (10), we obtain the equivalent system 



{L + X V- 1)» + (if' + M'sTTiy +{N' + JV^V-1)' - 0] 



^ V ^ ..(11). 



*+ *, r r-^ dF dx dFdx 

djf da dz dy 



\ay dz dz-dy) 



dF d{x'±yW- 1) dF d{x' ± y V^) 
dy dz dz dy 

aD. E. II. 15 
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Writing then 

X* + y V^r = M, a?' - y V- 1 1= i;, 



we have 



-., J j'—^ ^dF du dF du 

dy dz dz dy^ 

i' _ 7 a/ZT - ^^ _ ^ — 

dy dz dz dy * 



In the same way 



M'^MsT^^ 



dFdu^dFdu 
dz dx dx dz ' 



-kri -kr.i — ;? dF dv dF av 



2r+Nj=i= 



dF du dFdii 
dx dy dy dx^ 



ddj dy dy dx' 



Substituting which in the system (11) there result 



fdFdu^dFduV 
\dy dz dz dy) 



dFduV /dF^ 
dz dy) \dz dx 



.fdFdu 
\dx dy 

'dFdv dFdvV (dF dv 
dz dy) \dz dx 



)■ 

_dFdi^^ 
dy dx) "" 



dFdd 
dx dz 

dF dv, 



a 



ZdFdv^ 
\dy dz 




^....(12), 



,(dFdv 
\dx dy 



dFdvV 
dy dx) 
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to which we may give the somewhat more convenient form 

'dF du dF du dF rfwN" 



\dx dx dy dy dz dz) "" ^ '' 



m<)*mtihi%hm 



_/dFdv dF dti ^^Y^Q /jjN 
\dx dx dy dy dz dz) '**^ 

These are partial differential equations of the first order, 
serving to determine u and v as fimctions of a?, y, z. 

But it is not necessary to solve the equations in their 
general form. For, a?, y, and z being connected by the equa- 
tion of the surface, the above eq^uations may always be so 
reduced as to involve only two mdependent variables. As 
latitude and longitude determine the position of a point on 
the earth, so two co-ordinates of any given species will deter- 
mine the position of a point on the given surface, and these 
co-ordinates, when fixed upon, become the independent varia- 
bles of the problem. 

Let 8 and t represent such co-ordinates, and let their ex- 
pressions in terms of a?, y, z give 

which equations combined with that of the given surface will 
reciprocally determine a;, y, z as functions of s and t Then 
Ist the differential coefficients of F which in the equations 
(I), (II), are functions of a?, y, z may be transformed into func- 
tions of 8 and t ; 2ndly , we have 

du du ds du dt 
dx ds dx dt dx^ 

du du ds du dt 
"I 



dy ds dy dt dy^ 

du __ du ds du dt 
dz ds dz dt dz^ 
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J #7/ 
and as ;7- > ^... are known functions of Xy y, «, they also 

are expressible in terms of s and t. The result of these sub- 
stitutions will then be to convert (I) into a partial differential 
equation in which u is the dependent and a and t the inde- 
pendent variables, and this equation being, like (I), of the 
nrst order and second degree in the differential coefficients of 
w, will be of the form 

For V we shall have an exactly similar equation with the 
same coefficients. 

The above equation is, by the solution of a quadratic, 
resolvable into two equations of the form 

du ^ du du du 

To these correspond the respective auxiliary equations 

dt + \ds==^Oy dt + \ds = (13). 

If the integrals of these are 
respectively, then we have • 

Now V being determinable by an equation of the same 
form as u, it fallows that of the above two values of u one 
must be assigned to v, so that the solution of the problem will 
be contained in the system 

or in the system 

u = <f>{T), v=^yjr{8). 
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The particular forms of the arbitrary functions ^ and -^ 
will depend solely upon the nature of the problem under con- 
sideration. 

One other point remains to be noticed. The first mem- 
bers of (12) are essentially positive, being composed of 
squares ; so are then the first members of (I) , (II) ; and so, 
if the intermediate transformations are real, is the first 
member of the equation whose coefficients are P, Q, R. 
Hence the quadratic determining \j, \ will have imaginary 

roots of the form a±^J—l. Ultimately therefore it will suf- 
fice to integrate one equation of the system (13) and then to 

deduce the solution of the other by changing ^/^ into 

3. Application of the above formulce when the given sur^ 
face is an oblate spheroid, such as the earth. 

Let the plane of the equator be that of projection, the 
centre being the origin. Let the co-ordinates x, y pass 
through the meridians of and of 90® respectively, and z 
through the poles. The equation of the surface will be 

^-¥4-' (»'. 

where a is the earth's equatorial, J its polar radius. Let also 
the latitude of the point a?, y, z be represented by s, the 
longitude by t. We have 

dF_ 2x dF_ 2y dF _ 2« 
dx a* '. dy a" dz 5^' 

and substituting in (I), 

/a^ + y z'\ f/<?«V fduV , fduV 

[-^ + b*) iUJ + \^) + UJ J 






X du y du 
,a' dx a' dy 



1 



230 



ON THE PBOJECTION 



[CH, .x:xxiii. 



or, if we represent 75 hj h* 



^^•-'^-^•Hihi^hit)] 



-{'i-4^0'-' (")• 



Now as ar, y are rectangalar co-ordinates in the plane of 
the equator^ and x passes through the first meridian, we have 

^ = tan t. 

X 

Again, representing in the annexed figure the meridian of 
the point P, or {x, y, z) 
touched by the straight line Q 

QB in the same p lane, we 

have CM^'J a^+y'y MP=z. 

Therefore if 'Jx^-^-^^^r^ the 
equation of the meridian is 

— 4- — = 1 
a 

that of the tangent 

TT ZZ 

a* ^ V ' 

r', z being current rectangular co-ordinates of the tangent. 
Hence 

^ ^ ^ d^z }?z 




But GQR = latitude. Therefore finally 

, < = tan"*^ 



8 = tan 



h^z 



sl^-\'f 



(16), 



and we must now transform (15) so as to make s and t the 
independent variables. 
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From the above equations combined with (14) we find 

« 

__ ah cost _ ah Bint _ atan« . . 

^■"VA^ + tan^' ^"VF+te?1' ^"AVF+te^*"^ ^' 



and substituting in (15), 



sec 



/ du , . du , , rfttV ^ ,,.. 

— fcos«-^ + sm^-T- + tan5-7-j =0 (18). 



Again, 



du ^du ds du dt 
dx ds dx dt dx^ 

du __du da du dt 
dy^ ds dy dt dy^ 

du ^du ds du dt 
dz ds dz dt dz' 

^ & _ — h^zx __ — sing cosg cos t JH 

where H=^ A* + tan*5. In like manner 

ds _ — sin g cos s sin tjH 



dy 


ah 


dsi_ 
dz 


h cos^s JM 
a 


dt _ 


— BintJjU 
ah ' 


dt 
dy" 


COQtjH 

ah ' 


dt _ 
dz" 


• 0. 
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Hence 

du SS I . du . ^ du\ 

-7- = ^^-T- — smtf cos* cos ^ -5 — sm < -t: , 
ax ah \ as dtj 

du JH ( . . ^ e?w . du\ 

dz an \ as] 

Substituting these values in (18), and dividing bj the com- 
mon factor -jTs- we have on reduction 
ah , 

( J)V cos«* {1 + (A« - 1) cos'*}' (§)'= 0, 

which is resolvable into 

-^ - ^/^ COS* {1 + (A*- 1) cos'*} ^ =0, 

J + 7=i:cos*{l + (A«-l)cos»*}-^-0, 

partial differential equations of which the integrals. are in- 
cluded in the common formula 

^^'^ jcoa»{l+(A'-l)cos»«} - 

_ f <fe , /| _ rj\ f C08< (fe 

/" <& /- j,~ f COS s <fe 

~jcos«"^^^ ^^;A»-(A»-1) sin's . 
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sf 6*1:; u . o I smcee"=s — g— 1 



1 — e sin jT 
sins 



(MB ^0% P - 1 aiBB ^ g1 



Hence 



-*h{(iiilH^/'"(i^l)!*'^l- 



or, changing ^ (^) into if> (€% 



-=*i(mi^)'''"(!-l)— }• 

"*{(T^)''»(i-|)'-}- 

Let r and be the polar co-ordinates of that point in the 

Plane of projection which corresponds to the point whose 
ititade and longitude on the surface are s and* t ; and let 



L „ 

1 — e sm s\a 



Vl + esin^y U ar 



then the complete solution assumes the vety simple form 
r^^i^ ^ (i&*«V=i), re-^^/^^-^ (&^*^) (HI). 

Of particular deductions the most interesting is that which 
arises from the supposition that the parallels of latitude are 
projected into cirples round the pole^ This requires thftt r 

B.D.E. IL 16 
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should be hiSependent of -«,' a condition which is" satisfied in 
the most general maiiner bj aitsuming 

we then find 

whence, on multiplicatibn and division, 

whence, A and B being new arbitrary constants derived from 
CandC 

If we observe that ^ and t should vanish together, we have 

B^O, and the equation 0=s±nt shews that the surface of 

the sphere will be pojected into a sector of a circle, the arc 

of which is to the circumference of the circle as n : 1. Thus, 

1 ' '. • ' 

if ^ = T, the sphere is projected upon a quadrant, and so 

• i * • • 

on. 
The other equation gives 

( \4k 2J} yi + e&msj 

If 5 = we find r = Jl, whence A is the distance of the 
equaljor from the pole in the plane of projection, and if that 
distance, which is arbitrary, be assumed as the unit, we have 

— fe sm s\ « 



. lV4 2/) Kl+eamsJ 



for the distance from the pole of that parallel whose latitude 
is s* We may give to this expression a better form by 
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assuming i? = -r + ^, and introducing an auxiliary quantity q 
determined by the equation 

6 cos p = cos J. 
'We have then 

'=K)"(-i)" 

The following table gives the values of r for the sphere and 
for the spheroid whose eccentricity is '08 (which is about that 
of the earth), for each ten degrees of polar distance, for the 

values n = 1, and w = 7 • 



Polar 


n= 


= 1 


n 


1 
"4 


Distance. 










Sphere. 


Spheroid. 


Sphera 


Spheroid. 


W 


•0875 


'0880 


•5439 


•5447 


20^ 


'1763 


•1774 


•6480 


•6490 


SO'^ 


•2679 


•2694 


•7195 


•7205 


40<> 


•3640 


•3668 


•7767 


•7777 


60<» 


•4663 


•4682 


•8264 


•8272 


60^ 


•5774 


•6792 


•8717 


•8724 


TO'^ 


•7002 


•7017 


•9148 


•9153 


80<» 


•8391 


-8400 


'9671 


•9574 


90* 


1-0000 


1-0000 


1-0000 


1-0000 


100» 


1-1918 


1-1904 


1-0448 


1-0445 


110° 


1-4281 


1-4260 


1-0932 


1-0926 


1200 


1-7321 


1-7265 


1-1472 


1-1463 


ISO^* 


2-1445 


2-1357 


1-2101 


1-2089 


1400 


2-7475 


2-7340 


1-2875 


1-2859 


1500 


3-7321 


3-7114 


1-3899 


1-3880 


1600 


5-6713 


5-6372 


1-5432 


1-6409 


1700 


11-4301 


11-3581 


1-8387 


1-8358 



THE END. 
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iEschyluS. — iESCHYLI EUMENIDES. The Greek Text, with 

English Notes and English Verse, Translation, and an Introduction. 

By Bernard Drake, M.A., late Fellow of King's College, 

Cambridge. 8vo. 3^. (>d. 

The Greek text adopted in this EdUion is based upon that of IVellaucr, 

But advantage has been taken of the suggestions of Hermann^ PoUy^ 

Linwoodf and other commentators. In the Translation^ the simple 

character of the j^schylean dialogues has generally enabled the author 

to render them without any material devicdion from the construction and 

idioms of the original Greek. 

•* The Notes are judicious ^ and^ a rare merit in English Notes, not too 
numerous or too long, A most useful feature in the work is the Analysis 
of Mullet's celebrated dissertations.'' "-B^iTisvi Quarterly Review. 

Aristotle. — AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge* 8vo. 13J. 
The author has aimed to illustrate the general bearings and relations 

of the Art of Rhetoric in itself as well as the special mode of treating it 
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adopted by AristotU in his peculiar system. The evidence upon obscure 
or doubtful questions connected with the subject is examined; and 
the relations which Rhetoric bears, in AristotU s view, to the kindred art 
of Logic are considered, A connected Analysis of the treatise is given, 
sometimes in the form of paraphrase ; and a few important matters are 
separately discussed in Appendices. There is added, as a general Appendix, 
by way of specimen of the antagonistic system of Isocrates and others, a 
complete analysis of the treatise called 'Pr^ropi^i) irpbt *AK4^eafipoif, with a 
discussion of its authorship and of the probable results of its teething, 

ARISTOTLE ON FALLACIES ; OR, THE SOPHISTICI 

ELENCHI. With a Translation and Notes by Edward Poste, 

M. A., Fellow of Oriel College, Oxford. 8vo. %s. 6d. 

Besides the doctrine of Fallacies, Aristotle offers, either in this treatise 

or in other pcusages of his works quoted in the eofnmentary, various 

glances over the world of science and opinion, various suggestions or 

problems which are still agitated, and a vivid picture of the ancient system 

of dialectics, ** It is not only scholarlike and careful, it is also 

perspicuous.'*— GuARmkN. ** It is indeed <? wfrk of great skill'* — . 

Saturday Rfyjkw, 

fiiackic— GREfiK AND ENGLISH DIALOGUES FOR USE 
IN SCHOOLS AND COLLEGES. By John Stuart Blackie, 
Professor of Greek in the University of Edinburgh. Fcap. 8vc^. 
7.S, td. 

** Why should the old practice of conversing in Latin and Greek be 
altogether discarded i "—Professor Jowett. 

Professor Blackie has been in the habit, as part of the regular 
training of his class in Edinburgh University, of accustoming the students 
to converse in Greek. This method he hcu found to be eminently 
stucessful as a means of furnishing the students with a copious vocabulary, 
training them to use it promptly, confidently, and with correct articulation, 
and instilling into them an accurate and intelligent knowledge of Greek 
Grammar, which he hopes may aid other teachers in realizing the same 
ends. The present little volume furnishes a series of twenty-five gradu- 
ated dialogues in parallel columns of Greek and English on a great variety 
of interesting subjects. The author has had the advantage of submitting 
his work to the judgment of several scholars of repute, both English and 
Scotch, The Globe says: ^Professor Blackiis systefn is sifisible ; his 
book is likely to be useful to teachers of Greek; and his suggestions 
valuable to the learners of any language,*' 
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Cicero.— THE SECOND PHILIPPIC ORATION. With an 

Introduction and Notes, translated from the German of ^tCARL 

Halm. Edited, with Corrections and Additions, by John E. B. 

Mayor, M.A., Fellow and Classical Lecturer of St. John's 

College, Cambridge. Fourth Edition, revised. Fcap. 8vo. 5^. 

TTtds volume opens with a List of Books useful to the Student of Cicero, 

and some account of various editions, mostly German, of the works of 

Cicero. The Introduction is based on Halm* The English editor has 

further illustrated the work dy additions drawn, for, the most part^ 

{\) from the ancient authorities; (2) from his own privcUe marginal 

references, and from collections; {Z) from the notes of previous com^ 

mentators. A copious * argument is also given, " On the whole we 

have rarely met with an edition of a classical author which so thoroughly 

fulfils the requirements of a good school-book.^* — EDUCATIONAL Times. 

" A valuable edition," says the AXHENiEUM. 

THE ORATIONS OF CICERO AGAINST CATILINA. With 
Notes and an Introduction. Translated from the Germto of EIarl 
Halm, with many additions by A. S. WiLKiNS, M.A. Professor 
of Latin in Owens College, Manchester. New Edition. Fcap. 8vo. 
3J. 6d. 

The historical introduction of Mr, Wilkins brings together all the 
details which are known respecting Catiline and his relations with 
the great orator. A list of passages where conjectures have been 
admitted into the text, and .'also of all variations from tJie text of 
Kayser (1862), is added at the end. Finally, the English editor has 
subjoined a large number of notes, both original and selected, from 
Curtius, Schleischer, Corssen, and other well-known critics, an analysis 
of the orations, and an index, 

Demosthenes. — DEMOSTHENES ON THE CROWN. The 
Greek Text with English Notes. By B. Drake, M.A., late Fellow 
of King's College, Cambridge. Fifth Edition, to which is 
prefixed iESCHINES AGAINST CTESIPHON, with English 
Notes. Fcap. 8vo. 5^. 

An Introduction discusses the immediate causes of the two orations^ and 
their general character. The Notes contain frequent references to the best 
authorities. Among the appendices at the end is a chronological table of 
the life and public career of ^schines and Demosthenes, ** A neat and 
useful edition^' — ATHENAEUM. 
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Greenwood.— THE elements of greek grammar, 

i^pluding Accidence, Irregular Verbs, and Principles of Derivation 
and Composition ; adapted to the System of Crude Forms. By 
J.G.Greenwood, Principal of Owens College, Manchester. Fourth 
Edition. Crown 8vo. 5^. (yd. 

This Grammar is intended to do for Greek what the Grammars of Key 
and others have done for Latin. Until this work was published, no Greek 
Grammar had appeared based on the system of crude forms, though the 
system is perhaps still better adapted to Greek than to Latin, 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3 J. 
The late Provost of Eton has here supplied a help to the composition of 

iMtin Verse^, combined with a brief introduction to Classical Mythology. 

In this new edition a few mistakes have been rectified; rules have been 

etdded to the Prosody ; and a more uniform system has been adopted with 

regard to the help afforded. 

Homer's Odyssey. — the" narrative of odysseus. 

With a Commentary by John E. B. Mayor, M. A., Kennedy Pro- 
fessor of Latin at Cambridge. Part I. Book IX. — XII. Fcap. 8vo. 

Horace.— THE WORKS OF HORACE, rendered into English 
Prose, with Introductions, Running Analysis, and Notes, by 
James Lonsdale, M.A., and Samuel Lee, M.A. Globe 8vo. 
3^. dd, ; gilt edges, 4^. dd. 
** The main merits of this version are its persistent fidelity to the sejtse 
and spirit of the Latin^ the beauty of its form of presentation, its freedom, 
and its force. To the schoolboy it will be available as a help, because it is, 
beyond all comparison, the most accurate and trustworthy of all transla- 
tions,^^ — English Churchman. 

Juvenal.— THIRTEEN SATIRES OF JUVENAL. With a 
Commentary. By John E. B. Mayor, M. A., Kennedy Professor 
of Latin at Cambridge. Second Edition, enlarged. Vol. I. Crown 
8vo. yj. dd. Or Parts'!, and II. Crown 8vo. y, 6^'Veach. 
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Besides the author's own, there are various other notes, for which 
the author is indebted to Professors Munro and Conington, All the 
citations have beeH taken anew from the original authors, * * A painstaking 
and critical edition" — SPECTATOR. ** For really ripe scholarships 
extensive acquaintance with Latin literature, and familiar knowledge 
of continental criticism, ancient and modern, it is unsurpassed among 
En^ish editions" — EDINBURGH Review. 

Marshall. — a table of irregular greek verbs, 

classified according to the arrangement of Curtius' Greek Grammar. 
By J. M. Marshall, M. A., Fellow and late Lecturer of Brasenose 
College, Oxford ; one of the Masters m Clifton College. 8vo. 
cloth. New Edition. \s, 

77u system of this table hcts been borrowed from the excellent Greek 
Grammar of Dr, Curtius, 

Mayor (John E. B,)— FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by John 
E. B. Mayor, M.A., Fellow and Classical Lecturer of St. John's 
College, Cambridge. Third Edition, revised. Fcap. 8vo. 4^. 6d, 

A selection of short passages, serving to illustrate especially the Greek 
Accidence, A good deed of syntcuc is incidentcdly taught, and Madvigand 
other books are cited, for the use of mcuters : but no learner is expected to 
know more of syntax than is contained in the Notes and Vocabulary, 
A prrface *' To the Reader^ not only explains the aim and method of 
the volume, but also deals with classical instruction generally. The 
extracts are uniformly in the Attic dialect. This book may be used in 
connection with Mayor's ^^ Greek for Beginners," *^ After a careful 
examination we are inclined to consider this volume unrivalled in the 
hold which its pithy sentences are likely to take on the memory, and 
for the amount of true scholarship embodied in the annotations." — 
Educational Times. 

Mayor (Joseph B.)— GREEK FOR BEGINNERS. By the 
Rev. J. B. Mayor, M.A., Professor of Classical Literature in 
King's College, London. Part I., with Vocabulary, \s. 6d, Parts 
II. and III., with Vocabulary and Index, 3^. 6d., complete in one 
vol. Fourth Edition. Fcap. 8vo. cloth, 4^. 6d, 

The disHtutive method of this book consists in building up a boy*s 
knowledge of Greek upon the foundation of his knowledge of English and 



EDUCATIONAL BOOKS. 



Latin^ instead of trusting everything to the unassisted memory, Greek 
words have been used in the earlier part of the book except such as have 
'connections either in English or Latin, Each step leads naturctlly on 
to its successor ; grammatical forms and rules are at once applied 
in a series of gradueded exercises^ accompanied by ample vocabularies. 
Thus the book serves as Grammar^ Exercise book, and Vocabulary. The 
ordinary ten declensions are reduced to three, which correspond to the 
first three in Latin ; and the system of steins is adopted, A general 
Vocabulary, and Index of Greek words, completes the work, " We know 
of no book of the same scope so complete in itself or so well calculated to 
make the study of Greek interesting at the very commencement J*^ — • 
Standard. 

Peile (John, M.A.) — AN INTRODUCTION TO GREEK 

AND LATIN ETYMOLOGY. By John Peile, M.A., FeUow 

and Assistant Tutor of Christ's College, Cambridge, formerly 

Teacher of Sanskrit in the University of Cambridge. I>rew and 

Revised Edition. Crown 8vo. los. 6d, 

These Philological Lectures are the result of Notes made during the 

author's reading far several years. These Notes were put into the shape of 

Lectures, delivered at Christ's College, as one set in the ^^ Intercollegiate*^ 

list. They are now printed with some additions and modifications. 

* * The book may be {u:cepted as a very valuable contribution to the science 

of language.'^ — Saturday Review. 

Plato.— THE REPUBLIC OF PLATO. Translated into English, 

with an Analysis and Notes, by J. Ll. Davies, M.A.,and D.J. 

Vaughan, M.A. Third Edition, with Vignette Portraits of Plato 

and Socrates, engraved by Jeens from an Antique Gem. iSmo. 

4J. 6d. 

An introductory notice supplies some account of the life of PlcUo, and 

the translation is preceded by an elaborate analysis. ** The translators 

have,^' in the judgment of the Saturday Review, '^produced a book 

which any reader, whether acquainted with the original or not, can peruse 

with pleasure as well as profit. ** 

Plautus (Ramsay).— THE mostellaria of plau- 

TUS. With Notes Critical and Explanatory, Prolegomena, and 
Excursus. By William Ramsay, M.A., formerly Professor of 
Humanity in the University of Glasgow. Edited by Professor 
George G. Ramsay, M.A., of the University of Glasgow. 
8vo. 14^". 
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" The p^its of thai exhaustive research and that ripe and well'digested 
scholarship which its author brought to bear upon everything that he 
undertook are visible throughout. It is furnished with a complete 
apparatus of prolegomena^ notes ^ and excursus; and for the use of veteran 
scholars it probably leaves nothing to be desired" — Pall Mall Gazette. 

Potts (Alex. 'W., M.A.)— HINTS TOWARDS LATIN 
PROSE COMPOSITION. By Alex. W. Potts, M.A., late 
Fellow of St. John's College, Cambridge ; Assistant Master in 
Rugby School ; and Head Master of the Fettes College, Edinburgh, 
Third Edition, enlarged. Extra fcap. 8vo. cloth. %5, 

An attempt is here made to give students ^ after they have mastered 
ordinary syntacticed rules, some idea of the characteristics of Latin Frost 
and th^ means to be employed to reproduce them. Some notion of the 
treatment of the subject may be gathered from the * Contents.^ Chap. I. — 
Characteristics of Classical Latin, Hints on turning English into Latin ; 
Chap. II. — Arrangement of Words in a Sentence; Chap. III. — Unity 
in Latin Prose, Subject and Object ; Chap. IV. — On the Period in 
Latin Prose ; Chap. V. — On the position of the Relative and Relative 
Clauses, The Globe i^/iaracterises it as ** an admirable little book which 
teachers of Latin will find of very great service. " 

Roby.— A GRAMMAR OF THE LATIN LANGUAGE, from 
Plautus to Suetonius. By H. J. Roby, M.A., late Fellow of St. 
John's College, Cambridge. Part I. containing : — Book I. Sounds. 
Book II. Inflexions. Book III. Word-formation. Appendices. 
Second Edition. Crown 8vo. %s, 6d. 

This work is the result of an independent and careful study of the 
writers of the strictly classical period, the period embraced between the 
time of Plautus and that of Siutonius, The author's aim has been to give 
the facts of th'. language in as few words as possible. This is a Grammar 
strictly of the Latin language ; not a Universal Grammar illustrate from 
Latin, nor the Latin section of a Comparative Grammar of the IndO' 
European languages, nor a Grammar of the group of Italian dialects, of 
which Latin is one. It will be found that the arrangement of the book and 
the treatment of the various divisions differ in many respects from those of 
previous grammars. Mr. Roby has given special prominence to the treatment 
of Sounds and PVord formation ; and in the First Book he has done much 
towards settling a discussion which is at present largely engaging the 
attention of scholars, viz. , the pronunciation of the classical languages. 
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** The book is marked by the clear and practised insight of a master tn his 
art. It is a book tJiat would do honour to any country ^ — ATHENi£UM. 

Rust.— FIRST STEPS TO LATIN PROSE COMPOSITION. 

By the Rev. George Rust, M.A. of Pembroke College, Oxford, 

Master of the Lower School, King's College, London. New 

Edition. i8mo. is, 6d, 

This little work consists of carefully graduated vocabularies and 

exercises^ so arranged as gradually to familiarise the pupil with the 

elements of Latin Prose Composition^ and fit him to commence a more 

advanced work, 

Sallust.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. By C. 
Merivale, B.D. (In the present Edition the Notes have been 
carefully revised, and a few remarks and explanations added.) 
New Edition. Fcap. 8vo. 4J. 6</, 

This edition of Sallust^ prepared by the distinguished historian of Rome^ 
contains an Introduction^ concerning the life and works of Sallust, lists 
of the Consuls, and elaborate Notes, ** A very good edition, to which the 
Editor has not only brought scholarship but independent judgment and 
historical criticism." — Spectator. 

The JUGURTHA and the CATILINA may be had separately, price 
2s, 6d. each. 

Tacitus, — THE HISTORY OF TACITUS TRANSLATED 
INTO ENGLISH. By A. J. Church, M.A., and W. J. 
Brodribb, M.A. With Notes and a Map. New and Cheaper 
Edition. Crown 8vo. 6s. 
The translators have endeavoured to adhere as closely to the original as 
was thought consistent with a proper observance of English idiom. At 
the same time, it has been their aim to reproduce the precise expressions of 
the author. The campaign of Cvuilis is elucidated in a note of some lengthy 
which is illustrated by a map, containing the names of places and of tribes 
occurring in the work. There is also a complete account of the Roman army 
as it was constituted in the time of Tacitus. This work is characterised 
by the Spectator oj ** « scholarly and faithful translation.^^ 

THE AGRICOLA AND GERMANIA OF TACITUS. A Revised 
Text, English Notes, and Maps. By A. J. Church, M.A., 
and W. J. Brodribb, M.A. New Edition. Fcap. 8vo. 3j. 6d, 
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Tacitus — continued. 
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We have endeavoured^ with the aid of recent editions^ thoroughly to 
elucidate the text^ explaining thf various difficulties^ critical and gramma^ 
iical, which occur to the student. We have consulted throughout^ besides 
the older commentators^ the editions of Ritter and Orelli^ but we are 
under special obligations to the labours of the recent German editors^ Wex 
and Krits" Two Indexes are appended^ (i) of Proper Namesy (2) oj 
Words and Phrcues explained, ** A model of careful editing," says the 
ATHENiGUM, " being at once compact, complete, and correct, as wdl as 
neatly printed and elegant in style," 

THE AGRICOLA and GERMANIA may be had separately, price 
2s. each. 

THE AGRICOLA AND GERMANIA. Translated into English 
by A. J. Church, M.A., and W. J. Brodribb, M.A. "With 
Maps and Notes. Extra fcap. 8vo. 2s, 6d, 

The translators have sought to produce such a version as may satisfy 
scholars who demand a faithfUl rendering of the original, and English 
readers who are offended by the baldness and frigidity which commonly 
disfigure translations. The treatises are accompanied by Introductions, 
Notes, Maps, and a chronological Summary. The ATHENiEUM says of 
this work that it is** a version at once readable and exact, which may be 
perused with pleasure by all, and consulted with advantage by the classical 
student," 

Theophrastus. — THE characters of theo- 

PHRASTUS. An English Translation from a Revised Text. 
With Introduction and Notes. By R. C. Jebb, M.A., Public 
Orator in the University of Cambridge. Extra fcap, 8vo. 6s, 6d. 

The first object of this book is to make these lively pictures of old Greek 
manners better known to English readers. But as the Editor and Trans- 
lator has been at considerable pains to procure a trustworthy text, and 
has recorded the results of his critical labours in an Introduction, Notes, 
and Appendices, it is hoped that the work ivUl prove of value even to 
the scholar, ** We must not omit to give due honour to Mr, Jebb^s trans^ 
lation, which is as good cts translation can be , , . . Not less commendable 
are the execution of the Notes and the critical handling of the Text," — 
Spectator. The Saturday Review speaks 0; it as **a very handy 
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and scholarly edition of a work which till now has been beset with 
hindrances and difficulties^ but which Mr, Jebb^s critical skill and 
judgment have at length placed within the grasp and comprehension of 
ordinary readers.** 

Thring. — Works by the Rev. E. THRING, M.A., Head Master 
of Uppingham SchooL 

A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. New Edition, enlarged, with Coloured Sentence Maps. 
Pcap. 8vo. 2s. 6d. 
The Head Master of Uppingham has here sought to supply by ecuy steps 
a knowlidge of grammar, combined with a good Vocabulary, Passages 
have been selected from the best Latin authors in prose and verse. These 
passages are gradually built up in their grammatical structure, and 
finaUy printed in full. A short practical manual of common mood con^ 
struciions, with their English equivalents, forms a second part. To the 
New Edition a circle of grammatical Constructions with a Glossary has 
been added ; as also some coloured Sentence Maps, by means of which the 
different parts of a sentence can easily be distinguished, and the practice of 
dissecting phrases carried out with the greatest benefit to the student. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap.Svo. \s. ed. 

Treats of the ordinary mood constructions, as found in the Latin, Greek, 
and English languages. The Educational Times thinks it **very 
well suited to young students. " 

A CONSTRUING BOOK. Fcap. 8vo. 2s. Sd. 

Thucydides.— THE SICILIAN EXPEDITION. Bemg Books 

VI. and VII. of Thucydides, with Notes. A New Edition, revised 

and enlarged, with a Map. By the Rev. Percival Frost, M. A., 

late Fellow of St. John's College, Cambridge. Fcap. 8vo. ^s. 

This edition is mainly a grammatical one. Attention is called to the 

force of compound verbs, and the exaxt meaning of the various tenses 

employed, ** The notes are excellent of their kind. Mr. Frost seldom 

passes over a difficulty, and what he says is always to the point, " — 

Educational Times. 

Virgil.— THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running Analysis, 
and an Index, by James Lonsdale, M.A. and Samuel Lee, 
M.A. Second Edition. Globe 8vo. 35-. 6rf. ; gilt edges, 4J. t'jt. 
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The original has been faithfully rettderedy and paraphrase altogether 
avoided. At the same time, the translators have endeavoured to adapt 
the book to the use of the English render. Some amount of rhythm in 
the structure of the stntence has been generally maintained; and, when in 
the Latin the sound of the words is an echo to the sense {as so frequently 
happens in Virgil), an attempt has been made to produce the same result 
in English, The general introduction contains whatever is known of 
the poefs life, an estimate of his genitis, an account of the principal 
editions and translations of his works, and a brief view of the influence 
he has had on modern poets ; special introductory essays are prefixid 
to the *' Eclogues, " ' * Georgics, " and * 'Mneid. " The text is divided into 
sections, each of which is headed by a concise analysis of the subject; 
the Index contains references to all the characters and events of any 
importance, " A more complete edition of Virgil in English it is scarcely 
possible to conceive than the scholarly work before us.^^ — Globe. 

Wright. — Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School 

HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 
related by Diodorus and Thucydides ; being a First Greek Reading 
Book, with explanatory Notes, Critical and Historical. Third 
Edition, with a Vocabulary. i2mo. 3^. 6d, 

In the last twenty chapters of this volume, Thucydides sketches the rise 
and progress of the Athenian Empire in so clear a style and in such simple 
language, that the editor hcu doubts whether any easier or more instruc- 
tive passages can be selected for the use of the pupil who is commencing 
Greek, This book includes a chronological table of the events recorded. 
The Guardian speaks of the work as *^a ^oodplan well executed,^'* 

A HELP TO LATIN GRAMMAR ; or. The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8vo. 4?. 6^. 

This book is not intended as a rival to any of the excellent Grammars 
now in use ; but as a help to enable the beginner to understand them, 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by the omission of Difficult Passages ; 
being a First Latin Reading Book, with Grammatical Notes. 
Fifth Edition. Fcap. 8vo. y. With Vocabulary, 3^. ()d. 
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Wright — tontinued. 

This work is intended to supply the pupil with an easy construing book, 
which may at the same time be mcuie the vehicle for instructing him in the 
rules of grammar and principles of composition. The notes profess to 
teach what is commonly taught in grammars. It is conceived that the 
pupil will learn the rules of construction of the language much tnori 
ecLsily from separate examples^ which are pointed out to him in the course 
of his readings and which he may himself set down in his note-book after 
some scheme of his own, than from a heap of quotations amassed for him 
by others. " The Notes are abundant^ explicit^ andfull of such grammatical 
and other information as boys required — ATHENiEUM. ** This is ^ 
really*^ the Morning Post says^ **whcU its title imports ^ and we 
bdieve that its general introduction into Grammar Schools would not 
only fctcilitate the progress of the boys beginning to learn Latin, but 
also rdieve the Masters from a very considerable amount of irksome labour 
. , , , a realty valuable addition to our school libraries. " 

FIRST LATIN STEPS; OR, AN INTRODUCTION BY A 
SERIES OF EXAMPLES TO THE STUDY OF THE 
LATIN LANGUAGE. Crown 8vo. 5^. 

The following points in the plan of the work may be noted: — i. 
The pupil has to deal with only one construction at a time, 2. This 
construction is made clear to him by an accumidcUion of instances. 
3. As all the constructions are classified as they occur, the construction 
in each sentence can be easily referred to its class. 4. As the author 
thinks the pupil ought to be thoroughly familiarizedy by a repetition 
of instances, with a construction in a fiyreign language, before he at- 
tempts himself to render it in thai language, the present volume contains 
only Latin sentences, 5. The author has added to the Rules on Prosody 
in the last chapter, a few familiar lines from Ovid^s Fasti by way 
of illustration. In a brief Introduction the author states the rationale 
of the principal points of Latin Grammar. Copious Notes are appended, 
to which reference is made in the text, Irom the clear and rational 
method adopted in the cnrangement of this elementary work, from the 
simple way in which the various rules are conveyed, and from the abun- 
dance of examples given, both teachers and pupils will find it a valuable 
help to the learning of Latin, 
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CLASSIC VERSIONS OF ENGLISH EOOKS 

AND LATIN HYMNS. 

• 

The following works are, as the heading indicates, classic 
renderings of English Books. For scholars^ and parti- 
cularly for writers of Latin Verse, the series has a special 
value. The Hymni Ecclesiae are here inserted, as partly 
falling under the same class. 

Church (A. J., A.M.)— HOR.E TENNYSONIAN^, sive 
Eclogae e Tennysono. Latine redditae. Cura A. J. Churck, 
A.M. Extra fcap. 8vo. 6j. 

Latin versions of Selections from Tennyson. Among the authors are 
the Editor, the late Professor Conington, Professor Seeley, Dr, Hessey, 
Mr, Kebbely and other gentlemen, 

Latham.— SERTUM SHAKSPERIANUM, Subnexis aliquot 
aliunde excerptis floribus. Latine reddidit Rev. H. Latham, M. A. 
Extra fcap. 8vo. 5J. 

Besides versions of Shakespeare this volume contains, among other pieces. 
Grays "Elegy" CampbelVs '' Hohenlinden" Wolf ^ s '* Burial of Sir 
John Moore" and selections from Cowper and "George Herbert. 

Lryttelton.— THE COMUS OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extrafcap. 8vo. 5^. 

THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. 6s. 6d. 
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Merivale.— KEATS' Hyperion, rendered into Latin Verse. 
By C. Merivale, B.D. Second Edit. Extra fcap. 8vo. 3;. 6</. 

Newman. — HYMNI ECCLESI^E. Edited by the Rev. Dr. 
Newman. Extra fcap. 8vo. ^s. 6d. 

■ 

Hymns of the Mediaval Church. The first Part contains selections 
from the Parisian Breviavy ; the second from those of Rome, Salisbury ^ 
and York, 

Trench (Archbishop). — sacred latin poetry, 

chiefly Lyrical, selected and arranged fbr Use ; with Notes and 
Introduction. Fcap. 8vo. yj. 

In this work the editor has selected hymns of a catholic religious 
sentiment that are common to Christendom^ while rejecting those of a 
distinctively Romish character. 
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Airy. — Works by SiR G. B. AIRY, K.C.B., Astronomer Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vOk cloth. 5j. 6</. 

Jt is Iwped thxtt the methods of solution here explained^ and the instances 
exhibited J will be found sufficient for application to nearly all the important 
problems of Physical Science, which require for their complete investigation 
the aid of Partial Differential Equations, 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth. 6j. 6^. 

In order to spare astronomers arid observers in natural philosophy the 
confusion and loss of time which are produced by referring to the ordinary 
treatises embracing both branches op probabilities (the firsl relating to 
chances which can be altered only by the changes of entire units or in- 
tegral multiples of units in the fundamental conditions of the problem ; 
the other concerning those chances which have respect to insensible grada- 
tions in the value of the element measured), the present tract has been drawn 
up^ It relates only to errors of observation, a?id to the rules, derivable 
from the consideration of these errors, for the combination of the results 
of observations. 
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Airy (G. B.) — continued, 

UNDULATORY THEORY OF OPTICS. Designed for the Use of 
Students in the University. New Edition. Crown 8vo. cloth, 
df. td. 

The undulatory theory of optics is presented to the reader as having the 
same claims to his attention as the theory of gravitation : namely^ that it is 
certainly true, and that^ T>y mathematical operations of general elegance, it 
leads to results of great interest. This theory explains with accuracy a 
vast variety of phenomena of the most complicated kind. The plan of this 
tract has been to include those phenomena only which admit of calculation, 
and the investigations are applied only to phenomena which actually have 
been observed. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music. Designed for the Use of Students 
of the University. Second Edition, Revised and Enlarged. 
Crown 8vo. qj*. 

This volume consists of sections, which again are divided into numbered 
articles, on the following topics: — General recognition of the air as the 
medium which conveys sound; Properties of the air on which t/ie forma- 
tion and transmission of sound depend ; Theory of undulations as applied 
to sound, &'c. ; Investigation of the motion of a wave of air through the 
atmosphere ; Transmission of waves of soniferous vibrations through dif- 
ferent gases, solids, and fluids ; Experiments on the velocity of sounds 
<Sr»^. ; On musical sounds, and the manner of producing them, ; On the 
elements of musical harmony and melody, and of simple musical composi- 
tion ; On instrumental music ; On the human organs of speech and 
hearinZ' 
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A TREATISE OF MAGNETISM. Designed for the use of 
Students in the University. Crown 8vo. gj. 6d, 

As the laws of Magnetic Force have been experimentally examined with 
philosophical accuracy, only in its connection with iron and steel, and in 
the influences excited by the earth as a whole, the ctccurate portions of this 
work are confined to the investigations connected with these metals and the 
earth. The latter part of the work, however, treats in a more general way 
of the laws of the connection between Magnetism on the other hand and Gal- 
vanism and Thermo-electricity on the other. The work is divided into 
Twelve Sections, and each section into numbered articles, each of which 
states concisely the subject of the following paragraphs. 
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Airy (Osmund).— a TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters io 
Wellington College. Extra fcap. 8vo. 3J. 6^. 

** This is, I imagine, the first time that any attempt has been made to 
adapt the subject of Geometrical Optics to the reculing of the higher 
classes in our good schools. ThcU this should be so is the more a matter 
far remark, since the subject would appear to be peculiarly fitted for such 

an adaptation / have endeavoured, cu much as possible, to avoid 

the example of those popular lecturers who explain difficulties by ignoring 
them. But as the nature of my design necessitated brevity, I have omitted 
entirely one or two portions of the subject which I considered unnecessary 
to a clear understanding of the rest, and which appear to me better learnt 
at a more advanced stage" — ^Author's Preface. ** This book," the 
ATHENiEUM says, ** is carejully and lucidly written, and rendered as 
simple as possible by the use in all cases of the most dementary form of 
investigoMon, " 

Bayma.— THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy. 
Stonyhurst College. Demy 8vo. cloth. loj. 6</. 

Of the Twdve Books into which the present trecUise is divided, the first 
and second give the demonstration of the principles which bear directly on 
the constitution and the properties of mutter. The next three books contain 
a series of theorems and of problems on the laws of motion of elementary 
substances. In the sixth and seventh, the mechanical constitution of mole- 
cules is investigated and determined : and by it the general properties of 
bodies are explained. The eighth book treats of luminiferous ather. The 
ninth explains some special properties of bodies. The tenth and eleventh 
contain a rcuiical and lengthy investigcttion of chemiccU principles and 
relations, which may lecul to practical results of high importance. The 
twelfth and last book treats of molecular mcuses, distances, and powers. 

Beasley.— AN elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beasley,. 
M.A., Head Master of Grantham Grammar School. Fourth 
Edition, revised and enlarged. Crown 8vo. cloth. 3^. 6d. 

This treatise is specially intended for use in schools. The choice of matter 
has been chiefly guided by the requirements of the three days* examination 
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at Cambridge, About Jour hundred examples were added to the second 
edition f mainly collected from the Examination Papers of the last ten 
years. In this edition several new articles have been addedy the examples 
have been largely increased ^ and a series of Examination Papers appended. 

Blackburn (Hugh). — elements of plane 

TRIGONOMETRY, for the use of the Junior Class of Mathematics 
in the University of Glasgow. By Hugh Blackburn, M.A., 
Professor of Mathematics in the University of Glasgow. Globe 
8vo. IS. 6d. 

The author having felt the want of a short treatise to be used as a 
Text-Book after the Sixth Book oj Euclid had been learfied and some 
knowledge of Algebra acquired^ which should contain satisfactory de- 
monstrations of the propositions to be used in teaching yunior Students 
the solution of Triangles^ and should at the same time lay a solid 
foundation for the study of Analytical Trigonometry y thinking that 
ot/iers may have felt the same want^ has attempted to supply it by the 
publication of this little work, 

Boole.— Works by G. BOOLE, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. ToDHyNTER. Crown 8vo. doth. 
I4r. 

Professor Boole has endea^foured in this treatise to convey as complete an 
account of the present state of knowledge on the subject of Differential Equa^ 
tions cu was consistant with the idea of a work intended^ primarily y for 
elementary instruction. The earlier sections of each chapter contain that 
kind of maiter which has usually been thought suitable for the beginner^ 
while the latter ones are devoted either to an account of recent discovery, or 
the discussion of suck deeper questions of princip>le as are likely to present 
themselves to the reflective student in connection with' the methods and 
processes of his previous course. " A treatise incomparably superior to 
any other elementary book on the same subject with which we are 
acquainted''^ — PHILOSOPHICAL MAGAZINE. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhunter. Crown 8to. cloth. 
. 8j. 6</. 



MATHEMATICS. 19 



Boole — continued, 

Tliis volume contains all that Professor BooU wrote for the purpose of 
enlarging his treatise on Differential Equations, 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
cloth, los, 6d. New Edition, revised by J, F. Moulton. 

In this exposition oj the Calculus of Finite Differences^ particular 
attention has been paid to the connection of its methods with those of the 
Differential Calculus — a connection which in some instances involves far 
mare than a merely formal ancUogy, The work is in some measure 
designed as a sequel to Professor BooUs Treatise on Differential Equa- 
tions. " As an original book by one oJ the first mathematicians of the 
age, it is out of all comparison with the mere second-hand compilations 
which have hitherto been alone accessible to the student" — Philosophical 
Magazine. 

Brook -Smith (J.)— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Bi^ook-Smith, M.A., LL.B., St. John's 
College, Cambridge; Barrister-at-Law ; one of the Masters of 
Cheltenham College. Complete, Crown 8vo. 4^. 6d, Part I. 
3^. (>d. 

Writers on Arithmetic at the present day feel the necessity of explaining the 
principles on which the rules of the subject are based ^ but few as yet feel the 
necessity of making these explanations strict and complete. If the science 
of Arithmetic is to be made an effective instrument in developing cmd 
strengthening the mental powers , it ought to be worked out rationally and 
conclusively ; and in this work the author has endeavoured to reason out 
in a clear and accurate manner the leading propositions of the science, and 
to illustrate and apply those propositions in practice. In the practical 
part of the subject he has advanced somewhat beyond the majority of 
preceding writers; particularly in Division, in Greatest Common 
Measure, in Cube Root, in the Chapters on Decimal Money and the 
Metric Sysietn, and tnore especially in the application of Decimals to 
Percentages and cognate subjects. Copious examples, original and selected, 
are given, ** This strikes us as a valuable Manual of Arithmetic of the 
Scientific kind. Indeed, this really appears to us the best we have seen.^^ 
— Literary Churchman. " This is an essentially practical book^ 
providing very dffimtc help to candidates for almost every kind of com- 
petitwc cxaminu::i^n."—}iRlTlSK QUARTERLY. 
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Cambridge Senate-House Problems and Riders, 

WITH SOLUTIONS j— 

1848-1851.— PROBLEMS. By Ferrers and Jackson. 8vo. 

cloth. 15^. 6</. 
1848-1851.— RIDERS. By Jameson. 8vo. doth. 7^.6^. 
1854. — PROBLEMS AND RIDERS. By Walton and 

Mackenzie. 8vo. doth. lor. 6^. 
1857. — PROBLEMS AND RIDERS. By Campion and 

Walton. 8vo. doth. 8j. 6</. 
i86a— PROBLEMS AND RIDERS. By Watson and Routh. 

Crown 8vo. doth. 7j. 6</. 
1864.— PROBLEMS AND RIDERS. By Walton and WiL- 

KiNSON. 8vo. doth. loj. (id. 

These volumes will be found of great value to Teachers and Students^ as 
iftdicaHng the style and range of mathematical study in the University of 
Ccunbridge, 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B. A. Originally compQed by 
J. C. Snowball, M.A., late Fellow of St John's College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by Thomas Lund, B.D., Late Fellow and 
Lecturer of St John's College, Editor of Wood's Algebra, &c. 
Crown 8vo. doth. 5^. 

This work will be found adapted to the wants ^ not only of University 
Students^ but also of many others who require a short course of Mechanics 
and Hydrostatics^ and especially of the candidates ctt our Middle Class 
Examinations, At the end of ecuh chapter a series of easy questions is 
added for the exercise of the student, 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. doth. 7/. 4?. 

Only a few copies remain on hand. Among Contributors to this 
work will be found Sir W, Thomson^ Stokes y Adams^ BoolCy Sir W, R, 
Hamilton^ De Morgan^ Cayley^ Sylvester^ Jellett, and other distinguished 
mathematicians, 

Candler.— HELP TO arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Master of 
Uppingham School. Extra fcap. 8yo. 2s, 6d. 
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T%ts work is intended as a companion to any text- book that may be 
tn use, ** The main difficulties which boys experience in the different 
rules are skilfully dealt with and removed,** — Museum. 

CheynC— Works by C. H. H. CHEYNE, M.A., F.R.A.S. 

AN ELEMENTARY TREATISE ON THE PLANETARY 
THEORY. With a CoUection of Problems. Second Edition. 
Crown Svo. doth, dr, 6d, 

In this volume an attempt has been made to produce a treatise on the 
Planetary theory^ which, being elementary in character, should be so far 
complete as to contain all that is usually required by students in the 
University of Cambridge, In the New Edition the work has been carefully 
revised. The stability of the Planetary System has been more fully treated, 
and an elegant ^metrical explanation of the formula for the secular 
variation of the node and inclination has been introduced, 

THE EARTH'S MOTION OF ROTATION. Crown Svo. 
y, 6d, 

The first part of this work consists of an application of the method of the 
variation of elements to the general problem of rotation. In the second 
part the general rotcUion formula are applied to the particular case of 
the earth, 

Childe. — THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F. Childe, M. A., Author of 
*« Ray Surfaces," " Related Caustics," &c. Svo. lOf. dd. 

The object of this volume is to develop peculiarities in the Ellipsoid; 
and, further, to estahlish analogous properties in the unlimited congeneric 
series of which this remarkable surface is a constituent, 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS j 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Maste* at the 
Royal Military Academy, Woolwich. Crown Svo. cloth. Sj. 6d, 

This series of Mathematical Exercises is collected from those which the 
author has, from time to time, proposed for solution by his pupils during 
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a long career at the Royal Military Academy, A studettt who finds 
thai he is able to solve the larger portion of these Exercises^ may consider 
that he is thoroughly well grounded in the elementary principles of pure 
and mixed Mathematics, 

Dalton.— ARITHMETICAL EXAMPLES, Progressively 
arranged, with Exercises and Examination Papers. By the Rev. 
T. Dalton, M.A., Assistant Master of Eton College. New 
Edition. l8mo. cloth. 2^". 6d, Answers to the Examples are 
appended. 

Day. — PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part L, THE ELLIPSE, with 
Problems. By the Rev. H. G. Bay, M.A., Head Master of 
Sedburgh Grammar School Crown Sva 3^. 6^. 

The object of this book is the introduction of a treatment of Conic 
Sections which should be simple and natttral, and lead by an easy transit 
tion to the analytical methods, without departing from the strict geometry 
of Euclid, 

DodgSOn.— AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L. Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth. lor. 6d, 

The object of the author is to present the subject as a continuous chain of 
argument, separated from all accessories of explanation or illustration. 
All such explanation and illustration as seemed necessary for a beginner 
are introduced, either in the form of foot-notes, or, where that would have 
occupied too much room, of Appendices, ** The work,'" says the 
Educational Times, ** forms a valuable addition to the treatises we 
possess on Modern Algebra J*"* 

Drew. — GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M. A., St. John's College, Cambridge. 
Fourth Edition. Crown 8vo. cloth, ^f. 6</. 

In this work the subject of Conic Sections has been placed before the student 
in such a form that, it is hoped, after mastering the elements of Euclid, he 
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may find it an easy and interesting contintiation of his geometrical studies. 
With a vieWf also^ of rendering the work a complete manual of what is 
required at the Universities^ there have either been embodied into the text or 
inserted among the examples, every book-work question, problem, and rider, 
which has been proposed in the Cambridge examinations up to the present 
timim 

SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. cloth. 4f. (>d. 

Earnshaw (S.) — partial differential equa- 

TIONS. An Essay towards an entirely New Method of Inte- 
grating them. By S. Earnshaw, M.A., St. John's College, 
Cambridge. Crown 8vo, 5^. 

The peculiarity of the system expounded in this work is, that in every 
^nation, whatever be the number of original independent variables, the work 
of integration is at oftce reduced to the use of one independent variable 
only. The author^ s object is merely to render his method thoroughly intel' 
ligihle. The various steps of the investigation are all obedient to one 
gefieral principle, and though in some degree novel, are not really difficult, 
but on the contrary easy when the eye has become accustomed to the novelties 
of the notation. Many of the results of the integrations are far more 
gefieral than they were in the shape in which they have appeared in former 
treatises, and many Equations will be found in this Essay integrated 
with ease in finite terms which were never so integrated before. 

Edgar (J. H.) and Pritchard (G. S.) — ^NOTE-BOOK ON 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J, H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard, late Master for Descriptive 
Geometry, Royal Military Academy, Woolwich. Second Edition, 
revised and enlarged. Globe 8vo. 3J. 

In teaching a large class, if the method of lecturing and demonstrating 

from the black board only is pursued, the more intelligent students have 

generally to be kept back, from the necessity of frequent repetition, for the 

sake of the less promising ; if the plan of setting problems to each pupil is 

adopted, the teacher finds a difficulty in giving to each sufficient attention. 
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A judicicms combination of both methods is doubtless the best ; and it is 
hoped that this result may be arrived at in some degree by the use of this 
bookf which is simply a collection of examples^ with helps for solution^ 
arranged in progressive sections. The new edition hcu been enlarged by the 
addition of chapters on the straight line and plane, with explanatory dia* 
grams and exercises on tangent planes, afid on the cases of the spherical 
triangle. * 

Ferrers,— AN ELEMENTARY TREATISE ON TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and 
Theory of Projectors. By the Rev. N. M. Ferrers, M. A., Fellow 
and Tutor of Gonville and Caius Collie, Cambridge. Second 
Edition. Crown 8vo. ds, 6d, 

The object of the author in writing on this subject has mainly been to 
place it on a basis altogether independent of the ordinary Cartesian system^ 
instead of regarding it as only a special form of Abridged NoteUion, 
A short chapter on Determinants has been introduced. 

Frost.— Works by PERCIVAL FROST, M.A., formerly Fellow 
of St John's College, Cambridge; Mathematical Lecturer o 
King*s College. 

AN ELEMENTARY TREATISE ON CURVE TRACING. 
Percival Frost, M.A, 8vo. 12s. 

The author has written this book under the conviction that the skill 
and power of the young mathematical student, in order to be thoroughly 
available afterwards, ought to be developed in all possible directions. The 
subject which he has chosen presents so many faces, that it would be 
difficult to find another whichy with a very limited extent of readings 
combines, to the same extent, so many valuable hints of mdhods of cal- 
culations to be employed hereajter, with so much pleasure in its present 
use. In order to understand the work it is not necessary to have much 
knowledge of what is ccUled Higher Algebra, nor of Algebraical Geometry 
of a higher kind than that which simply relates to the Conic Sections. 
From the study of a work like this, it is believed that the student wi 
derive many advantages. Especially he will become skilled in making 
correct approximations to the values of quantities, which cannot be found 
exactly, to any degree of accuracy which may be required. 
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Frost — continued, 

THE FIRST THREE SECTIONS OF NEWTON'S PRINCIPIA. 
I With Notes and Illustrations. Also a collection of Problems, 

k principally intended as Examples of Newton's Methods. By 

\ Percival Frost, M.A. Second Edition. 8vo. cloth, icw. td. 

The author^ s principal intention is to explain difficulties which may be 
encountered by the student on first reading the Principia, and to illustrate 
the advantages of a careful study of the methods employ^ by Newton^ by 

I showing the extent to which they may be applied in the solution of problems ; 

I he hcu also endeavoured to give assistance to the studeftt who is engaged in 
the study of the higher branches of mathematics, by representing in a 

\ geometrical form several of the processes employed in the Differential and 
Integral Calculus, and in the analytical investigations of Dynamics, 



Frost and Wolstenholme. — a TREATISE ON SOLID 

GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. cloth. \%s, 

T%e authors have endeavoured to present before students as comprehensize 
a 1/iew of the subject as possible. Intending to make the subject accessible, 
at least in the earlier portion, to all classes of students, they have endea- 
vaured to explain completely all the processes which are most useful in 
dealing with ordinary theorems and problems, thus directing the student 
to the selection of methods which are best adapted to the exigencies of each 
problem. In the more difficult portions of the subject, they have considered 
themselves to be addressing a higher class of students ; and they have there 
tried to lay a good foundaiion on which to build, if any reader should 
wish to pursue the science beyond the limits to which the work extends, 

Go.dfray.— Works by HUGH GODFRAY, M. A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. 8vo. cloth. 12s, 6d, 

Tlhis book embraces all those branches 0/ Astronomy which have, from 
time to time, been recommended by the Cambridge Board of Mathematical 
Studies: but by far the larger and easier portion, adapted to the first three 
days of the Examination for Honours, may be read kv the more 
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advanced pupils in many of our schools. The author* s aim has been to 
convey clear and distinct ideas of the celestial phenomena, ^^ It is a 
working book" says the GUARDIAN, ** taking Astronomy in its proper 
place in mathematical sciences, , . , Itis a book which is not likely to 
be got up unintdligently, " 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, revised. Crown 8vo. cloth. 5x. 6^. 

These pages Ttnll, it is hoped^ form an introduction to more recondite 
works. Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions^ 
which is the same as that of Airy, Herschely &*c, was made on account 
of its simplicity ; it is, moreover, the method which has obtained in the 
University of ^Cambridge, ** As an elementary treatise and introduction 
to the subfect, we think it may justly claim to supersede all former ottesj'* — 
London, Edin. and Dublin Phil. Magazine. 

Hemming.— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St John's College, Cambridge. Second Edition, with 

Corrections and Additions. 8vo. cloth. .2x. 

^^ • 

" TTiere is no book in common -usefrom which so clear and exact a 

knowledge of the principles of the Calculus can be so readily obtained J" — 

Literary Gazette. 

Jackson.— GEOMETRICAL CONIC SECTIONS. An Elemen- 
tary Treatise in which the Conic Sections are deBned as the Plane 
Sections of a Cone, and treated by the = Method of Projection. 
By J. Stuart Jackson, M. A., late Fellow of Gonville and Caius 
College, Cambridge. 4r. dd. 

This work has been written with a view to give the student the benefit of 
the Method of Projections as applied to the Ellipse and Hyperbola, 
When this Method is admitted into the treatment of the Conic Sections, 
there are many reasons why they should be defined, not with reference to 
the focus and direction, but according to the original d^niiion from which 
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they have their name as plane sections of a cone. This method is calcu- 
lated to produce a material simplification in these curves, and to make the 
proof of their properties more easily understood and remembered. It is also 
a powerful instrument in the solution of a large class of problems relating 
to these curves. 



Jellet (John H.)— A treatise on the theory of 

FRICTION. By John H. Jellet, B.D., Senior Fellow of 
Trinity College, Dublin ; President of the Royal Irish Academy. 
8vo. &r. 6d, 

The theory of friction is as truly apart of Rational Mechanics as the 
theory of gravitation. This book is taken up with a special investigation 
of the laws of friction ; and some of the principles contained in it are 
believed to be here enunciated for the first time. The work consists of eight 
Chapters as follows : — I. Definitions and Principles, II, Equilibrium 
with Friction, -^III, Extreme Positions of Equilibrium, IV. Movement 
of a Particle or System of Particles, V, Motion of a Solid Body, VI. 
Necessary and Possible Equilibrium. VII, Determination of the Actual 
Value of the Acting Force of Friction, VIII, Miscellaneous Problems — 
I. Problem of the Top, 2. Friction Wheels and Locomotives. 3. 
Questions for Exercise, ** The work is one of great research, and will 
culd much to the already great reputation of its author," — Scotsman. 



Jones and Cheyne. — algebraical exercises. Pro- 
gressively arranged. By the Rev. C. A. Jonks, M. A., and C. H. 
Cheyne, M.A., F. R. A. S., Mathematical Masters of WestmiiuBter 
SchooL New Edition. iSmo. cloth. 2^« 6d, 

This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is, that while 
nrw ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel' 
laneous exercises has been prepared. Their peculiarity consists in this, 
thcU though miscellaneous they are yet progressive, and may be. used by 
the pupil almost from the commencement of his studies. The book 
being intended chiefly for Schools and Junior Students, the higher parts 
of Algebra have not been included* 
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Kitchener.— -A geometrical NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. E. Kitchener, 
M. A., Mathematical Master at Rugby. New Edition. 4to. 2s. 

It it the object of this book to mctke some way in overcoming the difficulties 

of GeometriccU conception^ before the mind is called to the attack of 

Geometrical theorems, A few simple mdhods of construction are given ; 

and space is left on each page^ in order that the learner may draw in the 

figures. 

Morgan.— A collection of problems and exam- 

PLES IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6s. 6d, 

This book contains a number of problems, chiefly elementary , in the 
Mathematical subjects usucUly read at Cambridge. They have been 
sdected from the papers set during late years at Jesus College. Very few 
of them are to be met with in other collections, and by far the larger 
number are due to some of the most distinguished McUhem^Uicians in the 
Unwersity, 

Newton's PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburn. 4to. cloth. 31J. 6d. 

It is a sufficient guarantee of the excellence of this complete edition of 
NewtOfCs Principia that it has been printed for and under the care of Pro^ 
fessor Sir William Thomson and Professor Blackburn, of Glasgow Uni" 
versity. The following notice is prefixed : — * * Finding that all the editions 
of the Principia are now out of print, we have been induced to reprint 
NtvototCs last edition \of 1 726] without note or comment, only introducing 
the * Corrigenda* of the old copy and correcting typographical errors** 
The book is of a handsome size, with large type, fine thick paper, and cleanly 
cut figures, and is the only tnodern edition containing the whole of NewtotCs 
great work. " Undoubtedly the finest edition of the text of the * Principia * 
which has hitherto a//«?r«/."— Educational Times. 

Parkinson. — Works by S. Parkinson, D.D., F.R.S., Fellow and 
Tutor of St. John's College, Cambridge. 
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Parkin son — continued, 

AN ELEMENTARY TREATISE ON MECHANICS. For the 
Use of the Junior Classes at the University and the Higher Classes 
in Schools. With a Collection of Exaonples. Fourth edition, revised. 
Crown 8vo. cloth. 9^. dd. 

In preparing this work the author's object has bten to include in it 
such portions of Theoretical Mechanics as can he conveniently investigated 
without the use of the Differential Calculus^ and so render it suitable as 
a manual for the Junior classes in the University and the higher classes 
in Schools, With one or two short exceptions^ the student is not presumed 
to require a knowledge of any branches of Mathematics beyond the elements 
of Algebra^ Geometry^ and Trigonometry, Several additional propositions 
have been incorporated in the work for the purpose of rendering it more 
complete; and the collection of Examples and Problems has been largely 
increased, 

A TREATISE ON OPTICS. Third Edition, revised and enlarged. 
Crown 8vo. doth. loj. (yd. 

A collection oj examples and problems hcts been appended to this work^ 
which are sufficiently numerous and varied in character to afford useful 
exercise for the student. For the greater part of them^ ruourse has been 
hcul to the JExamination Papers set in the University and the several 
Colleges during the last twenty years, 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 
8vo. cloth. 5j. td. 

This edition hcts been carefully revised throughout^ and many new 
illustrations and examples addedy which it is hoped will increase its 
usefulness to students at the Untverstties and in Schools. In accordance 
with suggestions from many engaged in tuition, answers to all the 
Examples have been given at the end of the book, 

Pratt.— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 
* * The Mathematical Principles of Mechanical Philosophy. " Fourth 
Edition. Crown 8vo. cloth. 6s. (yd. 
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The author's chief design in this treatise is to give an anszver to the 
question f " Has the Earth acquired its present form from being originally 
in a fluid stcLte? " This Edition is a complete revision of the former ones, 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A. New Edition, 
revised and enlarged. Crown Svo. cloth. 7^. 6d, 

This work is recommended by the Syndicate of the Cambridge Local 
Examinations. The AxHENiEUM says the author ** displays an intimate 
acquaintance with the difficulties likely to be felt^ together with a singular 
aptitude in removing them,^* 

Rawlinson. — elementary STATICS, by the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edwaad Sturges,M.A., 
of Emmanuel College, Cambridge, and late Professor of the Applied 
Sciences, Elphinstone College, Bombay. Crown Svo. cloth. 4J. 6d, 

• 
Published under the authority of Her Majesty's Secretary of State for 

India^ for use in the Government Schools and Colleges in India, 

Reynolds.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown Svo. y. 6d, 

This little book has been constructed on one plan throughout^ that of 
always giving in the simplest possible form the direct proof from the nature 
of the case. The axioms necessary to this simplicity have been assumed 
without hesitation^ and no scruple has been felt as to the increase of 
their number, or the acceptance of as many elementary notions as 
common experience places past all doubts The book differs most from estab- 
lished teaching in its constructiofis, and in tts early application of Arith' 
victic to Geometry, 

Routh.— AN elementary TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., late 
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Fellow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second Edition, enlarged. 
Crown 8vo. cloth. 14J. 

In this edition the author has made several additions to each chapter. 
He has tried to make each chapter ^ as far as possible^ complete in itself^ 
so that all that relates to any one part oj the subject may be found in the 
same place. This arrangement will enable every student to select his 
own order in which to read the subject. The Examples which will be 
found at the end oj each chapter have been chiefly selected from the 
Examination Papers which have been set in the University and tJie 
Colleges in the last Jew years. 
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WORKS 
By the REV. BARNARD SMITH, M.A., 

Rector of Glaston, Rutland, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation ; with numerous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. Twelfth 
Edition. Crown 8vo. cloth. loj. dd. 

This manual is now extensively used in Schools and Colleges^ both in 
England and in the Coloniejs, It has also been found of great service for 
students preparing for the Middle Class and Civil and Military Service 
Examinations t from the care that has been taken to elucidate the principles 
of all the rules. The present edition has been carefully revised, " To 
all those whose minds are sufficiently developed to comprehend the simplest 
mathematical reasonings and who have not yet thoroughly mastered the 
principles of Arithmetic and Algebra^ it is calculated to be of great 
advantage, " — ATHENiEUM. Of this work, also^ one of the highest possible 
authorities^ the late Dean Peacock, writes: ** Mr, Smith's work is a most 
useful publication. The rules are stated with great clearness. The 
examples are well selected, and worked out with just sufficient detail, 
without being encumbered by too minute explanations ; and there prevails 
throughout it that just proportion of theory and practice which is the 
crowning excellence of an elementary work^ 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
cloth. 4r. dd. 

Adapted from the author^ s work on *^ Arithmetic and Algebra,^' by the 
omission of the algebraic portion, and by the introduction of new exercises. 
Tlie reason of each arithmetical process is fully exhibited. The system of 
Decimal Coinage is explained ; and answers to the exercises are appended 
at the end. The Arithmetic is characterised as ** admirably adapted for 
instruction, combining just sufficient theory with a large and well-selected 
collection ofexcercises for practice.^' — ^Journal of Education. 
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Barnard Smith — continued, 

A KEY TO THE ARITHMETIC FOR SCHOOLS. Tenth 
Edition. Crown 8vo. cloth. 8j. (yd, 

« 

EXERCISES IN ARITHMETIC. With Answers. Crown 8vo. 
imp cloth, zs. 6d. 

Or sold separately, Part I. u. ; Part 11. u.; Answers, 6d, 

These Exercises have been published in order to give the pupil examples 
in every rule of Arithmetic, The ^eater number have been carefully 
compiled from the latest University and School Examination Papers, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo. cloth. 3s. 

Or sold separately, Parts I. and II. lod, each; Part III. is. 

This manual, published at the request of many schoolmasters, and 
chiefly intended for National and Elementary Schools, has been prepar&l 
on the same plan as that adopted in the author^ s School Arithmetic, which 
is in extensive circulation in England and abroad. The Metrical Tables 
have been introduced, from the conviction on the part of the author that 
the knowledge of such tables, and the mode of applying them, will be of 
great use to the rising generation. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one vcJlume, i8mo. cloth, 6s, 6d.; or Parts I., II., and 
III., 2s. 6d, each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d.; Part II. 3^.; Part III. yd. Answers, 6d. 

THE SAME, with Answers complete. i8mo. cloth, is, 6d, 

This Shilling Book of Arithmetic has been prepared for the use oj 
National and other schools at the urgent request of numerous Masters of 
schools both at home and abroad. The Explanations of the Rules and 
the Examples wUl, it is hoped, be found suited to the most elementary 
passes, 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. cloth. 
4J. 6d. 

C 
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EXAMINATION PAPERS IN ARITHMETIC. i8mo. cloth. 
is. 6d. The same, with Answers, i8mo. is. gd. 

The object of these Examination Papers is to test students both in the 
theory and practice of Arithmetic. It is hoped that the method adopted 
will lead students to deduce results from general principles rather than 
to apply stated rules. The author believes that the practice of giiAng' 
examples under particular rules makes the working of Arithvietic quite 
mechanicaly and tends to throw all but very clever boys ojf their balance 
when a general paper on the subject is put before them. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. cloth. 4J. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES 
AND APPLICATION, with numerous Examples, written 
expressly for Standard V. in National Schools. Fourth Edition. 
i8mo. cloth, sewed. 3</. 

/// the Niiw Code of Regulations issued by the Council of Education it 
is stated ** that in all schools children in Standards V. and VI. should 
know the principles of the Aletric System^ and be able to explain ih^ 
advantages to be gained from uniformity in the method of forming multiples^ 
and sub-multiples of the unit.^^ In this little book, Mr. Smith clearly 
and simply explains the principle of the Metric System, and in con-- 
siderable detail expounds the French system, and its relation to ths 
ordinary English method, taking the pupil on as far as Compound' 
Division, The book contains numerous Examples, and two wood-cuts 
illustrating the Metric Tables of Surface and Solidity. Answers to the 
Examples are afpendedl% 

A CHART. OF THE METRIC SYSTEM, on a Sheet, size 42 in. 
by 34 in. on Roller, mounted and varnished, price 3^. dd. Fourth 
Edition. 

By the New Educational Code it is ordained that a Chart of the Metric 
System be conspicuously hung up on the walls of every school under 
Gcnjernmetit inspection. The publishers believe thai the present Chart -will 
be found to answer all the requirements of the Code, and afford a full arui 
perfectly intelligible view of the principles of the Metric System. The 
principle of the system is clearly stated and illustrated by examples ; the 
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Method of Forming the Tables is set forth ; Tables folloiv^ clearly showing 
the English equivalent of the French measures of—i. Length ; 2. Surface; 
"^^ Solidity ; 4. Weight; 5. Capacity. At the bottom of the Chart is drawn 
a full-length Metric Measure^ subdivided distinctly and intelligibly into 
Decimetres^ Centimetres, and Millimetres. " IVe do not remember that 
ever we have seen tectching by a chart more happily carried out. " — School 
Board Chronicle. ^ 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises in 
Reading, Writing, Spelling, and Dictation. Part I. for Standard 
I. in National Schools. Crown 8vo. 9^/. 

Diagrams for School-room walls in preparation. 

From the novel method and the illustrations used this little book cannot 
hut tend to make the teaching of Arithmetic even to very young children 
interesting and successful. If the book be used according to the directions of 
the author ^ the method of instruction cannot but prove sound and easy, and 
acceptable to teacher and child. The Standard of Examination fixed by 
the Education Department for 1872 hcts been adliered to. The West- 
minster Review says: — ** We should strongly advise everyone to study 
carefully Mr, Barnard Smithes Lessons in Arithmetic, Writing, and 
Spelling. A more excellent little work for a first introduction to know- 
ledge cannot well be written. Mr. Smithes larger Text-books on Arithmetic 
and Algebra are already most favourably known, and he has proved now 
that the difficulty of writing a text-book which begins ab ovo is really sur- 
mountable ; but we shall be much mistaken if this little book has not cost 
its author more thought and mental labour than any of his more elaborate 
text-books. The plan to combine arithmetical lessons with those in reading 
and spelling is perfectly novel, and it is worked out in accordance with the 
aims of our National Schools ; and we are convinced that its general in- 
troduction in all elementary schools throughout the country will produce 
great educational advantages.^* 

THE METRIC ARITHMETIC. 

This book will go thoroughly into the principles of the System, intro- 
ducing the money tables of the various countries which have adopted it, 
and containing a very large number of Examples and Examination 

Papers. [Nearly ready. 

c 2 
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Snowball. — THE elements of plane and spheri- 
cal TRIGONOMETRY; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. Tenth Edition. 
Crown 8vo. cloth, yj. (>d. 

In preparing the present edition for the press^ the text has been 
subjected to a careful revision ; the proofs of some of the more impor^ 
tant propositions have been render^ more strict and general ; and more 
than two hundred examples^ takeft principally from the questiofis set of 
late years in the public Examinations of the University and of individual 
Colleges^ have been cuided to the collection of Examples and Problems for 
practice, 

Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait and 

Mr. Steele. New Edition, enlarged. Crown 8vo. cloth, los. 6d. 

In this treatise wUl be found all the ordinary propositions^ connected 

tvith the Dynamics of Particles^ which can be conveniently deduced without 

the use of D^Alembert^s Principle. Throughout the book will be found a 

number of illustrative examples introduced in the text^ and for the most 

part completely zoorked out ; others with occcuional solutions or hints to 

. assist the student are appended to each chapter. For by far the greater 

portion of these^ the Cambridge Senctte- House and College Examination 

Papers have been applied to. In the new edition numerous trivial errors, 

and a few of a more serious character y have been correctai, while many 

new examples have been added, 

Taylor.— GEOMETRICAL CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B. A., Scholar of St. John's Coll. Camb. Crown 8vo. cloth, 'js. 6d, 

This work contains elementary proof s of the principal properties of Conic 
Sections, together with chapters on Projection and Anharmonic Ratio, 

Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School, Rivington* Extra 
fcap. 8vo. 3J. 6^. 
The object of the present work is to enable boys to enquire a moderate 
knowledge of Mensuration in a reasonable time. All difficult and useless 
matter has been avoided. The examples for the most part are easy, and 
the rules are concise, ** A very compact useful manual, " — Spectator. 
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WORKS 
By I. TODHUNTER, M.A., F.R.S., 

Of SL John's CoUege, Cambridge. '. 

** They are all good^ and each volume adds to the value of the rest" — 
Freeman. " Perspicuous langtrnge^ vigorous investigations, scrutiny of 
difficulties, and methodical treatment, characterise Mr, Todhunter's works, " 
— Civil Engineer. 

THE ELEMENTS OF EUCLID. For the Use of CoUeges and 
Schools. New Edition. i8mo. cloth. 3^. dd. 

No method of overcoming the difficulties experienced by young students oj 
Euclid appears to be so useful as that of breaking up the demonstrations 
into their constituent parts ; a plan strongly recommended by Professor 
JDe Morgan, In the present Edition ectch distinct assertion in the argU' 
tnent begins a new line ; and at the ends of the lines are placed the 
necessary references to the preceding principles on which the assertions 
depend. The longer propositions are distributed into subordinate parts, 
•which are distinguish^ by breaks at the beginning of the lines, Notes^ 
Appendix, and a collection of Exercises are added, 

MENSURATION FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth. 2s. 6d. 

77ie subjects included in the present work are those which have usually 
found a place in Elementary Treatises on Mensuration, The mode of 
treatment has been determined by the fact that the work is intended for the 
use of beginners. Accordingly it is divided into short independent chapters, 
-which are followed by appropriate examples, A knowledge of the elements 
of Arithmetic is all that is assumed; and in connection with most of the 
Rules of Mensuration it has bun found practicable to give such explana- 
tions and illustrations as will supply the place of formal mathematical 
demonstrations, which would have been unsuitable to the character of the 
7vork, •* For simplicity and clearness of arrangement it is unsurpassed 
by any text-book on the subject which has come under our notice,*^ — 
Educational Times. 
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ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. i8mo. cloth. 2s, 6d. 

m 

Great pains have been taken to render this work intelligible to young 
stttdents, by the use of simple language and by copious explanations. In 
determining the subjects to be included and the sp€u:e to be assigned to each, 
the author has been guided by the Papers given at the various examinations 
in elementary Algebra which are now carried on in this country. The 
book may be said to consist of three parts. The first part contains the 
elementary operations in integral and fractional expressions ; the second 
the solution ofequcUions and problems ; the third treats of various subjects 
which are introduced but rarely into JExamination Papers^ and are more 
briefly discussed. Provision has at the same time been made for the 
introduction of ecksy equations atid problems at an early stage— for those 
who prefer such a course. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. cloth. 
6^. (>d, 

TRIGONOMETRY FOR BEGINNERS. With numerous Examples. 
New Edition. iSmo. cloth. 2s, (}d. 

Intended to serve as an introduction to the larger treatise on Plane 
Trigonometry , published by the author. The same plan has been adopted 
as in the Algebra for Beginners : the subject is discuss&i in short chapters, 
and a collection of examples is attached to each chapter. The first fourteen 
chapters present the geometrical part of Plane Trigonometry; and contain 
cUl that is necessary for practical purposes. The range of matter included 
is such as seems required by the various examinations in elementary Tri- 
gonometry which are now carried on in this country. Answers are 
appended, 

MECHANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth. 4;. dd. 

Intend^ cls a companion to the two preceding books, Thiwork forms an 
elementary treatise on demonstrative mechanics. A knowledge of the elements 
at least of the theory of the subject is extremely valuable even for those who 
are mainly concerned with practical results. The author hcts accordingly 
endeavoured to provide a suitable introduction to the study of applied as 
well as of theoretical mechanics. The work consists of two parts, namely. 
Statics and Dynamics, It will be found to contain all that is usually 
comprised in elementary treatises on Mechanics, together with some additions. 
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ALGEBRA. For the Use of CoUeges and . Schools. Fifth Edition. 
Crown 8vo. cloth. 7^. 6d, 

This work contains all the propositions which are usually included in 
elementary treatises on- Algebra^ and a large number of Examples for 
Exercise. The author has sought to render the work easily intelligible to 
students^ without impairing the accuracy of the demonstrations^ or con' 
trading the limits of the subject. The ExampleSy about Sixteen hundred 
and fifty in number ^ have been selected with a view to illustrate every part 
of the subject. Each chapter is complete in itself; and the work will be 
found peculiarly adapted to the wants of students who are without the aid 
of a teacher. The Answers to the Examples ^ with hints for the solution of 
some in which assistance may be needed^ are given cU the end of the book. 
^ In the present edition two New Chapters and Three hundred miscellaneous 
} Examples have b^n added. The latter are arranged in sets^ each set 

\ containing ten Examples. ^* It has merits which unquestionably place 

it first in the clctss to which it belongs,^* — Educator. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. ioj. ed. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth. 
*js. 6d. 
\ This treatise contains all the prepositions which are usually included 

\ in elementary treatises on the theory of Equations^ together with Examples 

I for exercise. These have been selects from the College and University 

\^ Examination Papers^ and the results have been given when it appeared 
necessary. In order to exhibit a comprehensive view of the subject, the 
treatise includes investigations which are not found in all the preceding 
elementary treatises, and also some investigations which are not to be found 
in any of them. For the Second Edition the work has been revised and 
some additions have been mctde, the most important being an ctccount of 
the researches of Professor Sylvester respecting Newtot^s Rule. ** A 
thoroughly trustworthy, complete, and yet not too elaborate treatise.** 

Philosophical Magazine. 

'j 

PLANE TRIGONOMETRY. For Schools and Colleges. Fourth 
Edition. Crown 8vo. cloth. 5^. 

TTu design of this work has been to render the subject intelligible to 
beginners, and at the same time to afford the student the opportunity of 
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obtaining all the information which he will require on this branch oj 
MathenuUics, Each chapter is followed by a set of Examples : those 
which are entitled Miscellaneous Examples, together with a few in some 
of the other sets^ may be cuivantageously reserved by the student for exercise 
after he hcu tnade some progress in the subject. In the Second Edition 
the hints for the solution oJ the Examples have been considerably increased. 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
Edition, enlarged. Crown 8vo. cloth. 4r. 6</. 

The present work is constructed on the same plan «j the treatise on 
Plane Trigonometry y to which it is intended tis a sequel. In the account 
of Napier's Rules of Circular Parts, an explanation has been given of a 
f?tethod of proof devised by Napier, which seems to have been overlooked 
by most modem writers on the subject, ConsicUrabU labour hcts been 
bestowed on the text in orcUr to render it comprehensive and accurate, and 
the Examples {selected chiefly from College Examination Papers) have 
all been carefully verify, ** For educational purposes this work seems 
to be superior to any others on the subject,"*"* — Critic. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
Edition, revised and enlarged. Crown 8vo. cloth, ^s, 6d, 

The author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include in one 
volume all that students usually require. In addition, therefore, to the 
propositions which have always appeared in such treatises, he has intrO' 
duced the m^hods of abridged notation, which are of more recent origin ; 
these methods, which are of a less elementary character than the rest of the 
work, are placed in separate chapters, and may be omitted by the student 
at first, 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. Sixth Edition. Crown 8vo. cloth. lo^ 6^. 

The author hcu endeavoured in the present work to exhibit a compre- 
hensive view of the Differential Calculus on the method of limits, Tn the 
more elem^ntaty portions he hcu entered into considerable detail in the 
explanations, with the hope that a reader who is without the assistance of a 
tutor may be enabled to acquire a competent acquaintance with the subject. 
The method adopted is that of DifferentuU Coefficients, To the different 
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chapters are appended examples sufficiently numerous to render another 
book unnecessary ; these examples being mostly selected from College Ex^ 
amination Papers, ** It has already taken Us place as the text-book 
on that subject." — PHILOSOPHICAL Magazine. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Third Edition, 
revised and enlarged. Crown 8vo. cloth, los. 6d, 

This is designed as a work at once elementary and complete^ adaptai 
for the use of beginners, and sufficient for the wants of advanced students. 
In the selection of the propositions y and in the mode of establishing them, 
it has been sought to exhibit the principles clearly, and to illustrcUe 
all their most important results. The process of summation has been 
repeatedly brought forward, with the view of securing the attention of 
the student to the notions which form the true foundation of the CalctUus 
itself, CLS well as of its most valuable applications. Every attempt has been 
made to explain those difficulties which usttally perplex beginners, especially 
wUh reference to the limits of integrations. A new method has been adopted 
in regard to the transformation of multiple integrals. The last chapter 
deals Tjuith the Calculus of Variations. A large collection of exercises, 
selected from^ College Examination Papers, has been appended to the several 
chapters, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Third Edition, revised. Crown 8vo. cloth. 

A TREATISE ON ANALYTICAL STATICS. With numerous 

Examples. Third Edition, revised and enlarged. Crown 8vo. 

cloth. \05, 6d, 

In this work on statics [treating of the laws of the equilibrium of bodies) 

will be found all the. propositions which usually appear in treatises on 

Theoretical Statics. To the different chapters examples are appended, 

which have been principally selected from University Examination Papers. 

In the Third Edition many additiofis have been made, in order to Ulus- 

trcUe the application of the principles of the subject to the solution oj 

problems. 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8vo. 8j. 
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The subject of this volume has high claims to consideration on account of 
the subtle problems which it involves^ the vcUuable contributions to analysis 
which it has produced^ its important practical applications^ and the emi- 
nence of those who have cultivated it. The subject claims all the interest 
which illustrious names can confer : nearly every great mathematician 
within the range of a century and a half comes up in the course of the 
history. The present work, though principally a history y may claim the 
title of a comprehensive treatise on the Theory of Probability , for it assumes 
in the reader only so much knowledge as can be gained from an elementary 
book on Algebra, and introduces him to almost every process and every 
species of problem which the litercUure of the subject can furnish. The 
author has been careful to reproduce the essential elements of the original 
works which he has analysed, and to corroborate his statements by exact 
quotations from the originals, in the languages in which they were 
published, 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
principally on the Theory of Discontinuous Solutions : an Essay 
to which the Adams Prize was awarded in the University of Cani- 
bridgein 187 1. 8vo. 6s, 

The subject of this Essay was prescribed in the following terms by the 
Examiners : — **-<4 determination of the circumstances under which dis- 
continuity of any kind presents itself in the solution of a problem of 
maximum or minimum in the Calculus of Variations, and applications to 
particular instances. It is expected that the discussion of the instances 
should be exemplified as far as possible geometrically, and that attention be 
especially airected to cases of real or supposed failure of the Calculus." The 
Essay, then, is mainly devoted to the consideration of discontinuous solutions ; 
but incidentally various other questions in the Calculus of Variations are 
examined and elucidated. The author hopes that he has definitely contri- 
buted to the 'extension and improvement of our knowledge of this refined 
department of analysis. 



Wilson (J. M.) — ELEMENTARY GEOMETRY. Books 
I. 11. III. containing the subjects of Euclid's First Four Books 
following the Syllabus of Geometry prepared by the Geometrical 
Association. Third Edition. Extra fcap. 8vo. 3J. td. By J, M. 
Wilson, M.A., late Fellow of St John's College, Cambridge^ 
and Mathematical Master of Rugby School. 
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SOLID GEOMETRY AND CONIC SECTIONS. With Appen- 
dices on Transversals and Harmonic Division. For the use of 
Schools. By J. M. WiLSON, M. A. Second Edition. Extra fcap. 
8vo. 3^. 6^. 

This work is an endeavour to introduce into schools some portions of 
Solid Geometry which are new very little read in England, The first 
fuoenty-one Propositions of Euclid's Eleventh Book are usucUly all the 
Solid Geometry that a boy reads till he meets with the subject again in the 
course of his analytical studies. And this is a matter of regret^ because 
this part of Geometry is specially valuable and attractive. In it the atten- 
tion of the student is strongly called to the subject matter of the reasoning ; 
the geometriccU imagination is exercised ; the methods employed in it 
are m.ore ingenious than those in Plane Geometry, and have greater diffi- 
culties to meet ; and the applications of it in practice are more varied, 

Wilson (W. P.)— A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 

*^This treatise supplies a great educational need,'^ — Educational 
Times. 

Wolstenholme. — a BOOK OF MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some* 
time Fellow of St John's College, and lately Lecturer in Mathe- 
matics at Christ's College. Crown 8vo. cloth. 8^. 6d, 

Contents: — Geometry {Euclid) — Algebra — Plane Trigonometry — 
Geometrical Conic Sections — Analytical Conic Sections — Theory of Equa- 
tions — Differetttial Calculus — Integral Calculus — Solid Geometry — Statics 
— Elementary Dynamics — Newton — Dynamics of a Point — Dynamics oj 
a Rigid Body — Hydrostatics — Geometrical Optics — Spherical Trigonometry 
and Plane Astronomy, '* Judicious, symmetrical , and well arranged." — 
Guardian. 



I 
i 
I 

I 

! 
I . 



44 EDUCATIONAL BOOKS. 



SCIENCE. 

ELEMENTARY CLASS-BOOKS. 

The importance of Science as an element of sound educa- 
tion is now generally acknowledged; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those Manuals that have 
already appeared, with a short account of each. Others 
are in active preparation ; and fee whole will constitute a 
standard series specially adapted to the requirements of be- 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustrations. By Sir G. B. 
Airy, K.C.B., Astronomer Royal. New Edition. i8mo^ 
cloth. 4r. (}d. 

This work consists of six lectures^ which are intended ** to explain to 
intelligent persons the principles on which the instruments of an Observa* 
tory are constructed (omitting all details^ so far as they are merely sub- 
sidiary )f and the principles on which the observations made with these 
instruments are treated for deduction of the distances and weights of the 
bodies of the Solar System^ and of a few stars, omitting all minutia of 
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formula t and all troublesome details of calculation,^^ The speciality of this 
volume is the direct reference of every step to the Observatory^ and the full 
tiescription of the methods and instruments of observation, 

ASTRONOMY. 

MR. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram of the Spectra of the Sun, 
Stars, and Nebulae, and numerous Illustrations, .By J. NoRMAN 
LocKYER, F.R.S. New Edition. i8mo. 5^.6^. 

Hie author has here aimed to give a connected view of the whole subject^ 
and to supply factSj and idects founded on the /acts, to serve as a basis tor 
subsequent sti*dy and discussion. The chapters treat of the Siats and 
Nebulie; the Sun; the Solar System ; Apparent Movements of the Heavenly 
Bodies; the Measi4rement of Time ; Light; the Telescope and Spectroscope; 
Apparent Places of the Heavenly Bodies ; the Real Distances and Dimen- 
sions; Universal Gravitation. The most recent astronomical discoveries 
are incorporated, Mr, Lockyet^s work supplements that of the Astronomer 
Royal mentioned in the previous article. ** The book is full, clear, sound, 
and worthy of attention, not only as a popular exposition, but as a scientific 
* IndexJ " — ATHENiEUM. ** The most fuscinating of elementary books 
vn the Sciences.^* — Nonconformist. 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS 
IN ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo. cldthlimp. is. 6d, 

PHYSIOLOGY. 

PROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
PHYSIOLOGY. With numerous Illustrations. By T. H. 
Huxi,EY, F.R.S., Professor of Natural History in the Royal Sdiool 
of Mines. New Edition. i8mo. cloth. 4^. 6d. 

Tliis book describes and explains, in a series of graduate lessons, the 
principles of Human Physiology ; or the Structure and Functions of the 
Human Body, The first lesson supplies a general view of the subject. 
Tltis is followed by sections on the Vascular or Venous System, and the 
CirctdcUion ; the Blood and the Lvmph ; Respiration ; Sources of J oss 
and of Gain to the Blood ; the Function of Alimentation ; Motion and 
Locomotion ; SenscUons and Sensory Organs; the Organ of Sight ; the 
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Coalescence of Sensations with one another and with other States of Con* 
scumsness ; the Nervous System and Innervation; Histology , or the 
Minute Structure of the Tissues, A Table of Anatomical and Physio' 
logical Constants is appended. The lessons are fully illustrated by 
numerous engravings. The neiv edition has been thoroughly revised, and 
a considerable number of new illustrations added, several of these having- 
been taken from the rahbit, the sheep, the dog, and the frog, in order to aid 
those who attempt to make their knowledge real by acquiring some practical 
acquaintattce with the facts of Anatomy and Physiology. ** Pure gold 
throughout.'''* — Guardian. ** Unquestionably the clearest and most 
complete elementary treatise on this subject that we possess in any Ian- 
guage." — Westminster Review. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T. Alcock, M.D. iSxno. is. 6d, 

These Questions were drawn up as aids to the instruction of a class of 
young people in Physiology, 

BOTANY. 

PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY. With nearly Two Hundred Illustrations. New 
Edition. i8mo. cloth. 4J-. 6^. 

This book is designed to teach the Elements of Botany on Professor 
Hensloruf s plan of selected Types and by the use of Schedules, The earlier 
chapters, embracing the dements of Structural and Physiological Botany, 
introduce us to the methodical study of the Ordinal Types. The con- 
cluding chapters are entitled, *^ How to dry Plants^* and ^^ How to 
describe Plants.** A valuable Glossary is appended to the volume. In 
the preparation of this work free use has been made of the manuscript 
materials of the late Professor Henslow, 

CHEMISTRY. 

PROFESSOR ROSCOE'S LESSONS IN ELEMENTARY 
CHEMISTRY, INORGANIC AND ORGANIC. By Henry 
E. RoscoE, F.R.S., Professor of Chemistry in Owens College, 
Manchester. With numerous Illustrations and Chromo-Litho of 
the Solar Spectrum, and of the Alkalies and Alkaline Earths, 
New Edition. i8mo. cloth. ^.6d. 
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It has been the endeavour of the author to arrange the most important 
facts and principles of ModeTyt Chemistry in a plain but concise and 
scientific form^ suited to the present requirements of elementary instruction. 
Far the purpose of facilitating the attainment of exactitude in the knowledge 
of the subject^ a series of exercises and questions upon the lessons have been 
cuided. The metric system of weights and measures j and the centigrade 
thermometrie scale, are used throughout the work. The New Edition, 
besides new wood-cuts, contains many additions and improvements, and 
includes the most important of the latest discoveries, ** As a standard 
general text-book it deserves to take a leading place. " — Spectator. ** We 
unhesitatingly pronounce it the best of all our elementary treatises on 
Chemistry. ^^ — Medical Times. 

In ordering, please specify Macmillan^s Edition. 

POLITICAL ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By Millicent 
G. Fawcett. New Edition. i8mo. 2s. 6d. 

This work has been written mainly with the hope that a short and 
elementary book might help to make Political Economy a more popular 
study in boy^ and girli schools. In order to adapt the book especially Jor 
school use, questions have been added at the end of each chapter. In the 
New Edition each page has been carefully revised, and at the end of each 
chapter after the questions a few little puzzles have been added, which wilt 
add interest to the book and teach the learner to think for himself, * * Clear, 
co?npact, and comprehensive.^* — Daily News. ** The relations of capital 
and labour have never been more simply or more clearly expounded." — 
CONTEMPOItARY REVIEW. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. By W. Stanley Jevons, M. A. , Professor of Logic 
in Owens College, Manchester. New Edition. i8mo. 3^. dd. 

In preparing these Lessons the ai*thor has attempted to show that Logic, 
even in its traditional form, can be made a highly useful subject of study, 
and a powerful means of mental exercise. With this view he has avoided 
the use of superfluous technical terms, and has abstained from entering 
into questions of a purely speculative or metaphysical character. For the 
puerile illustrations too often found in works on Logic, exami)les drawn 
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from the distinct objects and ideas treats in the natural and experimental 
sciences have been generally substituted. At ike end oj almost every 
Lesson will be found references to the works in which the student will most 
profitably continue his reading of the subject treated^ so that this little 
volume may serve as a guide to a more extended course of study. The 
Guardian thinks ^^ nothing can be better for a school-book" and the 
Athenaeum calls it ** a manual alike simple, interesting, and scientific, ^^ 

PHYSICS. 

LESSONS IN ELEMENTARY PHYSICS. By Balfour 
Stewart, F.R.S., Professor of Natural Philosophy in Owens 
College, Manchester. With numerous Illustrations and Chromo- 
liths of the Spectra of the Sun, Stars, and Nebulae. New Edition. 
i8mo. 4r. 6^. 

A description, in an elementary manner, of the most important of those 
laws which regtUate the phenomena of nature. The active agents, heat, 
light, electricity, etc, are regarded as varieties of energy, and the work ii 
so arranged that their rtlcttion to one another, looked at in this light, and 
the paramount importance of the laws of energy, are clearly brought out. 
The volume contains all the necessary illustrations, and a plate represent- 
ing the Spectra of Sun, Stars, and Nebula, forms a frontispiece. The 
Educational Times calls this ** the beau ideal of a scientific text-book, 
clear, accurate, and thorough,^"* 

PRACTICAL CHEMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. By Francis Tones, Chemical Master 
in the Grammar School, Manchester. With Preface by Professor 
RoscoE. With Illustrations. New Edition. i8mo. zs, 6d, 

This little book contains a short description of a course of Practical 
Chemistry, which an experience of many years has proved suitable for 
those commencing the study of the science. It is intended to supplement, 
not to supplant, instruction given by the teacher. The subject-matter has 
been very carefully compiled, and many useful cuts are introduced. 

ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. George 
Mivart, F.R.S., Lecturer in Comparative Anatomy at St Mary's 
Hospital. With upwards of 400 Illustrations. i8mo. 6j. 6</. 
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These Lessons are intended for teachers and students of both sexes not 
already acquainted with Anatomy. The author has endeavoured^ by 
certain additions and by the mode of treatment^ also to fit them for students 
in medicine^ and generally for those acquainted with human anatomy^ but 
desirous of learning its more significant relations to the structure of other 
anitnals. The Lancet says, ** // may be questioned whether any other 
work on Anatomy contains in like compass so proportionately great a mcLSt 
of information. " The Medical Times remarks^ * * The ivork is excelletit, 
and should be in the hands of every student of human anatomy,^^ 

MANUALS FOR STUDENTS. 

Flower (W. H.)— an introduction to the oste- 
ology OF THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By W. H. Flower, F.R.S., F.R.C.S., 
Hunterian Professor of Comparative Anatomy and Physiology. 
With numerous Illustrations. Globe 8vo. 7^. 6d. 

Although the present work contains the substance of a Course of Lectures^ 
the form hcu been changed^ so as the better to cuiapt it as a handbook for . 
sttidents. Theoretical views have been almost entirely excluded: and while 
tt ts impossible in a scientific treatise to avoid the employment of technical 
tertnSy it hcu been the author's endeavour to use no more than absolutely 
necessary y and to exercise due care in selecting only those that seem most 
appropriate^ or which have received the sanction of general adoption^ With 
a very few exceptions the illustrations have been drawn expressly for this 
work from specimens in the Museum of the Royal College of Surgeons » 

Hooker (Dr.)— THE STUDENTS FLORA OF THE. 

BRITISH ISLANDS. By J. D. Hooker, C.B., F.R.S.,. 

M.D., D.C.L., Director of the Royal Gardens, Kew. Globe- 

8vo. lOJ. ()d. 
The object of this work is to supply students and field-botanists with a- 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use aim at gvinf^g^ The Ordinal^ Generic^ and Specific 
characters have been re-written^ and are to a great extent original^ and' 
drawn from living or dried specimens ^ or both, * * Cannot fail to perfectly- 
fulfil the purpose for which it is intended'^— 'Lk&'D and Watek.. 
' * Containing the fullest and most accurate manual of the kind that has yd 
appeared'"* — Pall Mall Gazette. 

D 
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Oliver (Professor). — first book of Indian botany. 

By Daniel Oliver, F.R.S., F.L.S., Keeper of the Herbarium 
and Library of the Royal Gardens, Kew, and Professor of Botany 
in University College, London. With numerous Illustrations. 
Extra fcap. 8vo. 6j. dd. 

This manual is, in substance, the author's *^ Lessons in Elementary 
Botany, ^^ adapted for use in India, In preparing it he has had in view 
the want, often felt, of some handy risMxsii of Indian Botany, which might 
be serviceable not only to residents of India, but also to any one about to 
proceed thither, desirous of getting some preliminary idea of the Botany of 
that country, * * It contains a well-digested summary of all essential knaw^ 
ledge pertaining to Indian botany, wrought out in accordance vnth the best 
principles of scientific arrangement,'^ — Allen's Indian Mail. 

Other volumes of these Manuals will follow. 



Ball (R. S., A.Mf.) — experimental mechanics. 

A Course of Lectures delivered at the Royal College of Science 
for Ireland. By Robert Stawell Ball, A.M., Professor of 
Applied Mathematics and Mechanics in the Royal College of 
Science for Ireland (Science and Art Department). Royal 8vo. 
i6j. 

The author's aim has been to create in the mind of the student physiccd 
ideas corresponding to theoretical laws, and thus to produce a work which 
may be regarded either cts a supplement or an introduction to manuals of 
theoretic mechanics. To realize this design, the copious use of experimental 
illustrations was necessary. The apparatus used in the Lectures, and 
figured in the volume, has been principally built up from Professor Willies 
most admirable system. In the selection of the subjects, the question of 
practical utility hcu in many cases been regarded as the ene of paramount 
importance. The elementary truths of Mechanics are too well knovtm to 
admit of novelty, but it is believed that the mode of treatment which is 
adopted is more or less original. This is especially the case in the Lectures 
relating to friction, to the mechanical powers, to the strength of timber and 
structures, to the laws of motion, and to the pendulum. The illustrations, 
drawn from the apparatus^ are nearly all origincU^ and are beautifully 
executed. 
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Clodd — THE CHILDHOOD OF THE WORLD: a Simple 
Account of Man in Early Times. By Edward Clodd, F.R.A.S. 
Second Edition. Globe 8vo. y. 

Professor Max Muller, in a letter to the Author^ says: ^^ I read 
your book with great pleasure. I have no doubt it will do (^ood^ and I 
hope you will continue your work. Nothing spoils our temper so muck as 
having to unlearn in youth, manhood, and even old age, so many things 
ivhich we were taught as children. A book like yours will prepare a far 
better soil in the child^s mind, and I was delighted to have it to read to 
my children,^'' 

Cooke (Josiah P., Jun.)— first principles of 

CHEMICAL PHILOSOPHY. By JosiAH P. Cooke, Jun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Crown 8vo. I2J. 

TTie object of the author in this book is to present the philosophy of 
Chemistry in stick a form that it can be made with profit the subject of 
College recitations, and furnish the teacher with the means of testing the 
students faithfulness and ahUity, With this view the subject has been 
developed in a logical order, and the principles of the science are taught 
iftdependently of the experimental evidence on which they rest, 

Guillemin. — the forces of nature : a Popular Intro- 
duction to the study of Physical Phenomena. By Amedee Guille- 
min. Translated from the French by Mrs. Norman Lockyer, 
and Edited, with Additions and Notes, by J. Norman Lockyer, 
F.R.S. With II Coloured Plates and 455 Woodcuts. Second 
Edition. Royal 8vo. cloth, gilt. 31J. ^d. 

* ' Translator and Editor have done justice to their trust. The text hds 
all the force and flow of original writing, combining faithfulness to the 
author's meaning with purity and independence in regard to idiom ; while 
the historical precision and accuracy pervading the work throughout, speak 
of the watchful editorial supervision which has been given to every scientific 
detail, . . . Altogether, the work may be said to have no parallel, either in 
point of fulness or attraction, as a popular mani*al of physUal science J*^ — 
Saturday Review. 

D 2 
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Lockycr.— THE SPECTROSCOPE AND ITS APPLICA- 
TIONS. By J. Norman Lockyer, F.R.S.*With Coloured 
Plate and numerous illustrations. Second Edition. Crown 8vo. 

This forms volume one of "Nature Series^^ a Series of Popular 
Scientific Works now in course of publication, consisting of popular and 
instructive works, on particular scientific subjects — Scientific Discovery, 
Applications, History, Biography — by some of the most eminent scientific 
men of the day. They will be so written as to be interesting and intelli- 
gible even to non-scientific readers. Mr. Lockyer' s work in Spectrum 
Analysis is widely known. In the present short treatise will be found an 
exposition of the principles on which Spectrum Analysis rests, a description 
of the various kinds of Spectroscopes, and an account of what has already 
been done with the instrument, as well as of what may yet be done both in 
science and in the industrial arts, 

RoSCOe (H. E.)— SPECTRUM ANALYSIS. Six Lectures, 
with Appendices, Engravings, Maps, and Chromolithographs. 
By H. E. RoscoE, F.R.S., Professor of Chemistry in Owens 
College, Manchester. Third Edition, revised throughout. Royal 

8V0. 2lSm 

** In six lectures he has given the history of the discovery and set forth 
the facts relating to the analysis of light in stick a way that any reader of 
ordinary intelligence and information will be able to understand what 
* Spectrum Analysis * is, and what are its claims to rank among the most 
signal triumphs of science of which even this century can boasts — Non- 
conformist. ** The illustrations — no unimportant part- of a book on 
such a subject — are marvels of ivood-printing, and reflect the clearness 
which is the distinguishing merit of Mr, Roscois explanations.^' — 
Saturday Review. ** The lectures themselves furnish a most ad- 
mirable elementary treatise on the subject, whilst by the insertion in 
appendices to each lecture of extracts from the most important published 
memoirs, the author has rendered it equally valuable as a text-book 
for advanced students*^ — Westminster Review. 

Thorpe (T. E.)~a series of chemical problems, 

for use in Colleges and Schools. Adapted for the preparation of 
Students for the Government, Science, and Society of Arts Ex- 
aminations. With a Preface by Professor Roscoe. i8mo. 
cloth. \s. 
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In the Preface Dr, Roscoe says — ** My experience has led me to feel more 
and more strongly that by no method can accuracy in a knowledge of 
chemistry be more surely secured than by attention to the working of well- 
selected problems, and Dr, 77iorpe*s thorough acquaintance with the wants 
of the student is a sufficient guarantee that this selection has been carefully 
made, I intend largdy to use these questions in my own classes , and I can 
confidently recommend them to all teachers and students of the science,'*^ 



WurtZ.— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Wjktts, F.R.S. Crown 8vo. 6j. 

** The treatment of the subject is admirable^ and the translator hus 
evidently done his duty most efficiently,^* — Westminster Review. 
" The discourse, as a r^um^ of chemical theory and research, unites 
singular luminousness and grasp. A few judicious notes are culded by the 
translator.** — Pall Mall Gazette. 
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SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

The necessity of commencing the teaching of Science in Schools at an 
early stage of the pupil's course has now become' generally recog- 
nized, and is enforced in all Schools under Government inspection. 
For the purpose of facilitating the introduction of Science 
Teaching into Elementary Schools, Messrs. Macmillan are now* 
publishing a New Series of Science Primers, under the joint 
Editorship of Professors Huxley, Roscoe, and Balfour 
Stewart. The object of these Primers is to convey information 
in such a manner as to make it both intelligible and interesting to 
pupils in the most elementary classes. They are clearly printed on 
good paper, and illustrations are given whenever they are necessary 
to the proper understanding of the text. The following are just 
published : — 

PRIMER OF chemistry: By H. E. RoscoE, Professor ot 
Chemistry in Owens College, Manchester. iBmo. is. Second 
Edition. 

PRIMER OF PHYSICS. By Balfour Stewart, Professor of 
Natural Philosophy in Owens College, Manchester. iSmo. u. 
Second Edition. 

PRIMER OF PHYSICAL GEOGRAPHY. By Archibald 
Geikie, F.R.S., Murchison- Professor of Geology and Mineralogy 
at Edinburgh. Second Edition. i8mo. is. 

Everyone ought to know something dbout the air we breathe and the 
earth we live upon^ and about the relations between them; and in this 
little work the author wishes to shoiv what sort of questions may be put 
about some of the chief parts of the book of nature ^ and especially about two 
of them — the Air and the Earth, The divisions of the book are as 
follows: — The Shape of the Earth — Day and Night— The Air — The 
Circulation of Water on the Land — The Sea— The Inside of the Earth, 
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In these Manuals the authors have aimed, not so much to give informa' 
Hon, as to endeavour to discipline the mind in a way which has not 
hitherto been customary^ by bringing it into immediate contact with 
Nature herself. For this purpose a series of simple experiments [to be 
performed by the teacher) has been devised, leading up to the chief truths 
of each Science, Thtis the power of observation in the pupils will be 
awakened and strengthened. Each Manual is copiously illustrated, and 
appended are lists of all the necessary apparatus, with prices, and 
directions as to how tJiey may be obtained. Professor Huxley s introduc- 
tory volume has been delayed through the illness oj the author, but it is 
now expected to appear very shortly. " They are wonderfully clear atid 
lucid in their instruction, simple in style, and admirable in plan.^^ — 
Educational Times. 

In preparation : — 

INTRODUCTORY. By Professor Huxley. 

PRIMER OF GEOLOGY. By Archibald Geikie, F.R,S. 

\Just ready. 

PRIMER OF BOTANY. By Dr. Hooker, C.B., F.R.S. 

PRIMER OF ASTRONOMY. By J. Norman Lockyer, F.R.S. 

^c, &*c. 
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MISCELLANEOUS. 

Abbott.— A SHAKESPEARIAN GRAxMMAR. An Attempt to 
illustrate some of the Differences between Elizabethan and Modem 
English. By the Rev. E. A. Abbott, M. A., Head Master of the 
City of London School. For the Use of Schools. New and. 
Enlarged Edition. Extra fcap. 8vo. 6j. 

The object of this work is to furnish students of Shakespeare and Bacon 
iviih a short systemcUic account of some points of difference between Eliza- 
bethan syntax and our own, A section on Prosody is added, and Notes 
and Questions^ The success which has attended the First and Second 
Editions of the "Shakespearian Grammar," and the demand for a 
Third Edition within a year of the publication of the First, have encouraged 
the author to endeavour to make the work somewhat more useful, and to 
render it, as far as possible^ a complete book of reference for all difficulties of 
Shakespearian syntax or prosody. For this purpose the whole of Shake- 
speare hcu been re-retul, and an attempt has been made to include within 
this Edition the explanation of every idiomatic difficulty that comes within 
thepromnce of a grammar as distinct from a g^ssaty. The great object 
being to make a useful book of reference for students, and especially for 
classes in schools, several Plays ha^e been indexed so fully that with the aid 
of a glossary and historical notes the references will serve for a complete com- 
mentary, * * A critical inquiry, conducted with great skill and knowlaige^ 
and with all the appliances of modern philology .... We venture to believe 
that those who consider themsdves most proficient cu Shakespearians wUl 
find something to learn from its pages. *^ — Pall Mall Gazette. 
" Valuable not only as an aid to the critical study of Shakespeare, but 
cts tending to familiarize the reader with EliiMbethan English in 
general.^'' — ATHENiEUM. 

Berners.— FIRST LESSONS ON HEALTH. By J. Ber- 
NERS. i8mo. IJ. Third Edition. 

This little book consists of the notes of a number of simple lessons on 
sanitary subjects given to a class in a National School, and listened to 
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'with great interest and intelligence. They have been made as easy and 
familiar as possible, and as far as they go may be deemed perfectly trust- 
'worthy. One of the authot^s main attempts has been, to translate the 
concise and accurate language of science into the colloquial nursery 
diala:t comprehensible to children. The book will be found of the highest 
value to all who have the training of children, who, for want of knowing 
ruhat this little book teaches, too often grow up to be unhealthy, defective 
men and women. The Contents are — /. Introductory, J I, Fresh Air, 
III. Food and Drink, IV. Warmth. V. Cleanliness, VI, Light, 
VII. Exercise, VIII. Rest, 

Besant.— STUDIES IN early French poetry. By 

Walter Besant, M.A. Crown 8vo. 8j. 6d, 

A sort of impression rests on most minds that French literature begins 
Tvith the **siicle de Louis Quatorze ;" any previous literature being for 
the most part unknown or ignored. Few know anything of the enormous 
literary CLctvvity that began in the thirteenth century, was carried on by 
^ulebeuf, Marie de France, Gaston de Foix, Thibault de Champagne, 
and Lorris ; was fostered by Charles of Orleans, by Margaret of Valois, 
by Francis the First ; that gave a crowd of versifiers to France, enriched, 
strengthened, developed, and fixed the French language, and prepared the 
way for Corneille and for Racine, The present work aims to afford 
information apd direction touching these early efforts of France in poetical 
literature, ** In one moderately sized volume he has contrived to introduce 
us to the very best, if not to all of the early French poets. ^^ — ATHENiBUM. 
* * Industry, the insight of a scholar, and a genuine enthusiasm for his 
subject, combine to make it of very considerable value," — Spectator. 

CalderwOOd.— HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. Second Edition. Crown 
8vo. 6s, 

While in this work the interests of University Students have been con- 
stantly considered, the author has endeavoured to produce a book suitable 
to those who wish to prosecute privately the study of Ethical questions, 
Xhe author has aimed to present the chief problems of Ethical Science, to 
give an outline of discussion under each, and to afford a guide for private 
study by references to the Literature of the Science, The uniform object 
Aas been to give a careful representation of the conflicting theories, supplying 
the reader with mctterials for independent judgTnent, 
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Cameos from English History. — See Yonge(C. M.) 

Delamotte.— A BEGINNER'S DRAWING, BOOK. By P. H. 
Delamotte, F.S.A. Progressively arranged, with upwards of 
Fifty Plates. Crown 8vo. Stiff covers. 2j. 6d, 

This work is intended to give mch instruction to Banners in Drawings 
and to place before tkeni copies so easy, that they may not find any obstacle 
in making the first step. Thenceforward the lessons are graduaily 
progressive. Mechanical improvements^ too^ have lent their aid. The whole 
of the Plates have been engraved by a new process ^ by means of which a 
varying depth of tone — up to thepresetU time the distinguishing character- 
isiic of pencil drawing — has been impartai to woodcuts, * * We have seen 
and examined a great many drawing-books ^ but the one now before us strikes 
us as being the best of them alV- — Illustrated Times. ^^ A concise^ 
simple, and thoroughly practical work. The letter-press is throughout 
intelligible and to the point." — Guardian. 

D'Oursy and Feillet. — a French grammar at' 

SIGHT, on an entirely new method. By A. D'Oursy and 
A. Feillet. Especially adapted for Pupils preparing for Ex- 
amination. Fcap. 8vo. cloth extra. 2s, 6d, 

The method followed in this volume consists in presenting ihe grammar 
cts much as possible by synoptical tables, which, striking the eye ai once, and 
following throughout the same order — " used — ^not used ; " ** changes — 
does not change " — are easily remembered. T7u parsing tables wUl enable 
the pupU to parse easily from the beginning. The exercises consist of 
translations from French into English, and from En^ish into French ; 
and of a number of grammatical questions. 

Green. — a history of the English people. By the 

Rev. J. R. Green, M.A. For the use of Colleges and Schools. 
Crown 8vo. 8j. (>d. 

Hales. — longer English poems, with Notes, Philological 
and Explanatory, and an Introduction on the Teaching of English. 
Chiefly for use in Schools. Edited by J. W. Hales, M,A., late 
Fellow and Assistant Tutor of Christ's Collie, Cambridge, 
Lecturer in English Literature and Classical Composition at King's 
College School, London, &c. &c. Extra fcap. 8vo. 4J. td. 
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This work has been in preparation for some years, and part of it has 
been used as a class-book by the Editor, It is intended as an aid to the 
Critical study of English Literature, and contains one or more of the 
larger poems, each complete^ of prominent English authors, from Spenser 
to Shelley, including Burn^ ''^Cotter's Saturday Night ""^ and ^* Twa 
IDogsS^ In all cases the original spelling and the text of the best editions 
have been given : only in one or two poems has it been deemed necessary 
to make slight omissions and changes, ^^ that the reverence due to boys 
might be well observed. ^^ The Introduction consists of Suggestions on 
Teaching of English. The latter half of the volume is occupied with 
copious notes, critical, etymological, and explanatory, calculated to give 
the learner much insight into the structure and connection of the English 
tongue. An Index to the Notes is appended, 

Helfenstein (James).— -a comparative grammar 

OF THE TEUTONIC LANGUAGES. Being at the same 
time a Historical Grammar of the English Language, and comprising 
Gothic, Anglo-Saxon, Eariy English, Modem English, Icelandic 
(Old Norse), Danish, Swedish, Old High German, Middle High 
German, Modem German, Old Saxon, Old Frisian, and Dutch. 
By James Helfenstein, Ph. D. 8vo. i8^. 

This work traces the different stages of development through which 
the various Teutonic languages have passed, and the laws which have 
regulated their growth. The reader is thus enabled to study the relation 
■which these languages bear to one another, and to the English language in 
particular, to which specicU attention is devoted throughotU. In the 
chapters on Ancient and Middle Teutonic Languages no grammatical form 
is omitted the knowledge of which is required for the study of ancient 
literature, whether Gothic, or Anglo-Saxon, or Early English. To each 
chapter is prefixed a sketch showing the relation of the Teutonic to the 
cognate languages, Greek, Latin, and Sanskrit. Those who have mastered 
the book will be in a position to proceed with intelligence to the more 
elaborate works of Grimm, Bopp, Pott, Schleicher, and others. 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. \s. 

The different families are printed in distinguishing colours, thus 
ctcilitating reference. 
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J ephson.— SHAKESPEARE'S "TEMPEST." With Glossarial 
and Explanatory Notes. By the Rev. J. M. Jbphson. Second 
Edition. i8mo. \s. 

It is important to find some substitute for classical study ^ and it is 
believed that such a substitute may be found in the Plays oj Shakespeare, 
For this purpose the present edition of the ** Tempest" has been prepared. 
The introduction treats briefly of the vcdue of the study of language, the 
fable of the play, and other points. The notes are intended to teach the 
student to analyse every obscure sentence and trace out the logical sequence 
ofthepoe^s thoughts ; to point out the rules of Shakespear^s versification ; 
to explain obsolete words and meanings ; and to guide the students taste by 
directing his attention to such passages as seem especially worthy of note for 
their poetical beauty or truth to nature. The text is in the main founded 
upon that of the first collected edition of Shakespear/s Flays, 

Kington-Oliphant.— THE SOURCES OF STANDARD 
ENGLISH. By J. Kington-Oliphant. Globe 8vo. 6^. 

Martin.— THE POETS HOUR: Poetry Selected and Arranged 
for Children. By Frances Martin. Second Edition. i8mo. 
2s, 6d. 

This volume consists of nearly 200 Foems selected from the best Fo^s, 
ancient and modern, and is intended mainly for children between the ages 
of eight and twelve. 

SPRING-TIME WITH THE POETS. Poetry selected by Frances 
Martin. Second Edition. i8mo. 3^. (>d. 

This is a selection of poetry intended mainly for girls and boys between 
the ages of twelve and seventeen, 

Masson (Gustave).— a french-english and eng- 

LISH-FRENCH DICTIONARY. By Gustave Masson, B. A., 
Assistant Master in Harrow School. Small 4to. 6j. 

M'Cosh (Rev. Principal).— For other Works by the same 
Author, see Philosophical Catalogue. 

THE LAWS OF DISCURSIVE THOUGHT. Being a Text-Book 
of Formal Logic. By James M'Cosh, D.D., LL.D. 8vo. 5^. 
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In this treatise the Notion (with the Term and the Relation of Thought 
to Langtmge,) will be found to occupy a larger relative plctce than in any 
logical work written since the time of the famous " Art of Thinking^ 
** We heartily wdcome his book as one which is likdy to be of great value 
in Colleges and Schools.*^ — AxHENiEUM. 

Morris.— HISTORICAL OUTLINES OF ENGLISH ACCI- 
DENCE, comprising Chapters on the History and Development 
of the Language, and on Word-formation. By the Rev. Richard 
Morris, LL.D., Member of the Council of the PhiloL Soc, 
Lecturer on English Language and Literature in King's College 
School, Editor of ** Specimens of Early English," &c &c. Third 
Edition. Extra fcap. 8vo. 6s. 

Dr. Morris hcts endeavoured to write a work which can be profitably 
used by students and by the upper forms in our public schools. English 
Grammar, he believes^ without a reference to the older form^y must appear 
altogether anomalous^ inconsistent^ and unintelligible. His almost un- 
equalled knowledge of early English Literature renders him peculiarly 
qualified to write a work of this kind. In the writing of this volume^ 
moreover^ he has taken advantage of the researches into our language 
nuide by all the most eminent scholars in England^ America, and on the 
Continent, The author shows the place of English among the languages 
of the worlds expounds clearly and with great minuteness ^* Grimm^s 
X^JW," gives a brief history of the English language and an account of 
the various dialects^ investigates the history and principles of Phonology^ 
Orthography y Accent, and Etymology, and devotes several chapters to the 
consideration oj the various Parts of Speech, and the fined one to Deri- 
zfotion and Word-formation. " It makes an era in the study of the 
English tongue,''^ — Saturday Review. ^^ He has done his work with 
a fulness and completeness that leave nothing to be desired.^"* — NON- 
CONFORMIST. ^^A genuine and sound book." — ATHENiBUM. 

Oppen.^FRENCH READER. For the Use of Colleges and 
Schools. Containing a graduated Selection from modem Authors 
in Prose and Verse ; and copious Notes, chiefly Etjrmological. By 
Edward A. Oppen. Fcap. 8vo. cloth. 4^. 6d. 
This is a Selection from the best modern authors of France. Its dis- 
tinctive feature consists in its etymological notes, connecting French with 
the classical and modern languages, including the Celtic. This subject 
has hitherto been little discussed even by the best-educated teachers. 
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Pylodet.— NEW guide to German conversation ; 

containing an Alphabetical List of nearly 800 Familiar Words 
similar in Orthography or Sound and the same Meaning in both. 
Languages, followed by Exercises, Vocabulary of Words in 
frequent use. Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressions, &c. ; and a Synopsis of German 
Grammar. By L. Pylodet. i8mo. cloth limp. zs. 6d. 

Sonnenschein and Meiklejohn. — the ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonnenschein 
and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

Comprising : 
The Nursery Book, containing all the Two-Letter Words in 
the Language, id. (Also in Large Type on Sheets for 
School Walls. 5 J. ) 

The First Course, consisting of Short Vowels with Single 
Consonants. 3^. 

The Second Course, with Combinations and Bridges, con- 
sisting of Short Vowels with Double Consonants, ^d. 

The Third and Fourth Courses, consisting of Long 
Vowels, and all the Double Vowels in the Language. 6d. 

A Series of Books in which an attempt is made to place the process of 
learning to read English on a scientific basis. This has been done by 
separating the perfectly regular parts of the language from the irregular ^ 
and by giving the regular parts to the learner in the exact order of their 
difficulty. The child begins with the smallest possible elementy and adds to 
that element one letter — in only one of its functions — at one time. Thus 
the sequence is natural and complete. ** These are admirable books, because 
they are constructed on a principle, and that the simplest principle on which 
it is possible to learn to read English J^ — Spectator. 

Taylor.— WORDS and places ; or. Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised and 
compressed. With Maps. Globe 8vo. 6j. 

In this edition the work has been recast with the intention of fitting it 
for the use of students and gene7-al readers^ rather than^ as before^ to 
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appeal to the judgment of philologers. The book has already been adopted 
by many teachers y and is prescribed as a text-book in the Cambridge Higher 
JExaminaHons for Women: and it is hoped that the reduced size and price ^ 
and the other changes now introduced^ may make it more generally useful 
than heretofore for Educational purposes. 

Thring. — Works by Edward Thring, M.A., Head Master of 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
with Questions. Fourth Edition. i8mo. 2j. 

This little work is chiefly intended for teachers and learners. It took its 
rise from questionings in NationcU Schools^ and the -whole of the first part 
is merely the writing out in order the answers to questions which have been 
used already with success. A chapter on Learning Language is especially 
addressed to teachers. 

THE CHILD'S GRAMMAR. Being the Substance of "The 
Elements of Grammar taught in EngUsh," adapted for the Use of 
Junior Classes. A New Edition. i8mo. \s. 

SCHOOL SONGS. A Collection of Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rev. E. Thring 
and H. Riccius. Folio, yj. dd. 

There is a tendency in schools to stereotype the forms of life. Any genial 
solvent is valuable. Games do much ; but games do not penetrate to 
domestic lifCy and are much limited by age. Music supplies the want. 

The collection includes the ** Agnus Dei" Tennyson^ s ** Light Brigade^^ 

Macaulay^s " Ivry" ^c. among other pieces. 

Trench (Archbishop). — HOUSEHOLD BOOK OF ENG- 
LISH POETRY. Selected and Arranged, with Notes, by 
R. C, Trench, D.D., Archbishop of Dublin. Extra fcap. 8vo. 
. 5j. dd. Second Edition. 

This volume is called a ^* Household Book," by this name implying that 
it is a book for ail — that there is nothing in it to prevent it from being 
confidently placed in the hands of every member of the household. Speci- 
mens of all classes of poetry are given, including selections from living 
authors. The Editor has aimed to produce a book ** which the emigrant^ 
finding room for little not absolutely necessary^ might yet find room J or 
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Trench (Archbishop). — continued, 

in his trunk^and the traveller in his knapsack^ and thai on same narrow 
shelves where there are few books this might be one** ** The Archbishop 
has conferred in this delightful volume an important gift on the whole 
English-speaking population of the world** — Pall Mall Gazette. 

ON THE STUDY OF WORDS. Lectures addressed (originally) 
to the Pupils at the Diocesan Training School, Winchester. 
Fourteenth Edition, revised. Fcap. 8vo. 4J. 6</. 

This^ it is believed, was probably the first work which drew general 
attention in this country to the importance and interest of the critical and 
historical study of English, It' still retains its place cls one of the most 
successful, if not the only, exponent of those aspects of words of which it 
treats. The subjects of the several Lectures are, (i) Introduction; (2) 
On the Poetry of Words ; (3) On the Morality of Words'; (4) On the 
History of Words; (5) On the Rise of New Words; (6) On the Dis- 
tinction of Words ; (7) The Schoolmaster's Use of Words, 

ENGLISH, PAST AND PRESENT. Eighth Edition, revised 
and improved. Fcap. 8vo. 4r. 6d, 

This is a series of Eight Lectures, in the first of which Archbishop 
Trench considers the English language as it now is, decomposes some 
specimens of it, and thus discovers of what element it is compact. In 
the second Lecture he considers what the language might have been if the 
Norman Conquest had never taken place. In the following six Lectures 
he institutes from various points of view a comparison between the present 
language and the past, points out gains which it has made, losses which it 
has endured, and generally calls attention to some of the more important 
changes through which it has passed, or is at present passing, 

A SELECT GLOSSARY OF ENGLISH WORDS, used formerly 
in Senses Different from their Present. Fourth Edition, enlarged. 
Fcap. 8vo. 4J. 6d, 

This alphahetically arranged Glossary contains many of the most itn- 
portant of those English words which in the course of time hceve gradually 
changed their meanings. The author^ s object is to point out some of these 
changes, to suggest how many more there may be, to show how slight and 
subtle, while yet most real, these changes have often been, to trace here and 
there the progressive steps by which the old meaning has been put off and the 
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new put oHy — the exact road which a word has travelled. The author thus 
hopes to render some assistance to those who regard this as a serviceable 
discipline in the training of their own minds or the minds of others^ 
Although the book is in the form of a Glossary^ it will be found as interest' 
ing as a series of brief well-told biographies. 

Vaughan (C. M.)— a shilling book of words 

FROM THE POETS By C. M. Vaughan. i8mo. cloth. 

// has been felt of late years that the children oj our parochial schools ^ 
and those classes of our countrymen which they commonly represent, are 
capable of being interested, and therefore benefited also, by something higher 
in the scale oJ poetical composition than those brief and somewhat puerile 
fragments' to which their knowledge was formerly restricted. An attempt 
has bten made to supply the want by forming a selection at once various 
and unambitious ; healthy in tone, just in sentiment, elevating in thought, 
and beautiful in expression, 

Whitney. — Works by W. D. Whitney, Professor of Sanskrit, 
and Instructor in Modern Languages in Yale College. 

A GERMAN READER IN PROSE AND VERSE, with Notes 
and Vocabulary. Crown 8vo. ^s, 6d, 

A COMPENDIOUS GERMAN GRAMMAR. Crown 8vo. 6j. 

Yonge (Charlotte M.)— the abridged book of 

GOLDEN DEEDS. A Reading Book for Schools and General 
Readers. By the Author of "The Heir of Redclyffe." i8mo. 
cloth, is. 

A record of some of the good and great deeds of all time, abridged from 
the larger work of the same author in the Golden Treasury Series, 
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Freeman (Edward A.)—oLD -ENGLISH history. 

By Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. With Five Coloured Maps. Second Edition. 
Extra fcap. 8vo. half-bound, dr. 

The rapid sale of the first edition and the universal approval with which 
it has been received^ show that the author^ s convictions have been well 
founded^ that his views have been widdy accepted both by teachers and 
learners^ and tJiat the work is eminently calculated to serve the purpose for 
which it was intended. Although full of instruction and calculated highly 
to interest and even fascinate children^ it is a work which may be and has 
been used with profit and pleasure by all, **I have, I hope, ^ the author 
saySf ^^ shown that it is perfectly easy to teach childrdn, from the very 
fir si, to distinguish true history alike from legend and from wilful inven- 
tion y and also to understand the nature of historical authorUies and to weigh 
one statetnent against another, I have throughout striven to connect the 
history of England with the general history of civilized Europe^ and 
I have especially tried to make the book serve as an incentive to a 
more accurate study of historical geography. ^^ In the present edition the 
wlwle has been carejully revised, and such improvements as suggested 
themselves have been introduced. ** The book indeed is full of instruction 
and interest to students of all ages, and he must be a wdl-informed man 
indeed who will not rise from its perusal with clearer and more accurate 
ideas of a too much neglected portion of English History."^* — Spectator. 

Historical Course for Schools. — Edited by Edward 

A. Freeman, D.C.L., late Fellow of Trinity College, Oxford. 

The object of the present series is to put forth clear and correct views 
of history in simple language, and in the smallest space and cheapest 
form in which it could be done. It is meant in the first place foi 
Schools ; but i-t is often found that a book for schools proves useful 
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for other readers as well, and it is hoped that this may be the case 
with the little books the first instalment of which is now given to 
the world. The General Sketch will be followed by a series of 
special histories of particular countries, which will take for granted 
the main principles laid down in the General Sketch. In every case 
the results of the latest historical research will be given in as simple 
a form as may be, and the several numbers of the series will all be 
so far under the supervision of the Editor as to secure general ac- 
curacy of statement and a general harmony of plan and sentiment ; 
but each book will be the original work of its author, who will 
be responsible for his own treatment of smaller details. The 
Editor himself undertakes the histories of Rome and Switzerland, 
while the others have been put into the hands of various competent 
and skilful writers. 

TTu first volume is meant to be introductory to the whole course. It 
is intended to give^ as its name implies, a general sketch of the history of 
the civilized world, that is, of Europe, and of the lands which have drawn 
their civilization from Europe, Its object is to trace out the general rela- 
tions of different periods and different countries to one another, without 
going minutely into the affairs of any particular country. This is an 
object ef the first importance, for without clear notions of general history, 
the history of particular countries can never be rightly understood. The 
narrative extends from the earliest movements of the Aryan peoples, down 
to the latest events both on the Eastern and Western Continents, The 
book consists of seventeen moderately sized chapters, each chapter bein^ 
divided into a number of short numbered paragraphs, each with a title 
i>refixed clearly indicative of the subject of the paragraph, *^ It supplies 
the great want of a good foundcUion for historical teaching. The scheme 
is an excellent one, and this instalment has been executed in a way that 
promises much for the volumes that are yet to appearj^^ — Educational 
Times. 

/. GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. Third Edition. i8mo. cloth. 
3j. 6d. 

II. HISTORY OF ENGLAND. By Edith Thompson. i8mo. 
2s, 6d, 

** Freedom /rom prejudice, simplicity of style, and accuracy of statement, 
are the characteristics of this little volume. It is a trustworthy text-bock 
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and likely to be generally serviceable in schools" — Pall Mall Gazette. 
*^Upon the whole^ this manual is the best sketch of English history for tlu 
use of young people we have yet met with^^ — ATHEN^^iUM. 

///. SCOTLAND. By Margaret Macarthur. a^. 

JV. ITALY. By the Rev. William Hunt, M.A. y. 

The following will shortly be issued : — 

FRANCE. By the Rev. J. R. Green, M.A. 
GERMANY. By J. Sime, M.A. 

Yonge (Charlotte M.)-«a parallel history of 

FRANCE AND ENGLAND : consisting of Outlmes and Dates. 
By Charlotte M. Yonge, Author of "The Heir of Redclyffe," 
** Cameos of English History," &c. &c. Oblong 4to. 3^. 6df. 

nis tabular history has been drawn up to supply a want felt by many 
teachers of some means of making their pupils realize what events in the 
two countries were contemporary, A skeleton narrative has been cou' 
structed of the chief transactions in eitlier country, placing a column 
between for what affected both alike^ by which means it is hoped that young 
people may be assisted in grasping the mutual relation of events, " We 
can imagine few more really advantageous courses of historical study jor 
a young mind than going carefully and steadily through Miss Yonge's 
excellent little book,^^ — Educational Times. 

CAMEOS FROM ENGLISH HISTORY. From RoUo to Edward 
II. By the Author of *'The Heir of Redclyffe." Extra fcap. 
8vo. Second Edition, enlarged. 3^. 6d. 

The endeavour has not been to chronicle facts, but to put together a series 
of pictures of persons and events, so as to arrest the attention, and give 
some individuality and distinctness to the recollection, by gathering together 
details at the most memorable moments. The ** Cameos " are intended as 
a book for young people just beyond the elementary histories of England, 
and cd}le to enter in some degree into the real spirit of events, and to be 
struck with charctcters and scenes presented in some relief " Instead oj 
dry details,^^ says the Nonconformist, **we have living pictures, faith- 
ful, vivid, and striking,^* 

A Second Series of CAMEOS FROM ENGLISH HISTORY. 
The Wars in France. Extra fcap. 8vo. pp. xl 415. 5^. 
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TMs new volume^ closing with the Treaty of ArraSy is the history of the 
struggles of Plantagenet and Valois, It refers ^ accordingly, to one of the 
most stirring epochs in the mediaval era, including the battle of Poictiers^ 
the great Schism of the West, the Lollards, Agincourt and Joan of Arc, 
77ie atUJioress reminds her readers that she aims merely at ** collecting from 
the best authorities such details as may present scenes and personages to the 
eye in some fulness ;^^ her Cameos are a ^^ collection of historical scenes 
and portraits such as the young might find it difficult to form for themselves 
without access to a very complete library ^ ** Though mainly intended,^^ 
says the John Bull, ^^ for young readers, they will, if we mistake not, be 
found very acceptable to those of mere mature years, and the life and 
reality imparted to the dry bones of history cannot fail to be attractive to 
readers af every age.'* 

EUROPEAN HISTORY. Narrated in a Series of Historical Selec- 
tions from the Best Authorities. Edited and arranged by E. M. 
Sewell and C. M. Yonge. First Series, I003— 1154. Third 
Edition. Crown 8vo. 6x. Second Series, 1088 — 1228. Crown 
8vo. 6s. 

When young children have acquired the outlines of History from abridge 
ntents and catechisms, and it becomes desirable to give a more enlarged 
view of the subject, in order to render it really useful and interesting, a 
difficulty often arises as to the choice of books. Two courses are open, either 
to take a general and consequently dry history of facts, such as RusseTs 
Modern Europe, or to choose some work treating of a particular period or 
subject, such as the works of Macaulay and Froude. The former course 
usually renders history uninteresting ; the latter is unsatisfactory because 
it is not sufficiently comprehensive. To remedy this difficulty. Selections, 
continuous and chronological, have, in the present volume, been taken from 
thd larger works of Freetnan, Milman, Palgrave, and others, which may 
serve as distinct landmarks of historical reading, " We know of scarcely 
anything,^'' says the Guardian of this volume, "which is so likely to rais 
to a higher level the average standard of English education."*^ 
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For other Works by these Authors, see Theological Catalogue. 



Abbott (Rev. E, A.) — ^Works by the Rev. E. A. Abbott, 
M.A., Head Master of the City of London School : — 

BIBLE LESSONS. Second Edition. Crown 8vo. 4J. ed. 

This book is written in the form of dialogues carried on between a 
teacher and pupil ^ and its main object is to make the scholar think for 
himself. The great bulk of the dialogues represents in the spirit, and 
often in the words, the religious instruction which the author has been 
in the habit of giving to the Fifth and Sixth Forms of the City of London 
School. The author has endeavoured to make the dialogrus thoroughly 
unsectaridn, " Wise, suggestive^ and really profound initiation into religious 
thought y — Guardian. ** / think nobody could read them ivithout being 
both the better for tJiem himself and being also able to see how this difficult 
duty of imparting cc sound religious education may be effected^ — From 
Bishop of St. David's Speech at the Education Conference 
AT Abergwilly. 

THE GOOD VOICES ; A Child's Guide to the Bible. Crown 
8vo. cloth extra, gilt edges. 5^^. 

Mr, Abbott is already kn(nvn as a most successful teacher of religious 
truth ; it is believed that this little book will sho7v that he can make Bible 
lessons attractive and edifying even to the youngest child, Tlie book is 
quite devoid of all conventionality and catechetical teaching, and only en- 
deavours in simple language and easy style, by means of short stories and 
illustrations from every quarter likely to interest a child, to imprint the 
rudiments of religious knowledge, and inspire young ones with a desire to 
love and trust God, and to do what is right. The author wishes to imbue 
them with the feeling that at all times and in all circumstances, whether in 
town or country, at work or at play, they are living in the presence of a 
heavenly Father, who is continually speaking to them ivith the Good Voices 
of Nature and Revelation, The volume contains upwards of 50 woodcuts, 

PARABLES FOR CHILDREN. With Three Illustrations. Crown 
870., gilt edges. 3J. 6^. 
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** Contains a number of really delightfully written and yet simple 
tarableSy to be read out to little children as an introduction to Bible 
reading. They are certainly admirably adapted for the purpose. The 
style is colloquial and will be understood and appreciated by the youngest 
child, and the parables thetnselves are very interesting and well chosen^ — 
Standard. 

Arnold.— A bible-reading for schools. The 

Great Prophecy of Israel's Restoration (Isaiah, Chapters 
40 — 66). Arranged and Edited for Young Learners. By Mat- 
thew Arnold, D.C.L., formerly Professor of Poetry in the 
University of Oxfoid, and Fellow of Oriel. Third Edition. iSmo. 
cloth, i^. 

*^ Schools for the peoplcy^^ the power of letters — which embraces nothing 
less than the whole history' of the human spirit — has hardly been brought 
to bear at all, Mr, Arnold y in this little volume, attempts to remedy this 
defect, by doing for the Bible what has been so abundantly done for Greek 
and Roman^ as well as English authors, viz. — taking " some whole, of 
admirable literary beauty in style and treatment, of manageable length, 
within defined limits ; and presenting this to the learner in an intelligible 
shape, adding such explanations and helps as may enable him to grasp 
it as a connected and complete work.''* Mr. Arnold thinks it clear that 
nothing could more exactly suit the purpose than what the Old Testament 
gives us in the last twenty-seven chapters of the Book of Isaiah, beginning 
" Comfort ye,*^ <Sr»^. He has endeavoured to present a perfectly correct 
text, maintaining at the same time the unparalleled balance and rhythm of 
the Authorised Version, In an Introductory note, Mr. Arnold briefly 
sums up the events of yervish history to the starting-point of the chapters 
chosen ; and, in the copious notes appended, every assistance is given to the 
complete understanding of the text. There is nothing in the book to hinder 
the adherent of any school of interpretation or of religious belief from 
using it, and from putting it into the hands of children. The Preface 
contains mu^i that is interesting and valuable on the relation of " letters " 
to education, of the principles that ought to guide the makers of a neio 
version of the Bible, and other important matters. Altogether, it is 
believed the volume will be found to form a text-book of the greatest value 
to schools of all classes. **Mr. Arnold has done the greatest possible service 
to the public. We never read any translation of Isaiah which interfered 
so little with the musical rhythm and associations of our English Bible 
translation, while doing so much to display the missing links in the coft- 
nection of the parts,** — Spectator. 
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Cheyne (T. K.)— the BOOK OF ISAIAH chrono- 
logically ARRANGED. An Amended Version, with 
Historical and Critical Introductions and Explanatory Notes. By 
T. K. Cheyne, M.A., Fellow of Balliol College, Oxford. 
Crown 8vo. *js. 6^. 

The object of this edition is simply to restore the probable meaning of 
Isaiah^ so far as this can be expressed in modern English, The basts of 
the version is the revised translation of l6iif but no scruple has been felt 
in introducing alterations, wherever the true sense of the prophecies 
appeared to require it. **A piece of scholarly work, very carefully and 
considerately done,^* — Westminster Review. 

Golden Treasury Psalter.— students' Edition. Being an 

Edition of "The Psalms Chronologically Arranged, by Four 
Friends," with briefer Notes. i8mo. 3J. 6d. 
In making this abridgment of** The Psalms Chronologically Arranged, * 
the editors have endeavoured to meet the requirements of readers of a 
different class from those for whom the larger edition was intended. Some 
who found the large book useful for private reading, have asked for an 
edition of a smaller size and at a louver price, for family use, while at the 
same time some Teachers in Public Schools have suggested that it would be 
convenient for them to have a simpler book, which they could put into the 
hands of younger pupils. ** It is 'a gem," says the NONCONFORMIST. 

Hardwick.— A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. Edited by William StubbS, M.A., Regius Professor 
of Modem History in the University of Oxford. With Four Maps 
constructed for this work by A. Keith Johnston. Thu-d Edition, 
Crown 8vo. los. 6d. 
Although the ground-plan of this treatise coincides in many points tuith 
that of the colossal work of Schrbckh, yet in arranging the materials a 
very different course has frequently been pursued. With regard to his 
opinions the late author avowed distinctly that he construed history with 
the specific prepossessions of an Englishman and a member of the 
English Church. The reader is constantly referred to the authorities, 
both original and critical, on which the statements are founded. For this 
edition Professor Stubbs has carefully revised both text and notes, making 
such corrections of facts, dates, and the like as the results of recent 
research warrant. The doctrinal, historical, and generally speculative 
views #/ the late author have been preserved intact* ** As a m anual for 
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Hardwick — continued. 

the student of ecclesiastical history in the Middle Ages^ we know no 
English work which can be compared to Mr, Hardwick^ s hook.** — 
Guardian. 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By Archdeacon Hardwick. Third 
Edition. Edited by Professor Stubbs. Crown 8vo. I or. 6d. 

» 

litis volume is intended as a sequel and companion to the ^^ History op 
the Christian Church during the Middle Age,^^ The author^s earnest 
wish has been to give the reader a trustworthy version of those stirring 
incidents which mark the Reformation period^ without relinquishing his 
former claim to characterise peculiar systems, persons^ and events according 
to the shades and colours they CLssume, when contemplated from an English 
point of vieiv and by a member of the Church of England, 

Maclear.— Works by the Rev. G. F. MACLEAR, D.D., Head 
Master of King's College School. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. Seventh 
Edition, with Four Maps. i8mo. cloth. 4r. 6^. 

This volume forms a Class-book of Old Testament History from the 
earliest times to those of Ezra and Nehemiah. In its preparation the 
fnost recent authorities have been consulted, and wherever it has appeared 
useful. Notes have been subjoined illustrative of the Text, and, for the sake 
of more advanced students, references added to larger works. The Index 
has been so arranged as to form a concise dictionary of the persons and 
places mentioned in the course of the narrative; while the Maps, which have 
been prepared with considerable care at Stanford's Geographical Establish- 
ment, will, it is hoped, materially add to the value and usefulness of the 
Book. ** A careful and elaborate though brief compendium of all that 
modern research has done for the illustration of the Old Testament, We 
know of no work which contains so much important information in so 
small a compass, "^ — British Quarterly Review. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the Connexion of the Old and New Testament. With Four Maps. 
Fourth Edition. i8mo. cloth. 5j. dd. 

A sequel to the author's Class-book of Old Testament History, continuing 
the narrative from the point at which it there ends, and carrying it on to 
the close of St. Pouts second imprisonment at Rome. In its preparation. 
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Maclear — continued. 

as in that of the former volume, the most recent and trustworthy authorities 
have been consulted, notes subjoined, and references to larger works added. 
It is thus hoped that it may prove at once an useful clcus-book and a 
convenient companion to the study of the Greek Testament, **A singularly 
clear and orderly arrangement of the Sacred Story. His work is solidly 
and completely done.^^ — Athenaeum. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, 

for National and Elementary Schools. With Map. i8mo. 

cloth. New Edition. 
A SHILLING BOOK OF NEW TESTAMENT HISTORY, 

for National and Elementary Schools. With Map. i8mo. 

cloth. New Edition. 
These works have been carefully abridged from the authof^s larger 
manuals. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition. i8mo. cloth. 2J. 6^. 
This may be regarded as a sequel to the Class-books of Old and New 
Testament History. Like them, it is furnished with notes and references 
to larger works, and it is hoped that it may be found, especially in the 
higher forms of our Public Schools, to supply a suitable manual of 
instruction in the chief doctrines of the English Church, and a useful 
help in the preparation of candidates for Confirmation, ** It is indeed 
the work of a scholar and divine, and as suck, though extremely simple, 
it is also extremely instructive. There are few clergymen who would not 
find it useful in preparing candidates for Confirmation ; and there are 
not a few who would find it useful to themselves as welV^ — Literary 
Churchman. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, with Scripture Proofs, for Junior 
Classes and Schools. iSmo. 6^. New Edition. 

THE ORDER. OF CONFIRMATION. A Sequel to the Class 
Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. iSmo. 3^. New Edition. 

Maurice.— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. Denison Maurice, M. A. Professor of Moral Philosophy 
in the University of Cambridge. iSmo. cloth limp. \s. 
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Procter. — a history of the book of common 

PRAYER, with a Rationale of its Offices. By Francis Procter, 
M.A. Tenth Edition, revised and enlarged. Crown 8vo. 
IQT. 6^. 

In the course of the last twenty years the whole question of Liturpcal 
knowledge has been reopened with great learning and acatrate research ; 
and it is mainly with the view of epitomizing extensive publications^ and 
correcting the errors and misconceptions which had obtained currency^ 
that the present volume has been put together, * * We admire the author's 
diligence^ and bear willing testimony to the extent and accuracy of his 
reading. The origin of every part of the Prayer Book has been diligently 
investigated^ and there are few questions of facts connected with it which 
are not either sufficiently explained, or so referred to that persons interested 
may work out the truth for themselves, ^^ — Athenaeum. 

Procter and Maclear.— an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. G. F. Maclear. Fourth Edition. i8mo. 2s. 6d, 

As in the other Class-books of the series, Notes have also been subfoined, 
and references given to larger works, and it is hoped that the volume will 
be found adapted for use in the higher forms of our Public Schools, and a 
suitable mamial for those preparing for the Oxford and Cambridge local 
examinations. This Neiv Edition has been considerably altered, and 
several important additions have been made. Besides a re-arrangement 
0t the work generally, the Historical Portion has been suppltfnented by an 
Explanation of the Morning and Evening Prayer and of the Litany, 

Psalms of David Chronologically Arranged. By 

Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Crown 8vo. %s. 6d. 

To restore the Psalter as jar as possible to the order in which the Psalms 
were lorttten, — to give the division of each Psalm into strophes, of each 
strophe into the lines which composed it, — to amend the errors of translation, 
is the object of the present Edition, Professor Ewald*s works, especially 
ghat on the Psalms, have been extensively consulted. This book has been 
used with satisfaction by masters for private work in higher classes in 
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schools. The Spectator calls this **one of the most instructive and 
valuable books that has been published for many years,** 

Ramsay. — the CATECHISER'S manual; or, the Church 
Catechism Illustrated and Explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition. i8mo. is. 6d, 

A clear explanation of the Catechism^ by way of Question and Answer. 
** This is by far the best Manned on the Catechism we have met withj** 
— English Journal of Education. 

Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
Fifth Edition. Fcap. 8vo. 3J. 6^. 
A compendious summary of Church History. 

Swainson.— A handbook to butler'S analogy. By 

C. A. Swainson, D.D., Canon of Chichester. Crown 8vo. u. 6</. 

This manual is designed to serve as a handbook or road-book to the 
Student in reading the Analogy^ to give the Student a sketch or outline map 
of the country on which he is entering, and to ^oint out to him matters oj 
interest as he /'asses along. 

Trench.— SYNONYMS OF THE NEW TESTAMENT. By 
R. Chevenix Trench, D.D., Archbishop of Dublin. New 
Edition, enlarged. 8vo. cloth. 12s. 

The study of synonyms in any language is valuable as a discipline 
for training the mind to close and. accurate habits of thought : more 
especially is this the case in Greek — "a language spoken by a people of the 
Anest and subtlest intellect ; who saw distinctions where others saw none, 
who divided out to different woi'ds what others often were content to huddle 
confusedly under a common term. This work is recognised as a valuable 
companion to every student of the New Testament in the original. This, 
the Seventh Edition, has been carefully revised, and a considerable number 
of neiv synonyms added. Appended is an Index to the Synonyms, and an 
Index to many othei- woi'ds alluded to or explained throughout the work. 
*^Heis" the Athenaeum says, ** a guide in this department of knoW' 
ledge to whom his readers may intrust themselves with confidence. His 
sober judgment and sound sense are barriers against the misleading 
influence op arbitrary hypotheses.** 
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WeStCOtt. — Works by BROOKE FOSS WESTCOTT, B.D., 
Canon of Peterborough. 

A GENERAL SURVEV OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Third Edition, revised. Crown 
8vo. ios.6d, 

77i€ author has. endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Churchy and to point out 
the relation existing between the amount of evidence for the authenticity of 
tts component parts^ and the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connection of the 
xvritten Word with the living Body of Christy ctnd the surest conviction of 
its divine authority. Of this work the Saturday Review writes : " Theo- 
logical students, and not they only, but the general public, owe a deep debt 
of gratitude to Mr, Westcott for bringing this subject fairly before them 
in this candid and comprehensive essay, .... As a theological work it is 
at once perfectly fair and impartial, and imbued with a thoroughly 
religious spirit; and as a manual it exhibits, in a lucid form and in a 
narrow compass, the results of extensive research and accurate thought. 
We cordially recommend it,^ 
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INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 
Fourth Edition. Crown 8vo. lOf. 6^. 

The author's chief object in this work is to show that there is a true 
mean between the idea of a formal harmonization of the Gospels and the 
abandonment of their absolute truth. The treatise consists of ei^ht 
chapters: — /. The Preparation for the Gospel. II. The Jewish Doctrine 
of the Messiah, III. The Origin of the Gospels. IV, The Charac- 
teristics of the Gospels, V. The Gospel of St. John. VI. dr» VII. The 
Differences in detail and of arrangement in the Synoptic Evangelists, 
VIII, The Difficulties of the Gospels, ** To a learning and accuracy 
which commands respect and confidence, he unites what are not always to 
be found in union with these qualities ^ the no less valuable faculties of lucid 
arrangement and graceful and facile expression.*' — London Quarterly 
Review. 

A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 
^IBLE. Crown 8vo. los. 6d, Second Edition. 
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We St colt — continued, 

" The first trustworthy account we have had of that unique and mar» 
velhus monument of the piety of our ancestors," — Daily Nkws. 

" A brief scholarly^ and^ to a great extent^ an origtncU contribution to 
theological literature. He is the first to offer any consuierable contrtbu^ 
tions to what he calls their interned history^ which deals with their relcUion 
to otJier texts, with their filiation one on another , and with the principles by 
which they have been successively modified." — Pall Mall Gazette. 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Cliristian 
Churches. New Edition. iSmo. cloth. 4r. dd. 

The present book is an attempt to answer a reguest^ which has been made 
from time to time, to place in a simple form, for the use of general readers^ 
the substance of the author's ^^Historyofthe Canon of the New Testament," 
An elaborate and comprehensive Introduction is followed by chapters on 
the Bible of the Apostolic Age; on the Growth of the New Testament ; the 
Apostolic Fathers ; the Age of the Apologists ; the First Christian Bible; 
the Bible Proscribed and Restored ; the Age of Jerome and Augustine; 
the Bible of the Middle Ages in the West and in the East, and in the 
Sixteenth Century, Two Appendices on the History of the Old Testament 
Canon before the Christian Era, and on the Contents of the most ancient 
MSS, of the Christian Bible, complete the volume, *^ We would recommend 
every one who loves and studies the Bible to read and ponder this exquisite 
little book, Mr, Westcott's account of the *Canon^ is \x\xt Mx&iOTy in its 
hisrhest sense," — Literary Churchman. 

THE GOSPEL OF THE RESURRECTION. Thoughts on its 

Relation to Reason and History. New Edition. Fcap. 8yo. 

4r. dd. 

This Essay is an endeavour to consider some of the elementary truths 

of Christianity as a miraculous RevelcUion, from the side of History and 

Reason. If the arguments which are here adduced are valid, they will go 

far to prove that the Resurrection, with all that it includes, is the key to 

the history of man, and the complement of reason, 

Wilson.— THE BIBLE STUDENTS GUIDE to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By William Wilson, 
D.D., Canon of Winchester, late Fellow of Queen's College, 
Oxford. Second Edition, carefully Revised. 4to. cloth. 25J. 
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This work is the result of almost incredible labour bestowed on it during 
many years. Its object is to enable the readers of the Old Testament 
Scriptures to penetrate into the real meaning of the sacred writers. All the 
£nglish words used in the Authorized Version are alphabetically arranged^ 
and beneath them are given the Hebrew ^uivalentSy with a careful expla- 
nation of the peculiar signification and construction of each term. The 
knowledge the Hebrew language is not absolutely necessary to the profit- 
able use of the work, DevotU and accurate students of the Bible, entirely 
unacquainted with Hebrew, may derive great advantage from frequent 
reference to it. It is especially adapted for the use of the clergy, ** For all 
earnest students of the Old Testament Scriptures it is a most valuable 
Manual. Its arrangement is so simple that those who possess only their 
mother-tongue, if they will take a little pains, may employ it with great 
profit.^' — Nonconformist. 

Yonge (Charlotte M.)— scripture readings for 

SCHOOLS AND FAMILIES. By Charlotte M. Yonge, 
Author of **The Heir of Redclyffe." Globe 8vo. is, 6d, 
With Comments. Second Edition. 3J. 6d, 

A Second Series. From Joshua to Solomon. Extra fcap. 
is, 6d. With Comments, 3^. 6d. 

Actual need has led the author to endeavour to prepare a reading book con- 
venient for study with children, containing the very words of the Bible, with 
only a few expedient omissions, and arranged in Lessons of such length as by 
experience she has found to suit with children's ordiftary power of accurate 
attentive interest. The verse form has been retained, because of its con- 
venience for children reading in clctss, and as more resembling their Bibles ; 
but the poetical portions have been given in their lines, Wheti Psalms or 
portions from the Prophets illustrate or fall in with the narratvve they are 
given in their chronological sequence. The Scripture portion, with a very 
few notes explanatory of mere words, is bound up apart, to be used by 
children, while the same is also supplied with a brief comment, the purpose 
of which is either to assist the teacher in explaining the lesson, or to be 
used by more advanced young people to whom it may not be possible to give 
access to the authorities whence it has been taken. Professor Huxley, at a 
meeting of the London School Board, particularly mentioned the selection 
made by Miss Yonge as an example of how selections might be made from 
the Bible for School Reading, See Times, March 30, 1 87 1 . 
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Arnold. — a FRENCH ETON : OR, MIDDLE - CLASS 
EDUCATION AND THE STATE. Fcap. 8vo. cloth. 2s. 6d. 

This interesting little volume is the result of a visit to France in 1859 
by Mr..Arnold^ authorized by the Royal Commissioners^ who were then 
inquiring into the state of popular education in England, to seek, in their 
name, information respecting the French Primary Schools* ** A very 
interesting dissertation on the system of secondary instruction in France^ 
and on the advisability of copying the system in England," — Saturday 
Review. 

HIGHER SCHOOLS AND UNIVERSITIES OF GERMANY. 
Crown 8yo. 6s. 

Jex-Blake.— A VISIT TO SOME AMERICAN SCHOOLS 
AND COLLEGES. By Sophia Jex-Blake. Crown 8vo. 
cloth. 6j. 

**/« the following pages I have endeavoured to give a simple and 
accurate account of what I saw during a series of visits to some of the 
Schools and Colleges in the United States. . . . I wish simply to give other 
teachers an opportunity of seeing through my eyes what they cannot 
perhaps see for themselves, and to this end I have recorded just such parti-^ 
culars as I should myself care to know" — Author's Preface. *'^Miss 
Blake gives a living picture of the Schools and Colleges themselves in which 
that education is carried on"— Pall Mall Gazette. 

Maclaren.— TRAINING, in THEORY AND PRACTICE. 
By Archibald Maclaren, the Gymnasium, Oxford. 8vo. 
Handsomely bound in cloth, *js, 6^. 

The ordinary agents of health are Exercise^ Diet, Sleep, Air, Bathing,, 
and Cl(f(hin^* In fhis W9rk (h4 author examinf^ »ch (^ these agents 
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iTt ddail, and from two different points of view. Firsts as to tJie manner 
in which it is^ or should be, administered under ordinary circumstances : 
and secondly, in wJiat manner and to what extent this mode of adminis- 
fixation is, of sJunild be, altered for purposes of training ; the object of 
* * training" according to the author, being **toput the body, with extreme 
and exceptional care, under the influence of all the agents which promote 
its health and strength, %n order to enable it to meet extreme and excep- 
tional demands upon its energies.^^ Appended are vatious diagrams and 
tables relating to boat-racing, and tables connected with diet and training, 
** The philosophy of human health has seldom received so apt an exposi- 
tion." — Globe. ^* After all the nonsense tJiat lias been written ahout 
training, it is a comfort to get hold of a thoroughly sensible book at last" 
— John Bull. 



Quain (Richard, F.R.S.) — ON SOME DEFECTS IN 
GENERAL EDUCATION. By Richard Quain, F.R.S. 
Crown 8vo. 3J. 6d. 

ffatnng been '.harmed hy the College of Surgeons with the delivery of the 
Munierian Ornvkf.-. M 1^6^, the author has availed himself of the occom 
sion to bring ujtae? notice some defects in the general education of the 
country f which, in his opinion, affect injuriously all classes of the people, 
and not least the members of his oiun profession. The earlier pages oftJu 
address contain a short notice of the genius and labours of John Hunter, 
but the subject of Education will be found to occupy the target part. **Am' 
interesting addition to educational literature."— Guardian. 



Selkirk.— GUIDE TO THE CRICKET-GROUND. By G. ti. 

Selkirk. With Woodcuts. Extra fcap. 8vo. 35. 6d. 

The introductory chapter of this little work contains a history of the 
N'ational Game, and is followed by a chapter giving Definitions of Terms. 
Then follow ample directions to young cricketers as to the proper style in 
ivhich to play, information being given on every detail connected with the 
f^ame. The book contains a number of useful illustrations, including c 
specimen scoring-sheet. * * We can heartily recommend to aU cricketers, old 
and young, this excellent Guide to the Cricket-ground" — Spoktino 
Life. f 
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Thring.— EDUCATION AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham School. Second 
Edition. Crown 8vo. cloth. 5J. dd. 

"An iftzaluabU book on a subject of the highest importance** — 
English Independent. 

Todhunter.— THE CONFLICT OF STUDIES, and other 
Essays on Subjects connected with Education. By Isaac Tod- 
hunter, M.A. F.R.S., late Fellow and Principal Mathematical 
Lecturer of St. John's College, Cambridge. 8vo. icxr. 6^. 

Contents : — The Conflict of Studies — Competitive Examinations — 
Private Study of Mathematics — AcademiccU Reform — Elementary Cec^- 
mttry — The Mathematical Tripos, 

Vandervell and Witham. — a SYSTEM OF FIGURE- 

SKATING : Being the Theory and Practice of the Art as de- 
veloped in England, with a Glance at its Origin and History. By 
H. E. Vandervell and T. M. Witham, Members of the London 
Skating Club. Extra fcap. 8vo. ts. 
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The authors are evidently well qualified for the task they have under^ 
taken ; and although they have sdected a title for their work which might 
possibly deter a diffident learner from looking into its pagesy they have 
nevertheless begun at the beginnings and without assuming any knowlaigt 
on the part of the reader, they have clearly pointed out, by a series of in- 
structive diagrams, the footprints of the skater, as developed in lines and 
figures, from the lowest to the highest stage of difficulties" — The Field. 
' ** The volume may be accepted as a manual for the use of all skaters.** — 
Bell's Life. 



Wolseley (Col. Sir Garnet, C.B.) — the SOLDIER'S 

POCKET BOOK. By Colonel Sir Garnet Wolseley, C.B. 
New Edition, enlarged. 4J. 6d. 

This book is indispensable to every soldier, whether of the Regular Army 
or of the Volunteers, who seeks to be an intelligent defender cf his country . 
.ttull instructions are given on the widest and minutest matters, and tJkc 
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book is written in a clear ^ lively style^ thai at once arrests attention and 
conveys the desired knowledge. The New Edition contains all the most 
recent Regulations for the Army and Volunteers ; cdso, for the first time^ 
the Uses and Management of Railways in the operations of War are fully 
discussed. The Times says^ ** Everybody feds that it is just what ht 
'ivanted;'* the Daily Telegraph, ** Every soldier who wishes to under- 
stand his profession ought to have it ;^ and the Volunteer Service 
Gazette strongly recommends Volunteers to peruse it diligently, 

Youmans.— MODERN culture : its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. 8j. (id, 

CoiiTEJiTS.— Professor Tyndall ** On the Study of Physics;" Dr. 
Dauheny ^^ On the Study of Chemistry ;" Professor Henfrey " On the 
Study of Botany /" Professor Huxley " On the Study of Zoology ;" Dr, 
J, Paget " On the Study of Physiology f* Dr. Whewell ** On the Educa- 
tional History of Science ^^ Dr. Faraday *^ On the Education of the 
Judgment f^ Dr. Hodgson ** On the Study of Economic Science;** Mr, 
Herbert Spencer ** On Political Education;" Professor Masson ** On 
College EduccUion and Self Education f* Dr. Youmans ** On the Scientific 
Study of Human Nature,** An Appendix contains extracts from dis- 
tinguished authors^ and from the Scientific Evidence given before the Publu 
Schools Commission. 
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